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RELATIONS OF IDEALS OF
CERTAIN REAL ABELIAN FIELDS

JAE MoonN KiMm

ABSTRACT. Let k be a real abelian field and koo be its Zj,-
extension for an odd prime p. Let A, be the Sylow p-subgroup
of the ideal class group of ky, the nth layer of the Z,-extension. By
using the main conjecture of Iwasawa theory, we have the following:
If p does not divide erak:X?él By yu-1, then A, = {0} for all
n > 0, where A = Gal(k/Q) and w is the Teichmiiller character
for p.

The converse of this statement does not hold in general. How-
ever, we have the following when k is of prime conductor g: Let q be
an odd prime different from p and let k be a real subfield of Q({g).
If p | erzk,pvx;élB then A, # {0} for all n > 1, where

Ay p is the Galois group Gal(k(,)/Q) and k(,) is the decomposition
field of k for p.

1,xw—1»

0. Introduction.

Let k be a number field and ks = |J,,5o kn be a Z,-extension of
k for a prime p. Let A, be the Sylow p-subgroup of the ideal class
group of k, and A, = lim A,, be the inverse limit of A, under the
norm maps. During the past few decades, the growth of #A,, and the
structure of A,, have been studied exhaustively after K.Iwasawa. Let
en be the exact power of p of #A,,. K.Iwasawa([3]) found that there are
integers 11, A > 0 and v such that e,, = up™ + An +v for n > 0. These
constants p, A and v are called the Iwasawa invariants for k., /k. Later
in 1979, B.Ferrero and L.Washington proved that p = 0 when £ is an
abelian field and ko, is the cyclotomic Z,-extension of k([1]). Around
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at the same time, R.Greenberg conjectured A\ = 0 when k is a totally
real field and gave a number of examples supporting his conjecture in
([2]).

Note that when k is a real abelian field, £ admits only one Z,-
extension for each p, namely the cyclotomic Z,-extension since the
Leopoldt’s conjecture holds in this case([10]). Thus when k is a real
abelian field, according to Iwasawa-Ferrero-Washington, e,, = An + v
for n > 0. And if the Greenberg conjecture holds, then e, = v is
independent of n for n > 0 and A,, capitulates in k.. The aim of
this paper is to discuss conditions for A,, = {0}, i.e., A = v = 0 when
k is real abelian. In the following theorem a sufficient condition for
A =v =0 is given in terms of Bernoulli numbers.

THEOREM 1. Let k be a real abelian field and let A, = Gal(k/Q).
If p does not divide erﬁk A1 By -1, then A, = {0} for all n > 0,
where w is the Teichmiiller character for p.

We will briefly sketch the proof of Theorem 1 in Section 1 by us-
ing the main conjecture of Iwasawa theory which was first proved by
B.Mazur and A.Wiles([8]). The rest of this paper is devoted to a
discussion of the converse of Theorem 1. Namely, we will examine
what happens if p divides [] By y-1. When k = Q(v/85) and p = 3,
By y,-1 = —12 but the class number of k is 2, so Ag = {0}. Thus
the converse of Theorem 1 is not true in general. However, in [5], the
following is proved when [k : Q] = 2 and p splits in k: Let k be a real
quadratic field and p be an odd prime which splits in k. If p divides
By yu-1, then A, # {0} forn > 1.

In this paper, we will generalize this to an arbitrary real abelian field
of prime conductor q. The main tools for the generalization are certain
relations of prime ideals of k, above p coming from circular units of
k. In Section 2, we will briefly review circular units of abelian fields
defined by W.Sinnott([9]) and find relations of prime ideals of k,, above
p. Finally, in Section 3, we will prove the following theorem :

THEOREM 3. Let q be an odd prime and let k be a real sub-
field of Q(¢;). Let p be an odd prime such that p { [k : Q. If

p| I ea, 1 Biyw-1,then Ay 7 {0} for all n > 1.
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1. Proof of theorem 1

THEOREM 1. If p does not divide erﬁk AL By yw-1, then A, =
{0} for all n > 0.

Proof. Let Lo, and M, be the maximal unramified and p-ramified
abelian p-extensions of ko respectively. Let Y = Gal(My /koo), and
let Y1 = €D, Y(x) be the direct sum of the x-components Y'(x) of

Y for each nontrivial ¥ € Ag. Then by the main conjecture, Y(y) is

pseudo-isomorphic to A/(fy), where A = Z,[[T]] and f, is the power
series in A giving rise to the p-adic L-function. Note that

fX(O) = LP(O7X) = _Bl,xwfl-
Let f = erﬁk A fx- Then Y7 = @x;él Y (x) is pseudo-isomorphic

to A/(f) and
F0) =T fx(0) = £ ][ Br.xw-:-

Since p 1 Hx By -1 by assumption, p { f(0). Therefore f is a unit
in A. Hence Y; is pseudo-isomorphic to A/(f) = {0}, i.e., there is a
A-module homomorphism Y; — 0 with a finite kernel. But since each
Y (x) does not have a finite A-submodule (see the appendix of [7]),
Y7 = {0}. Therefore Gal(L/kx), a quotient of Yy, is also trivial.
Since Gal(Loo/kso) =~ lim A,, and since A,, — A, is surjective for
m > n by class field theory, A, is trivial for all n > 0. OJ

2. Relations of prime ideals above p

Let P, be the multiplicative subgroup of Q({,)* generated by {£1}
and {1 — (|0 < a < n}. Then the group Cg(c,) of cyclotomic units of
Q(¢y) is defined to be

Ca,) = Eoe,) N Pa,

where Eg¢, ) is the unit group of Q(¢,). In general, for an abelian field
F, W.Sinnott defines the group of circular units of F' as follows([9]).
For each n > 2, let

F, = FNQ(()and CF, = Ny,)/r. (Cae,))-
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Then the group C'r of circular units of F'is defined to be the multiplica-
tive subgroup of F'* generated by Cp, together with —1. Note that
if n is prime to the conductor of F, then F,, = Q and so Cp, = {1}.
Thus there are only finitely many n’s to be considered in the definition
of C F-

Let k be a real subfield of Q((,) for an odd prime ¢ and let ko, =
U,,>0 kn be the Zy-extension of k = kg for an odd prime p with (p, q) =
1. Here, k, means the nth layer of the Zy-extension, not k N Q(¢,).
For each n > 0, we denote the group of circular units of k,, by C,.
Then the index theorem of W.Sinnott says the following ([9]):

INDEX THEOREM. Let FE, be the unit group of k, and h,, be the
class number of k,,. Then |E, : C,| = 2°~h,, for some integer c,,.

t For each integer s > 1, we choose a primitive sth root (s of 1 so that
¢ = (s if s|t. Let K = Q((y), F = Q((p) and K’ = Q((pq). We de-
note their cyclotomic Z,- extensions by K, Foo, and K/ . Let o be
the topological generator of the Galois group I' = Gal(K. /K") which
maps (pn to C;;" P for all n > 1. Restrictions of o to various subfields
are also denoted by o. Let k(,) be the decomposition subfield of k for
p and let A = Gal(K/k), A = Gal(K/Q), A, = Gal(K/k,)), Ak =
Gal(k/Q) and Ay, = Gal(k/Q). Let [k: Q] = d and [k, : Q] =1,
so there are [ prime ideals in k above p. Elements of A, A or A, will
be denoted by 7’s and those of Ay and Ay ,by p’s. The Frobenius au-
tomorphism of K for p or its restriction to k is denoted by 7,. Let R be
the set of all roots of 1 in Z,, i.e., R = {w € Z,|wP~! = 1}. Then R can
be regarded as the Galois group Gal(F/Q) or any Galois group isomor-
phic to it such as Gal(F, /Q,,), where Q,, is the subfield of F;, of degree
p™ over Q. For m > n, let G, ,, be the Galois group Gal(K],/K] ) and
N, be the norm map Nk k. from K, to K;,. We will abbreviate
Gm,0 and Np, o by Gy, and Ny, respectively. G, , will also mean the
Galois groups Gal(ky,/ky), Gal(F,,/F,) and Gal(Q,,/Qy,). Similarly
Ny, n, will have various meanings. Finally we fix a generator 1), of the
character group of Gal(Q,,/Q) such that ¢, (o) = (pn. Then we have
the following cohomology groups of circular units([6]).

THEOREM. Suppose ptd = |k :Q]. Then, for m > n > 0, we have
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the followings.

(1) Cr%m’n = Cm
(2) ﬁO(Gm,m Cm) =~ (Z/pm_nz)l_lv
(3) ﬁ_l(Gm,na Cm) ~ (Z/pm_nz)l-

Fix a prime ideal pg of k(,) above p. We will also think of pg as a
prime ideal of k = ko. Let Ay, = {p1,- -, pi—1,p = id}. We denote
the unique prime ideal of &, (or of k(,)Q,) above po by @,. Then
{pPi| 1 <i <1} is the set of prime ideals of k,, above p.

Let Coo = U,,50Cn and El, = U, E;,, where E), is the group
of p-units of k,. We know that H*(T',Cs.) ~ (Q,/Z,)! by above the-
orem, where I' = Gal(koo/k). On the other hand, H' (T, E. ) is a
finite group([4]). Since Q,/Z, cannot have a nontrivial finite quotient,
the induced homomorphism H'(T,Cs) — H'(T, E._) is a zero map.
Therefore H*(G,,,C,) — HY(G,,E!) is also a zero map for every
n > 1 by the injectivity of the inflation maps on H'.

Let

0= T[ (% —¢)ands; =07 = ] (€% — ¢,

wEeR weR
TEA, TEA,

As was shown in [6], N1(8) = N1(6;) = 1 and {d1,---,6_1,77 '}
generates H'(G1,C1), where 7 = [loer(¢z —1). Therefore, by the
injectivity of H1(G1,C1) — H(G1, EY), we have

§=a’ tand §; =6 =af !
for some p-units « in k1 and «; = o”i. That is, as an ideal,
NpT 1
(CK) _ plgzlgiglg(Pz)Pz
for some integers g(p;). Note that these integers are determined uniquely

modulo p by ¢ since pg ramifies totally in k;. Then for each k,
1<k<Il-1, (a) is factorized as

Y 1<i<19(pi)p; ok S 9 or)p;
. Pk AAS (3 1<5<1 g J
(ak) = (0‘) = o = ©1 .
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N,
THEOREM 2. Let § = a°~ ! and (a) = plzgiglg(m)pz as above.

Let x be a nontrivial character of A, and 7(x) = > <,., X(a)(5 be
the Gauss sum for x. Then -

g
1<Zi:<lx(pi)g(pq;) =~ (g Bixwrs mod (G2 — 1).

Proof. For each i, we read the equation §; = af_l in ki, the
completion of k; at ;. Since

(Oé') pzlgjglg(Pj_lpi)Pj
i) — §1 )

a; = Wf(pi)u for some unit v in &y, . Thus, in Q,((p2),

a; = 7P~ DIy

for some unit 7 in Q,((p2), where 7 = (2 — 1. Hence

5; = a;?—l = g(P=Dglpi)(o=1) po—1,

Since
7 =147t and n° ! =1 mod =,
we have
i =1+ (p—1Dglp)m =1 — g(p;)n?~ mod 7P.
Therefore

logpo; = log, (1 — g(pi)wp_l)

= —glp)"" = (alpe" ) == (glp)n ) -

9(p:) mod ,
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since 7P~ /p = —1 mod 7 and every other term is congruent to 0
mod 7. Hence

> xle)glp) = D x(pi)logyd:

1<i<l 1<i<l
= > x(plogy( ] € —¢7))
1<i<l wER
’TGAP
= > xl(p)logy(Gr — ()
wER
TEA,,1<i<l]
= x(1)log, (¢ = ¢)
weR
TEA
q

———B; ,,-1 mod 7.
() X

The last congruence comes from a slight modification of Proposition 1
of [5]. O

3. Application to the proof of theorem 3

Let A be the [ x [ matrix with ith column

A" = (g(p1 " i), 9o i)

for 1 <i <1 —1 and the last column A’ = (1,---,1)%. It is not hard
to see that (for instance, apply lemma 5.26 of [10])

det A= [ D x(p)alps)-

€A, SIS
x#1

Then we have

det A = iql_Tl H B w1 mod pZ,

Xeﬁk,p
x#1

by Theorem 2, since [[_ 7(x) = ¢~1/2_ Now we prove Theorem 3.
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THEOREM 3. Let q¢ be an odd prime and let k be a real sub-
field of Q(¢,). Let p be an odd prime such that p { [k : Q]. If

PIT L ca, , yrr Brxw1sthen Ay, # {0} for alln > 1.

Proof. Suppose that p| Hx(p):Lxﬂ By y-1. Then det A = 0 mod
p. So there is a nontrivial vector B = (by,--- ,b;)* such that AB = O
mod p. Consider £ = 5% - - 6;)1_’117&071)1”. Then

_ bl bl—l bl o—1
§=(aq" oy y'm")
Since
S i< 95 pi)p; Y i<i<iPi
(i) = oy == and (my) = o1 ==,
we have
-1
(Al - -aftspaht) = prres Zrsisrm o0 pOhbn

Note that Zl<i<l—1g<pj—1pi)bi + b; is the jth entry of AB, which is
congruent to 0 mod p. Hence

by bi_1 b\ PX2i<j<iCiPi _
(g g m') = oy = Iy

for some ideal I of kg. To finish the proof, we will show that p divides
the class number hy of k1, which clearly implies that A, # 0 forn > 1
by class field theory. !

If p divides the class number of kg, there is nothing to prove. Oth-
erwise, there is no nontrivial capitulation from kg to k1. Thus Iy must
be a principal ideal Iy = («g) for some ag in kg. Therefore

bl blfl bl _
ayt e T = aou

for some unit » in k;. Hence

§= (ol oSty =
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Since B # (0,---,0)* mod p, £ is not in CY~*. Thus we have a non-
trivial kernel of the homomorphism H!(G1,C;) — H'(G1, E;), where
F is the unit group of k. From the short exact sequence

0—-Cy— FE;, — E{/Cy —0,
we get a long exact sequence
0— Cy— Ey — (B1/C1)% — HY(G1,01) — HY (G, Ey) — --- .
Since H'(G1,C1) — H'(G4, E;) is not injective,

(E1/C1) & Zy # {0},

Therefore £, /Cy ® Z, # {0}. Then by the index theorem of W.Sinnott
in Section 2, we have p|h; as desired.
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