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. Introduc tion

T he results of [3] concerning the fibrew is e
cofibrations and the fibrew ise fibrations are
basic to the theory of fibrew is e topology. But
the res ults are sometimes restricted to s pecial
cases. T he main reason is that the category of
topological spaces is not a quasitopos. T hus, it
is natural to cons ider the category which is a
quasitopos. In view of this fact, Kim [4]

obtained that if p : X B, q : Y B were
fibrat ions then so w as CB(X, Y) B in a
quasitopos. Also, Kim [5] obtained the equivalent
condit ions that a continuous function w as a
fibrat ion.

In this paper, we obtain that if : E F is
a fibrew ise fibrat ion then the postcomposition

* : CB(Y, E) CB(Y, F) is a fibrewise
fibrat ion and if (X, A) is a closed fibrew is e
cofibration then the precomposition u* : CB(X,

On the Fibrew is e Cofibrations and Fibrew is e
F ibrations in a Quas itopos

Yo u ng - S u n Kim
Departm ent of A pplied M athem atics , Pai Chai Uinvers ity

Quas itopos에서의 섬유 코화이버 함수와

섬유 화이버 함수에 대한 연구

김 영 선

배재대학교 응용수학과

In this paper, we obtain that if : E F is a fibrewise fibration then the pos tcompos ition * : CB(Y, E)
CB(Y, F) is a fibrewise fibration and if (X, A) is a closed fibrewise cofibra tion then the precomposition u* :
CB(X, E) CB(A, E) is also a fibrewise fibration.

본 논문에서는 : E F가 섬유 화이버 함수일 때 후합성 * : CB(Y, E) CB(Y, F)도 섬유 화이
버 함수이고, (X, A)가 닫힌 섬유 화이버 함수일 때 전합성 u* : CB(X, E) CB(A, E) 도 섬유 화이버
함수임을 보인다.

Ke y wo rds : Fibre wis e cofibra tion, Fibrewise fibra tion, Fibrewise mapping cylinder, Adjoint



J . Natura l S cience , Pa i Cha i Univ. Vol. 10, No. 1, 1997

E) CB(A, E) is also a fibrew ise fibration in a
quasitopos.

T hroughout this paper the category considered
is a quas itopos.

. Main Re s ults

De finition 2.1

T he fibrew ise map u : A X, where A and
X are fibrew is e s paces over B, is a fibrew ise
cofibration if u has the following fibrew ise
homotopy extension property. Let f : X E be
a fibrewise map, w here E is a fibrew ise space,
and let g : A CB(I B, E) be a fibrewise
homotopy such that og = fu. T hen there exists
a fibrewise homotopy h : X CB(I B, E) such
that oh = f and hu = g

An important s pecial case is w hen A is a
subspace of X. In that case w e describe (X, A)
as a fibrewise cofibred pair when the inclusion
A X is a fibrew ise cofibration. F or example

(X, X) and (X, ) are fibrew ise cofibred pairs ,

for all fibrew is e spaces X.
Given a fibrew ise map u : A X, w here A

and X are spaces over B, the fibrewise
mapping cylinder M = MB(u) is defined to be
the fibrew ise push - out of the cotr iad.

o u
I A A X.
In the case in w hich A is a s ubspace of X,

w ith u the inclusion, w e have a continuous
fibrew ise biject ion.

M ( {o} X ) (I A).
For each fibrew is e map u : A X the

fibrew ise mapping cylinder M = MB(u) comes
equipped with a fibrewise map k : M I X

w hich is derived from the diagram show n
below .

Propos ition 2.2

T he fibrew ise map u : A X, where A and
X are fibrew is e s paces over B, is a fibrew ise
cofibration if and only if the fibrew ise map k
admits a left inverse : I X M.

Proof. Suppose that exists . Given a s pace
E over B and fibrewise maps f : X E, g : A

CB(I B, E), w e consider the tr iad.

g f
I A E X,

where g is the adjoint of g. Precompositionof

with the fibrew ise push- out M E of the
tr iad yields a fibrew ise map I X E, of
w hich the adjoint X CB(I B, E) provides the
required fibrewise homotopy.

Conversely suppose that u is a fibrewise
cofibration. T ake E to be the fibrew ise mapping
cylinder M = MB(u) and consider the following
diagram.

T he adjoint of the fibrew ise homotopy X
CB(I B, M) is the required left inverse of k.

Corollary 2.3

Let u : A X be a fibrew ise cofibrat ion,
w here A and X are fibrew ise spaces over B.

A g CB(I B, E)

u h o

X f E

A u X

o o

I A 1 u I X

A H CB(I B, M)

u o

X j M
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T hen u : A X is a fibrewise cofibration over
B' for each s pace B' and map B B' .

From now on we shall concentrate on
fibrew ise pair (X, A) with the property that the
fibrew ise mapping cylinder is isomorphic to (
{o} X ) (I A). T his fibrewise pair (X,
A) is called a closed fibrewise pair. T hen (2.2)
yields.

Propos ition 2.4

Let (X, A) be a closed fibrew ise pair over B.
T hen (X, A) is fibrew ise cofibred if and only if
( {o} X) (I A) is a fibrewise retract of
I X.

Corollary 2.5

Let (X, A) be a closed fibrew ise pair over B.
If (X, A) is fibrew ise cofibred then so is

T B(X, A) = (T BX, T BA)
for all fibrew is e spaces T .

De finition 2.6

T he fibrew is e map : E F, where E and
F are fibrew ise s paces over B, is a fibrew is e
fibrat ion if has the follow ing property for all
fibrew ise spaces X. Let f : X E be a
fibrew ise map and let g : I X F be a
fibrew ise homotopy s uch that g o = f. T hen
there exists a fibrew ise homotopy h : I X
E such that h o = f and h = g.

Note that is is a fibration, in the ordinary
sense, then is a fibrew ise fibrat ion. T his is ,
of course, the opposite to the situation which
occurs in the case of cofibrations. Also note
that the projection p : E B is always a
fibrew ise fibrat ion for any fibrew ise space E,

thus there exist fibrewise maps w hich are
fibrew ise fibrations but not fibrations in the
ordinary sense.

Propos ition 2.7

Let : E F be a fibrewise fibration, where
E and F are fibrew is e spaces over B. T hen the
postcomposition function

* : CB(Y, E) CB(Y, F)
is a fibrew is e fibrat ion for all fibrew ise space
Y.

Proof. Given a space X over B and fibrewise
maps f : X CB(Y, E), g : I X CB(Y,

F), f = g o , where f , g are adjoints

of f, g respectively. Since is a fibrewise

fibration, there is a fibrewise homotopy h : I

X E such that h o = f and h = g .

T he adjoint h of h is the required fibrew ise

homotopy.

Propos ition 2.8

Let (X, A) be a closed fibrew ise pair over B.
If (X, A) is fibrewise cofibred then the
precomposition function

u* : CB(X, E) CB(A, E)
is a fibrew is e fibration for all fibrew ise spaces
E.

Proof. Let Y be a fibrew ise space, f : Y
CB(X, E) be a fibrew ise map, and let g : I
Y CB(A, E) be a fibrew ise homotopy such
that g o = u*f. Since u is a fibrew ise
cofibration, so is

u B1Y : A BY X BY.
Hence there exists a fibrew is e homotopy

h : X BY CB(I B, E) such that o h = f

and h (u B1Y) = g , w here f , g are

adjoints of f, g respectively. T hen the adjoint h
: I Y CB(X, E) is the required fibrew is e
homotopy.
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