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ON FUZZY T,-AXIOMS AND FUZZY COMPACTNESS

Sung K1 CHo AND DoNG GWEON CHUNG

ABSTRACT. In this paper, the fuzzy T>-axioms due to Hutton and
Reilly, Ganguly and Saha and Sinha are characterized by using the
notion of fuzzy closure. As consequences, we study the relation
between the fuzzy T2-axioms and give some examples which show
that the axiom of fuzzy compactness, due to Ganguly and Saha, is
not compatible with the fuzzy Th-axioms.

1. Introduction

Several fuzzy Ts-axioms have been defined in different ways and in-
vestigated by many authors, such as Hutton and Reilly [4], Ganguly
and Saha [3] and Sinha [5]. In particular, Sinha characterized these ax-
ioms and compared them. In Section 2, we provide another equivalent
condition for these axioms and study the relation between them.

In [2], Ganguly and Saha introduced a new notion of fuzzy compact-
ness and proved that this notion satisfies almost all the properties of
compactness of set topology. But, in spite of the remarkable results,
the notion is not compatible with some fuzzy Ts-axioms. In Section 3,
we explain this fact.

Throughout this paper, we write a fuzzy topological space in short
as an fts. For a fuzzy set A in an fts X, the set {x € X|A(z) > 0},
denoted by Ajg, is called the support of A and the intersection of all
fuzzy closed sets containing A is called the fuzzy closure of A and
denoted by CI(A). 0x and 1x denote, respectively, the constant fuzzy
sets taking the values 0 and 1 on X. For definitions and notations
which are not explained in this paper, we refer to [2],[3] and [5].
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2. Fuzzy T)-axioms

DEFINITION 2.1. ([3]) An fts X is said to be fuzzy GS-T5 if for
every pair of distinct fuzzy points z, and yg, the following conditions
are satisfied:

(1) if = # y, then x, and yg have fuzzy open nbds which are not
g-coincident.

(2) if x = y and o < (8 (say), then yg has a fuzzy open ¢g-nbd V' and
Zq has a fuzzy open nbd U such that V U.

DEFINITION 2.2. ([4]) An fts X is said to be fuzzy HR-T» if for
every fuzzy set A in X, there exists a collection {U;;|i € I,j € J;} of
fuzzy open sets in X such that

A= U(ﬂ Uij) = U(ﬂ CZ(U,-]-))

iel “jed; i€l Njed;

DEFINITION 2.3. ([5]) An fts X is said to be fuzzy S-Ts if for any
fuzzy point x.,

ro = ) CLU)

veu

where U is the collection of fuzzy open neighborhoods of x.

DEFINITION 2.4. ([6]) An fts X is said to be fuzzy SS-T if for any
distinct fuzzy points z, and yg with & # y, there exist fuzzy open nbds
U and V of z, and yg, respectively, such that UNV = 0x.

THEOREM 2.5. For an fts X, the following are equivalent:

1. X is fuzzy S-Ts

2. for any two distinct fuzzy points z, and yg: (1) if x # y,
then there exist fuzzy open sets Uy,Us, Vi, Vo in X such that
To € U17y5q‘/17Ulq/V1 and Ys € V27xoch27U2q/‘/2; (2) if z = Yy
and a < ( (say), then there exist fuzzy open sets U and V in
X such that v, € U,xg,V and UyV'.

3. for any two distinct fuzzy points x,, and yg: (1) if x # y, then
there exist fuzzy open nbds U and V of z, and yg, respectively,
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such that z, ¢ Cl(V) and yg ¢ Cl(U); (2) ifz =y and a < 3
(say), then there exists a fuzzy open nbd U of x, such that
zg ¢ ClLU).

Proof. (1<2) Theorem 2.4 of [5].

(2=3) Assume = # y. By (1), there exist fuzzy open sets U, V', W7,
W5 in X such that z, € U,yg,W1,U /W1 and yg € V,x0qWa, V/Wa.
This implies that o, € U, > (1x — Wi)(y),U < 1x —W; and yg €
Via> (1x—Ws)(z),V < 1x —Ws. Therefore, U and V are nbds of z,,
and yg, respectively, such that Cl(U)(y) < [Cl(1x — W1)]|(y) = (1x —
W) (y) < g and Cl(V)(z) < [Cl(1x — Wa)l(z) = (1x — W) (x) < a.

Now, assume that x = y. By (2), there exist fuzzy open sets U and V'
in X such that z, € U,23,V and U/V. Then z, € U, > (1x —V)(x)
and U < 1x — V. Consequently, U is a fuzzy open nbd of x, such that
ClU)(z) < [Cl(1x = V)|(z) = (1x = V)(z) < B.

(3=2) Assume x # y. By (1), there exist fuzzy open nbds U; and
Vs of x4 and yg, respectively, such that x, ¢ Cl(V2) and yg ¢ Cl(Uy).
Let Vl = 1X - Ol(Ul) and UQ = 1X — Cl(Vg) Then Vl and U2 are
fuzzy open sets in X such that §+ Vi(y) = 8+ [1 — ClL(Uy)(y)] >
B+(1-B) = La+Us(y) = a+[1—Cla)()] > a+(1-a) =
1,V1 = 1X - Cl(Ul) S 1X — Ul,UQ = 1X — Cl(‘/g) S 1X — VQ. That
is, To € U1,934V1,U1gV1 and yg € Vo, x4qUz, UzgVa.

Now, assume x = y. By (2), there exists a fuzzy open nbd U of z,,
such that x3 ¢ CI(U). Let V = 1x — CI(U). Then V is a fuzzy open
set in X such that V <1x —U and 4+ V(z) =5+ [1 — CL(U)(z)] >
B+ (1—p0)=1. That is, zo € U,z3,V and U,V O

As an application of Theorem 2.5, we obtain the following theorem.

THEOREM 2.6. Let X be a finite fts. Then X is fuzzy S-T, if and
only if X is fuzzy discrete space.

Proof. (<) Clear.

(=) Obviously, every fuzzy point in X is fuzzy closed. Now, let
Tq be a fuzzy point in X. Assume v < a. By Theorem 2.5, there
exists a fuzzy open nbd U, of z, such that z, ¢ CI(U,). Note that
v < Uy(z) < a. Let U = Upcy<aUy. Then U is a fuzzy open set and
U(z) = . Let V = (1x — Uyx,y1) NU. Since X is finite, V is a fuzzy
open set in X. Furthermore, V = z,,. 0
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But there is a finite fuzzy HR-T5 space which is not a discrete space
as is seen from the following example.

EXAMPLE 2.7. Let X = {x,y} and let Ay, be the fuzzy set in X

defined by
A forz==zx

Axu(z) = {

Since the collection 7 = {A4,,[0 <A < 1,0 < p < 1}U{Ago} is a fuzzy
topology on X, 1 = Ajp and y; = Ap; are not fuzzy open in X. Hence
X is not a fuzzy discrete space under the fuzzy topology 7. Now, since
Ay, is both fuzzy open and fuzzy closed for each A, 1 € (0, 1), it is easy
to show that for any «, 3 € (0, 1],

= U (N an)= U (N )

0<A<a 0<pu<l 0<A<a 0<u<l

w for z=uy.

and

vs= U (O<O<1Aku): U (ﬂ czmm).

o<pu<ps o<pu<fB M0<AL1

Thus, X is fuzzy HR-T5.

THEOREM 2.8. For an fts X, the following are equivalent:

1. X is fuzzy GS-T5.

2. for any two distinct fuzzy points x, and yg: (1) if © # y, then
there exist fuzzy open nbds U and V of x,, and yg, respectively,
such that CI(V) < 1x —U and Cl(U) < 1x = V; (2)ifz =y
and o < (3 (say), then there exists a fuzzy open nbd U of x,,
such that yz ¢ CI(U).

Proof. Similar to the proof of Theorem 2.5. OJ

THEOREM 2.9. For an fts X, the following are equivalent:

1. X is fuzzy HR-T5.
2. if a € (0,1) and U is the collection of all fuzzy open nbds of
Zo, then 4 = NyeyCLUU).
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3. for any x,y € X and any o, 8 € (0,1): (1) if x # y, then there
exist fuzzy open nbds U and V' of x,, and yg, respectively, such
that yg ¢ Cl(U) and zo ¢ CU(V); (2) if x =y and a < 3
(say), then there exists a fuzzy open nbd U of x, such that

ys & CLU).
4. for any two distinct fuzzy points x, and yg with x # y or else
xr = y and % < «a < (3, there exist fuzzy open sets U and V'

such that voqU, ygsV and UNV < %
5. A =1x —sup{A x B|A and B are fuzzy sets and A < 1x — B}
is fuzzy closed in X x X.

Proof. (1=2) By hypothesis, there exists a collection {Vj;|l € L,k €
K;} of fuzzy open sets in X such that

1X — T — U< m Cl(%]&)
IEL “kEK,
For every | € L and every k € K;, let Uy, = 1x — Cl(Vig). Then
Lo = ﬂ( U Ulk)
leL “keK,

Since for each | € L, Urek, Ui is a fuzzy open neighborhood of z,, we

have
e o= (Uvn) =
Ueu leL “kEK,
Thus,
To = ﬂ U.
Ueu

First, we shall prove that (NyeyCl(U))(z) = a. To show this, as-
sume to the contrary that (NyeyCIl(U))(z) = B > a. Then for all
Uel, (ClUU))(x) > B. Choose v € (a,3). By hypothesis, there
exists a collection {Vj;|i € I,j € J;} of fuzzy open sets in X such
that z, = Uier(Njer,Vij) = Uier(Njes,Cl(Vij)). Then there exists
io € I such that o < (Njes,, Vigs)(x). This means that {V;,;|j €
Jio} C U. Since (Njes,, Cl(Vigj))(x) < 7, there exists jo € Ji, such
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that (Cl1(Viyj,))(x) < . Consequently, we have an obvious contradic-
tion that

3= (ﬂ C’Z(U))(x) < (cz(wojo))(x) < B.

Ueld
Thus

( N CZ(U)) (z) = o
Uveu
Now, we shall prove (NyeyClL(U))(y) = 0 for all y € X — {z}. By
hypothesis, there exists a collection {U;;|i € I,j € J;} of fuzzy open

sets in X such that

iel Njed; iel Njed;

This means that (N;jes,Cl(U;;))(y) = 0 for all ¢ € I and all y €
X — {z} and that, for every § € [o, 1), there exists ig € I such that
B < (Njes, Uigj)(x) < 1, ie, {Uiy;lj € Jis} C U. Let y be a point
in X — {x}. For each positive integer n, choose j, € J;, such that
(Cl(Ui,j,))(y) < 1/n. Notice that each Uj,;, is a member of U and
(MCl(Uiyj,))(y) = 0. Since y is arbitrary in X — {x} and {Uj,;, } is
a subcollection of U, we have

( m Cl(U)> (y)=0 forall y € X — {x}.
veu
(2=3) Clear.
(3=4) Assume that = # y. By hypothesis (1), there exist fuzzy open
nbds Wand V of z¢ and y, s, respectively, such that ClUV))(z) < 5

and (C1(W))(y) < 1—2. Let U = 1x — CI(V). Then z0,U and yz,V
such that UyV and hence U NV < % Now, assume that x = y and
% < a < . Choose € > 0 such that a <  — €. By hypothesis (2),
there exists a fuzzy open nbd U of z, such that (CI(U))(x) < (. Let
V = 1x — Cl(U). Then z,,U and yg,V such that U,V and hence
unv <4

(4=-5) Theorem 2.14 of [5].

(5=-1) Proposition 7 of [4]. O
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THEOREM 2.10. For any fts X, the following are equivalent:

1. X is fuzzy GS-T5.

2. X is fuzzy S-T5 and for x,y € X with x # y, there exists a
fuzzy open nbd U of x; such that Cl(U)(y) = 0.

3. X is fuzzy HR-Ty and for x,y € X with x # vy, there exists a
fuzzy open nbd U of z1 such that Cl(U)(y) = 0.

4. for x,y € X: (1) if x # y, then there exists a fuzzy open nbd
U of x1 such that Cl(U)(y) =0; (2) if x =y and o < (3, then
there exists a fuzzy open nbd U of x,, such that yg ¢ Cl(U).

Proof. (1<2) Theorem 2.11 of [5].

(2=3) Theorem 2.15 of [5].

(3=2) Let z € X and let U be the collection of all fuzzy open
nbds of z;. For each y € X — {z}, choose a fuzzy open nbd U, of
xy such that Cl(Uy)(y) = 0. Then z; = Nyex_(;,CI(Uy). Since
{Uyly € X —{x}} C U, we have

N cw)==<(CU)< (] CiU.
yeX—{x} veu yeX—{xz}

Therefore, 1 = NyeyCL(U). By combining this with Theorem 2.9, we
obtain X is fuzzy S-T5.
(3<4) Obvious by the definition of fuzzy HR-T5 spaces. O

3. Fuzzy compactness

DEFINITION 3.1. ([2]) A collection U = {U;|i € I} of fuzzy open
sets in X is called a fuzzy open covering of a fuzzy set A in X if

(U Ui) (z) =1 for all z € A,.

iel

DEFINITION 3.2. ([2]) A fuzzy set A in an fts X fuzzy GS-compact
if every fuzzy open covering U of A has a finite subcollection {U;|j =
1,---,n} of U such that UT_,U; > A.
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REMARK 3.3. If A is a fuzzy set in a fuzzy S-T, space X such that
A(x) =1 for some x € Ag, then A is not fuzzy GS-compact. To prove
this, for each y € Ag—{x}, choose fuzzy open nbds U, and V,, of z; and
y1, respectively, such that z1 ¢ CI(V,) and y; ¢ CI(U,). Also, for each
a € (0,1), choose a fuzzy open nbd W, of z,, such that x; ¢ Cl(W,).
Clearly, the collection {Uyly € Ag — {x}} U{Wy|a € (0,1)} is a fuzzy
open covering of A that has no finite subcollection whose union contains
A. Thus, A is not fuzzy GS-compact. Since every fuzzy GS-T5 space
is fuzzy S-T>, we have that every fuzzy GS-T, space is not fuzzy GS-
compact.

REMARK 3.4. If an infinite fts X is fuzzy GS-compact, then we
claim that some fuzzy GS-compact sets in X is not fuzzy closed under
any fuzzy Th-axiom. To justify this, assume that all fuzzy GS-compact
sets in X is fuzzy closed under a certain fuzzy Ts-axiom. Let A be a
fuzzy set in X. If Ay = X, it is clear that A is fuzzy GS-compact and
hence fuzzy closed. Assume Ay C X. For each € € (0, 1], define a fuzzy

set A, as follows:
A(y)7 Yy € AO
A ={
€& Y ¢ AO-

By fuzzy GS-compactness of A, and hypothesis, A = N (0,114 is fuzzy
closed. Since A is arbitrary, we have that X is a fuzzy discrete space.
Hence X is not fuzzy GS-compact. Contradiction.

REMARK 3.5. A necessary condition for a fuzzy set A in a SS-T;
space X to be GS-compact is that for any x € Ag with A(x) = 1, there
exist € € (0,1) depending on x such that for all v > e and all fuzzy
open nbd U of z., U(x) = 1. To show this, assume for each o < 1
there exists a fuzzy open nbd V,, such that V,,(x) < 1. Since X is fuzzy
SS-T5, there exists a fuzzy open nbd U, of y; such that U,(z) = 0 for
each y € Ay — {z}. Clearly, {Uyly € Ag — {z}} U{Va]lao € (0,1)} is a
fuzzy open covering of A that has no finite subcollection whose union
contains A. Thus, A is not fuzzy GS-compact.

From the above remark, we know that every fuzzy SS-T5 GS-compact
space is not fuzzy GS-T5.
We end this paper with a remark for fuzzy local compactness.
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DEFINITION 3.6. ([7]) An fts X is said to be fuzzy locally compact
if for any fuzzy point x, in X, there exists a fuzzy open set U in X
such that x, € U and U is fuzzy GS-compact.

Note that an fts X is fuzzy locally compact if for every x € X, there
exists a fuzzy open nbd U of x; such that U is fuzzy GS-compact.

S. Dang and A. Behera quoted the result, due to Ganguly and Saha,
that “every fuzzy GS-compact set in a fuzzy GS-T space is fuzzy
closed” in order to characterize the concept of fuzzy local compactness
in fuzzy SS-T5 spaces. But this result is not true in the case that the
given fts is SS-T5 as is seen from the following example.

ExamMpLE 3.7. Let X = [0,1]. For each z € (0,1], consider the
fuzzy set A, defined by

Ly=0
Ay(y) =<K 0, y=2x
1.y ¢ {0,z}.

Let 7 be the fuzzy topology on X having {A,|x € (0,1]} U {z1|x €
(0,1]} as a subbasis. Clearly, (X, 7) is fuzzy SS-T> and fuzzy locally
compact. Now, let U be a fuzzy open nbd of 0,. If U is fuzzy GS-
compact, then the fuzzy open covering {A4;} U {z1]|z € (0,1]} has a

finite subcollection that covers U. Since U(z) > 0 for all but finitely

many points of X, there exists a point = € (0, 1] such that U(z) = %1.

Thus, from the fact that every fuzzy set having % as value at some
points in X is not fuzzy open, we conclude that U is not fuzzy closed.
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