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THE CONDITION NUMBER OF STIFFNESS MATRIX
UNDER p-VERSION OF THE FEM

CHANG-GEUN KIM AND JUNGHO PARK

ABSTRACT. In this paper, we briefly study the condition number of
stiffness matrix with h-version and analyze it with p-version of the
finite element method.

1. Preliminaries

In this paper, we will consider the following elliptic partial differential
equation of order 2.

(1) ~Au = f inQcCR?
'v = 0 onI', where Tu=wu or Fu:@
on
Let Q C R? and define Sobolev space
1 Jv ,
H () ={v e Ly(Q) | 5 € Ly(Q),i=1,2}
THEOREM 1.1. Consider the following variational formulation.
(2) Find we H'(Q) such that a(u,v) = (f,v),

for any v € H'(Q), where a(u,v) = [, Vu-Vuvdz and (f,v) = [, fvdz.
Then (1) and (2) are equ1va]ent i.e., they have the same solution.

Proof. See Johnson [§]. O
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Consider a basis of H!(Q). In h-version of the finite element method,
we can have the simplest usual basis {p;}4,, which is the basis for
the finite dimensional space Vp = {v € HY(Q) : v|x € P(K),K €
Ty}. On the other hand, in p-version we get the basis {¢;}M, on the
finite dimensional space Vi = {v € H'(Q) : v|k € P,ET”](Q),K € T},
where PZET"](Q) consists of all functions in H'(2) which are piecewise
polynomials of degree at most p and 7}, is a subdomain of €.

The notations {p;}, and Vr on the following statement are consid-

ered h or p-version case.
M

Now, we will derive the approximate solution ua = > a;p; of the
i=1
problem (1). In the finite dimensional space Vg, (2) becomes the prob-

lem:
(3) Find u € Vg such that a(u,v) = (f,v) for any v € Vp.

But, if we choose v = ¢; for i = 1,..., M, then (3) becomes

M
(4) Zala<301790]):(f7§0])7 ]:177]\/[
i=1
which is a linear system of equations in M unknowns aq, ..., ay;.
In the matrix form, the linear system (4) can be written as
(5) Aa=Db

where A = (a;;) is the M x M matrix with the element a;; = a(y;, ;),
and a = (ay,...,ay) and b = (by,...,by) with b; = (f, ¢;).

2. The Order of the Condition Number

In this section we analyze the order of the condition number of the
stiffness matrix for the h-version and p-version cases with the model
problem given in the section 1.

2.1. h-version case. Let {¢;}M, be the usual basis for V;, = {v €
H}(Q) :v|g € PI(K),K € Ty} Jie., {¥:}}M, are piecewise polynomials
of degree 1. Let a(v,u) = [,Vv-Vudz. And the stiffness matrix A
is denoted by (a;;), where a;; = a(y;, ;) fori,j =1,..., M. Then, we
have following lemma.
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M
LEMMA 2.1. Let v = Y n;p; € Vi, and h = maxhyg where hg is
i=1
the longest side of K. Suppose there are positive constants (3, 3o such

that hxg > (51 h and Z—K > (33. Then, there are constants ¢ and C' only
K

depending on the constants (3, 2 such that
ch?n* < vz, < Ch%[nf?

and
a(v,v) E/Q|VU|2dx < Ch2jul2,.
Proof. See Johnson [§]. O
THEOREM 2.2. Let x(A) be the condition number of A. Then
X(A) = O(h™).
Proof. Tt follows from Lemma 2.1 and see Johnson [§]. O

Whatever the finite element spaces are, the above result is not differ-
ent(See [1]). Moreover, if we take the elliptic problem of order 2k, then
we will have y(A) = O(h=2%)(See [8]).

2.2. p-version case. In this case, we will consider Q C R? like h-

version case. Let {4}, be the basis of Pp[T”](Q), where PIET”](Q) is the
space of all piecewise polynomials on €2 of degree at most p.

LEMMA 2.3. Suppose f(x) is a polynomial of degree p. Then,

[ < @ [ fepa

Proof. See Bellman [4]. O
By Lemma 2.3, we can prove the following;

LEMMA 2.4. Let k be an integer and I be an interval in R. Then, for
any 1, € P,(I) where P,(I) is the set of all polynomials on I of degree
at most p,

||¢p||Hk(1) < C(k)kaH@Z)pHLQ([)a
where C' is independent of p and 1),,.
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Proof. Using Lemma 2.3, we get

ks P+D* [ o @) [, T
/]{%} t< P [urae < B [urae <yt [07an

since p > 1. Therefore,
2
¢p2 + (%) ] dx < C’p4/¢p2 dz.
dzx T

2
||¢p||H1(1) :/I

Now, the mathematical induction completes the proof. O

We will state the 2-dimensional version of Lemma 2.4

LEMMA 2.5. Let k be an integer. If S is any triangle, then for each
Up € Bp(5),
”W)Hm(s) < C<k)p2k”prL2(5)v
where C' is independent of p and 1,,.

Proof. For each x; € I, it follows from Lemma 2.4 that

(6) 1o (@1, ey < CP* (@1, 700
(1)

Similarly for x5 € I,

(7) (s 22) 31y < CP™ M1, 22) I3, 1y

If we now integrate (6) and (7) with respect to x; and xo respectively,
we get
H@ZJp”Hk(Q) < Cp% ‘Wp”Lz(Qy where Q = I°.

With an affine mapping, we can infer that @) is a parallelogram. Then,
S = U Q; and thus,

m

m
WpHHk Z WpHHk(Qi) < Cp** Z “prLQ(Q,L.) < Cp* pr”LQ(s)
i=1

O
Now we have similar result of the Lemma 2.1 for the p-versions.
N
THEOREM 2.6. Let v = ) a;¢;, where {1} is the basis. Then,
i=1

a(v,v) = / Vo2 dz < Cpt [[o]2
Q
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Proof. Take k =1 on Lemma 2.5. Then,
@l 15y < Cp? 149l 1,5y,  Where S'is a triangle.
That is,

s = [ [0+ 1V%) do < Ot [ y?d
Thus,
/S|V7,Dp|2dx < C’p4/s’(/1p2 dz.
Let {K;} be subdivision triangles of Q. Then, with C' = sup C;

a(v,v):/ﬂ\wmxzz/K V(0] da
SZCip4/ (U|K)2 de < Cp? /UQdiL‘
K;

Q

The following theorem gives bounds of the finite element solution.

N
THEOREM 2.7. Let v =) a;¢; and a = (ay,...,ay). Then,
i=1
|v||* < Cil|a|?, where O is dependent of {1);}.

Proof. Let M = 11;12}}(\{{“1/%”} Then we have

N 2 N 2 N 2
ol < (Dairuwiu) < (MZIaA) = (Zm) .

21

N 2 N
By the Hélder’s inequality, (Z |ai|) < K Y |a;]* with K is a constant.
i=1 i=1

Thus,
N
lo]> < MPK Y~ faif”
i=1
If we denote C; = M?K, then we have

N
ol < G lasl = Cilal®.
i=1
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N
THEOREM 2.8. Let v = > as;. Then, there exists a constant Cy
i=1
such that

Colal® < |Iv]*.
Proof. Using that ||a + b[|* + |la — b]|* = 2 (]|a||* + ||b]|?), we have

2 2

=2

2

+ + lanyn|?

N—1
Z a;;
i=1

N-1
Z a;; — anyn
=1

N-1
Z a;; + anyn
=1

2 2

Z a;Y; +an_1Un_1|| + Z a;V; — aN_1¥N_1
iAN—1 iAN—1
2
=2(|[ Y @l +llan-rnal® ],
iAN—1
2 2 2

Zaz’% +ay|| + Z a;; — a1if| =2 Z(Mﬂi + [larn ||?
it i1 it

If we sum right and left hands of the above equalities respectively, we
get

N 2 N 2 N 2
NID Saisil| +> 1> aahs —ahe|| =2 (D atn| + larll®
i=1 k=1 || ik k=1 \ || ik
So, we see that
N N 2 N 2
2 Z laxtll” < N Z ai ;|| + Z Z aith; — app
k=1 i=1 k=1 || ik
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N
We denote A by N|| >_ as;||* for efficiency. Thus,
i=1

N N 2
2Z|’ak¢k“2 < A+Z Zaiwi—@kwk
k=1 k=1 || ik
N 2
<A+ Z (Z llaspil| + ||ak¢k||>
k=1 \izk

2

N 2 N
A+N(Z ||a¢@/}i||) =A+N<Z |@z|||¢z||>
i=1 i=1

N 2 N
<A+ NM? (Z |ai\) <A+ NMPKY a;].

i=1 i=1
Here M = max. |i]| and the last inequality follows by the Holder’s
inequality. Therefore, we have
2

N
Z a;;
i=1

N
2> lagthi|® < N
k=1

N
+ NM?K Y a;].
=1

So,

N 2

Z a;P;

=1

N
(8) 2) lanf el < N
k=1

N
+ NMPK Y a;].

i=1
Using (8) with L = i (||:]]), we have

2

N N
23 JaiP <23 JalPllel” < N
=1 k=1

N
Z a;;
i=1

Let Cy = (2L2—~ NM?K)/N. Then we get the following inequality which
completes the proof.

N
Cy Z ‘Gz’|2 <
i=1

N
+ NM?K Y a;.
i=1

2
= [lv]l*.

N
Z a;;
i=1
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Now, we will prove the main theorem. This theorem is parallel to
Theorem 2.2, that is, the following theorem is a version of Theorem 2.2
for p-version case.

THEOREM 2.9. Let {1} be the basis of PIET”](Q). Let A be the stiff-
ness matrix, i.e., A = (a;), where a; = a(V;,v;) = [, Vb - Vi du.
And let x(A) be the condition number of A. Then,

x(4) =0(p").

N
Proof. Let v = > a;i;. Then, a(v,v) = a- Aa. Using Theorem 2.6
i=1
and Theorem 2.7, we have
lv]”

a-Aa  a(v,v) C|al?

9 = <Cp! <Cp! = CCOyp*
D TG T T S e S ap T
On the other hand, by Theorem 2.8
a-Aa _a(v,v) _ |v]* _  Colaf?
10 = = aCl.
1o aP P Ve O
But we know that
. A <A
Amax = mMax a-a and Ay, = min u.
a#0  [al? a#0  [a]?
Therefore, we get Apax < CC1pt and Ay, > aCy by (9) and (10). Hence
A ccy
A) = max < 4
x(4) N S A
where «, C,Cy and C are constants. This completes the proof. n

In the case (—Au+u = f), the result and the proof are quite similar
to those of Theorem 2.9. Roughly speaking, elliptic problem of order
4 will have the order p® and p-version has order twice h-version in the
condition number.

3. Numerical Experiment

We consider the following problem:

{ u'(x) =—x/V1—2% forxeQ=(-1,1),
u(—1) =—-= u(l) = 7.

-
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TABLE 1. Eigenvalues and Condition Numbers

P Amax Amin Condition Number
1 2.00000001 2.00000001 1.00000000
2 2.00000001 0.66666668 2.99999996
3 2.00000001 0.17777778 11.24999968
4 2.00000001 0.04571429 43.74999848
5 2.00000001 0.01160998 172.26562088

In this case, the bilinear product is a(u,v) = f_ll o' (x)v'(x) dz. By the
variational formulation, we seek a solution u € H'(§2) which satisfies

a(u,v) = /_11 o () (x) de = /_11 \/%v(x) dx

for all v € H'(Q2). To get the approximate solution of the finite element
method, we ought to take some basis functions. We choose as basis
functions ¢y(z) =1 — z, Y1 (x) = = and

’(,D].H_l(ﬂf) = / Pk(t) dt for k Z 1,
-1
where Py(t) is the monic Legendre polynomial of degree k. In this paper
we analyze the condition number of stiffness matrix and so we will find
it in place of the approximate solution.

The procedure is programmed using Turbo C, including the Gauss-
ian quadrature (See [5]) with n = 5 for numerical integration and the
Jacobi’s method for finding eigenvalues of the stiffness matrix.

The result is shown in Table 1 with maximum degree of basis functions
p=1,2,3,4,5. The maximum, minimum eigenvalues and the condition
numbers of stiffness matrices are given in Table 1. The result has coin-
cidence with Theorem 2.9. As the degree p grows, the condition number
is larger rapidly.

Since we use the Gaussian quadrature with n = 5, the approximation
of integration is exact if the integrand has degree at most 9 except round-
off error. Thus the approximate values of integrations are quite exact in
this case because the integrands are polynomials with degree from 0 to
8. Also to deal with a non-singular stiffness matrix we take p x p matrix
because of 1)y = 1 while one gets generally (p + 1) X (p + 1) matrix as
the stiffness matrix.
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