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Abs t r ac t
A comparison of the tw o dimensional heat loss , computed using the analytical method and the finite

difference method in tw o models (i.e . one is a parabolic fin w hose parabolic curves meet at the fin

center line and the other is a tr ansformed parabolic fin w hose tip cuts vertically ), is m ade assuming

the analytical method is correct . F or these methods, the root temperature and surrounding convection

coefficients of these fins are assumed as constants . T he result s show that the relative errors of the

heat loss betw een the tw o methods for the parabolic fin w hose tip cuts vertically are sm aller than

those for the one w hose tip does not cut . In case of Bi=0.01, the v alues of the heat loss obtained using

a finite difference method are close to those values obtained using the analytical method for both

models . T he values of the heat loss from both models calculated by using the analytical method are

almost the same for given range of non - dimensional fin length in case of Bi = 0.01 and 0.1.

1 . Int roduc t i on

T here are m any paper s dealing w ith the fin so far . M any paper s an aly ze the fin
it self w hile som e paper s present the perform an ce im prov em ent of the m achine by at taching
th e fin [1, 2] to the m achin e. It has been show n th at the on e- dim en sional approach
[3, 4, 5], is conv enient , but m ay be in error for cert ain phy sical con dit ion s . Variou s
shapes of the fin (i.e. r ect angular [4∼7, 8], t r ian gular [8, 11], tr apezoidal [3, 11] and
annular [12, 13] et c.) hav e been stu died . No lit er ature seem s t o be av ailable w hich

present s th e analy sis of a tw o dim en sional parab olic fin by an aly t ical m ethod. T he
problem seem s to b e due t o th e difficulty in applin g th e boun dary condit ion s t o the
fin .

T his study perform ed t w o- dim en sion al an aly ses on the parabolic fin s by u sin g tw o
differ ent num erical m ethods . On e is the analy tical m ethod an d th e oth er is a fin it e
differ en ce m eth od. F or parabolic fin s , t w o m odels are chosen . T h e shape of m odel
1 is a parab olic fin w h ose parabolic curv es m eet at th e fin center lin e an d th at of m odel

K e y W o r d s : P a r a b ol ic F in , H e a t L o s s , R e la t iv e E r r or .

97



K . T . KIM , H . S . KANG

2 is a tr an sform ed parabolic fin w h ose fin t ip cut s v ertically . F or th e fin it e differ en ce
m ethods , 55 nodes for m odel 1 an d 57 n odes for m odel 2 in the upper half of the fin
w a s conv enient . T hat is , check s run for sev eral differ ent configurat ion s (numb er of
n odes ) indicat ed th at th ese n odes w ere sufficient for the solut ion s t o be con sist ent .
F urther , for this setup , the n on - dim en sion al fin len gth is r estr ict ed t o be less than 3
in order to prev ent any error w hich m ight r esult du e t o Δx bein g too large as the
n on - dim en sional fin length increa ses . Also, the non - dim en sion al fin length w as rest r ict ed
t o be less th an 6 in order t o decrease error s du e t o th e num ber of it er ation in ca se
of the analy tical m eth od. Each an aly sis w as based on the follow in g as sum ption s : the
root t em perature, surroundin g conv ect ion coefficient and fin th erm al condu ctiv ity are
con st ant s an d the condition is steady - st at e.

2 . Two- Di mens i onal Nume r i cal Anal y s i s

2 . 1 Anal y t i c a l Me t hod

Ba sed upon the fin s illu st r at ed in F ig . 1- a an d F ig . 1- b , the t w o dim en sion al an aly sis
is g ov ern ed by the form of the 1st Law of th erm odynam ics sh ow n a s Eq. (1).

2

x 2 +
2

y 2 = 0 (1)

T hree boun dary con dit ion s are represent ed a s Eqs . (2)∼ (4) for both m odels and one
energy b alan ce equ ation is show n as Eq. (5) for m odel 1 an d Eq. (6) for m odel 2.

= 0 a t x = 0 (2)

x
+ B i = 0 { a t x = L for m od el 1

a t x = L L for m od el 2
(3)

y
= 0 a t y = 0 (4)

-
1

0 x |
x = 0

dy = B i
1

0

L 2

4y
+ 1 dy (5)

-
1

0 x |
x = 0

dy = B i
1

0 .05

L 2

4y
+ 1 dy -

0 . 05

0 x |
x = L L

dy (6)

w here ,

x =
x '
l

, y =
y '
l

, L =
L '

l
, L L = 0 .776393L , B i =

h l
k

,

= T - T , and 0 = T w - T

T he v alue of LL is chosen arbit r ary . F rom Eq. (1) w ith three boundary con dit ion s
and on e en ergy balan ce equation , th e temperature profile can b e obt ained by the u su al
separat ion of v ariables procedure. T he result is

=
n = 1

0 N n f n (x ) f n ( y ) (7)

w here ,
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N n =
4 0 s in n

2 n + s in ( 2 n )
(8)

f n ( x ) =
n cosh A n + B i s inh A n

n cosh C n + B i s inh C n
(9)

f n (y ) = cos ( n y ) (10)

In Eq. (9) A n = n ( L - x ) , C n = n L for m odel 1 an d A n = n ( L L - x ) ,

C n = n L L for m odel 2. E ig env alu es for m odel 1 are obtained by u sin g Eq. (11)
deriv ed from Eq. (3) an d Eq. (5).

[ n s inh C n + B i cosh C n ] s in ( n ) = 2 A
i = 1 j = 1

A i , j
2 i + 2j - 3
n

- A
i = 1 j = 1

i + 2j - 2

k = 1
A i , j C i , j D i , j , k

2 i + 2j - 3
n + C

i = 1 j = 1
A i , j E i , j

2 i + 2j - 3
n

+ B i2

i = 1 j = 1

i + 2j - 2

k = 1
F i , j ( G i , j , k - H i , j , k ) 2 i + 2j - 3

n (11)

w here ,

A = B i
L 2

4
+ 1 (12)

C = B i ln

L 2

4
+ 1 - 1

L 2

4
+ 1 + 1

(13)

A i , j =
( - 1) j - 1 L 2 i - 2

( 2 i - 1 ) ( 2 j - 1 ) ( 2 i + 4 j - 5 )
(14)

C i , j =
L 2 i + 4j - 4 ( 2 i + 4j - 3 )
4 i + 2j - 2 [ ( i + 2j - 1) ] 2 (15)

D i , j , k =
( k + 1 ) ( k )

( - 4 ) i + 2j - k - 2 (2k + 1) (L 2

4 )
k (16)

E i , j =
L 2 i + 4j - 4 ( 2 i + 4j - 3 )

( - 4) i + 2j - 2 [ ( i + 2j - 1) ] 2 (17)

F i , j =
( - 1) j - 1 L 2 i - 1 ( i + 2j - 2)

( 2 i ) ( 2 j - 1 )
(18)

G i , j , k =
2 (-

L 2

4 )
i + 2j - k - 2

( L 2

4
+ 1)

k +
1
2

( k) ( i + 2 j - k - 1 ) ( 2 k + 1 )
(19)

H i , j , k =
(-

L 2

4 )
i + 2j - k - 2

L ( L 2

4 )
k

( k ) ( i + 2 j - k - 1 ) ( 2 k + 1 )
(20)

Also, eigenv alues for m odel 2 can be obt ain ed by u sing Eq. (21) deriv ed from E q.
(3) and Eq. (6).
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[ n s inh C n + B i cosh C n ] s in ( n ) - B i s in (0 .05 n )

= A A n[2
i = 1 j = 1

A i , j L i , j
2 i + 2j - 4
n

-
i = 1 j = 1

i + 2j - 2

k = 1
A i , j C i , j D i , j , k

2 i + 2j - 4
n M k

+ ( C
B i

- D ) i = 1 j = 1
A i , j E i , j

2 i + 2j - 3
n ]

+ 2 CC n
i = 1 j = 1

i + 2j - 2

k = 1
F i , j ( G i , j , k - N i , j , k ) 2 i + 2j - 3

n (21)

w h ere,

A A n = B i n cosh D n - B i2 s inh D n (22)

CC n = B i2 cosh D n - B i n s inh D n (23)

L i , j =
L 2

4
+ 1 -

5 L 2 + 1
20 i + 2j - 2 (24)

M k =
L 2

4
+ 1 -

5 L 2 + 1
(20) k (25)

D = ln
5 L 2 + 1 - 1

5 L 2 + 1 + 1
(26)

N i , j , k =
(-

L 2

4 )
i + 2j - k - 2

( L 2

4
+ 0 .05)

k +
1
2

( k) ( i + 2 j - k - 1 ) ( 2 k + 1 )
(27)

D n = n ( L - L L ) (28)

In Eqs . (14)∼ (20) an d E q. (27), Γ is a gam m a funct ion . F inally th e heat los s can
b e calculated by Eq. (29) for both m odels .

Q =
1

- 1
- k

x |
x = 0

dy = 2 k 0
n = 1

f n N n s in ( n ) (29)

w here ,

f n =
B i cosh C n + n s inh C n

n cosh C n + B i s inh C n
(30)

2 . 2 Fi n i t e Di f f e r e nc e Me t hod

F or this m ethod, 55 nodes w ere u sed for the upper half part of th e m odel 1 (see F ig .
2- a ) and the equation s for each n ode are sh ow n as Eq. (31) through Eq. (37).

F or node 1(11, 20, 28, 35, 41, 46, 50)

0 - [ 1 + f 1 ( f 1 + f 2 ) + g 1 , 2 ] 1 + [ f 1 ( f 1 + f 2 ) ] 2 + g 1 , 2 11 = 0 (31)

F or node 2(and a similar form for th e other int er ior point s - 3, 12 and so on )

0 +
1
2

[ f 1 ( f 1 + f 2 ) ] 1 - [ 1 + f 1 ( f 1 + f 2 ) + g 1 , 2 ] 2
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+
1
2

[ f 1 ( f 1 + f 2 ) ] 3 + g 1, 2 12 = 0 (32)

F or node 9 (18, 26, 33, 39, 44, 48)

0 + [ ( f 1 + f 2 ) R A 1 , 2 ] 8 - [ 1 + 2 ( f 1 + f 2 ) R A 1, 2 + g 1, 2 ] 9

+ [ ( f 1 + f 2 ) R A 1, 2 ] 10 + g 1 , 2 19 = 0 (33)

F or node 10(19, 27, 34, 40, 45, 49, 52)

0 + ( f 1 R B 1, 2 ) 9 - [ 1 + ( f 1 R B 1 , 2 ) + B i x 1 ( R B 1, 2 ) 2 + 1 ] 10 = 0
(34)

F or node 53

50 - [ 1 + f 9 SA + g 9 , 10 ] 53 + ( f 9 SA ) 54 + g 9 , 10 55 = 0 (35)

F or node 54

51 + [ f 9 SB ] 53 - [ 1 + f 9 SB + B i x 9 SB 2 + 1 ] 54 = 0 (36)

F or node 55

53 - [1 + B i x 10 4 ( x 10 - Z
y )

2

+ 1 ] 55 = 0 (37)

w h ere,

f i =
x i

y
, g i , j =

x i

x j
, R A i , j =

x i

y + y j
R B i , j =

x i + x j

2 y + y i - y j

Z 0 .293 L , SA =
x 9 + 2 Z

y
, and SB =

x 9 + 2 Z
y + y 9

In ca se of the m odel 2, 57 n odes w ere u sed for the upper half part (see F ig . 2- b )
and the equ ation s for each n ode are sh ow n as Eq. (38) through Eq. (47). T o obtain
th e v alue of the t em perature of each n ode for both m odels , Gau ssian elim in at ion m ethod
is u sed.

F or node 1(11,20,28,35,41,46)

0 - [ 1 + ( f 1 + f 2 ) t 1, 10 , 11 + g 1, 2 ] 1

+ [ ( f 1 + f 2 ) t 1, 10 , 11 ] 2 + g 1 , 2 11 = 0 (38)

F or node 2(12,21,29,36,42,47,51)

0 + [ ( f 1 + f 2 ) u 1 , 9 , 10 , 11 ] 1 - [ 1 + 2 ( f 1 + f 2 ) u 1 , 9 , 10 , 11 + g 1 , 2 ] 2

+ [ ( f 1 + f 2 ) u 1, 9 , 10 , 11 ] 3 + g 1, 2 12 = 0 (39)

F or node 3 (and a sim ilar form for the other int er ior point s - 3, 12 an d so on )

0 + [ ( f 1 + f 2 ) v 1, 8 , 9 ] 2 - [ 1 + 2 ( f 1 + f 2 ) v 1 , 8 , 9 + g 1, 2 ] 3

+ [ ( f 1 + f 2 ) v 1, 8 , 9 ] 4 + g 1, 2 13 = 0 (40)

F or node 10(19,27,34,40,45,49,52)

0 + [ ( f 1 + f 2 ) v 1, 1 , 2 ] 9
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- [ 1 + ( f 1 + f 2 ) v 1, 1 , 2 + B i x 1 ( R B 1, 2) 2 + 1 ] 10 = 0 (41)

F or node 50

46 - [1 + ( f 8 + f 9) VA 8 , 10 , 11 +
1
2

( VB 10 , 11 + V C 10 , 11) g 8 , 9 ] 50

+ [ ( f 8 + f 9 ) VA 8 , 10 , 11 ] 51 +
1
2

g 8 , 9 [ VB 10 , 11 53 + V C 10 , 11 54 ] = 0

(42)

F or node 53

50 - [1 + VD 9 , 10 , 11

4 x 9

y 11
+ g 9 , 10] 53

+ [VD 9 , 10 , 11

4 x 9

y 11 ] 54 + g 9 , 10 56 = 0 (43)

F or node 54

50 + [ VD 9 , 10 , 11 VE 9 , 10 , 11] 53 - [ 1 + VD 9 , 10 , 11 VE 9 , 10 , 11 + VE 9 , 10 , 11 VF 9 , 10 , 11

+ g 9 , 10 ] 54 + [ VF 9 , 10 , 11 VE 9 , 10 , 11 ] 55 + g 9 , 10 57 = 0 (44)

F or node 55

5 1 + [ VF 9 , 10 , 11 u 9 , 9 , 10 , 11 ] 54

- [ 1 + VF 9 , 10 , 11 u 9 , 9 , 10 , 11 + B i x 9 ( u 9 , 9 , 10 , 11 ) 2 + 1 ] 55 = 0 (45)

F or node 56

53 - [1 + 4 ( x 10

y 11 )
2

+ B i x 10 ] 56 + [4 ( x 10

y 11 )
2

] 57 = 0 (46)

F or node 57

54 + [ x 10

y 11
VE 10 , 11 ] 56 - [1 +

x 10

y 11
VE 10 , 11

+ B i ( x 10 y 11

2 y 10 + y 11
+

VE 10 , 10 , 11

2
( x 10 ) 2 + ( y 10 ) 2 )] 57 = 0 (47)

w here ,

t i , j , k =
x i

y j + y k
, u i , j , k , l =

x i

2 y + y j - y k - y l
, v i , j , k =

x i

2 y + y j - y k

VA i , j , k =
x i

y j + y k
, VB i , j =

y j

y j + y j
, V C i , j =

2 y i + y j

y i + y j
,

, VD i , j , k =
x i + x j

y k
, VE i , j , k =

4 x i

2 y j + y k
, and VF i , j , k =

x i + x j

2 y - y k

T h e defin it ion of th e v alues Δ x i , Δ y i ( i = 1, 2) w hich are u sed in this fin it e

differ en ce m eth od is show n in F ig . 2- c and the rest Δ x i , Δ y i ( i = 3, 4, ) can
b e w rit ten in th e sam e procedure.
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3 . Re s ul t s and Di s cus s i ons

F igure 3 present s the relativ e error of th e h eat los s in the fin it e difference m ethod
as com pared to the an aly t ical m ethod as L v aries from 0.5 to 3.0 for sev eral v alues
of Biot num ber in case of th e m odel 1. T he relat iv e error in creases slow ly and is
les s th an 5 % for giv en rang e of L in case of Bi = 0.01. It is show n that th e result s
becom e n ot so good as the v alue of Bi an d L in crease .

Result s for th e sam e condit ion s as in F ig . 3 ex cept that the m odel 1 is chang ed to
th e m odel 2 are depicted in F ig . 4. T he tr en d of the result s ar e sim ilar but the ov erall
relat iv e error s decrease con siderably in com parison w ith F ig . 3. W hen Bi = 0.01, the
relat iv e error v aries from 0.17 % t o 1.26 % for giv en rang e of L . Also th e relativ e
error is les s than 5 % for giv en ran ge of L in case of Bi = 0.05 and for until L = 2
in case of Bi = 0.1. T h ese im prov em ent seem t o be obtain ed by proper ch oosin g the
nodes for m odel 2.

F igure 5 show s the relat iv e error of the heat loss in the finite differ en ce m ethod as
com pared t o the analy t ical m ethod as Biot numb er v aries from 0.01 t o 1.0 for L = 0.5,
1.0, 2.0 and 3.0 in case of the m odel 1. In th e case of L 1.0, the relat iv e error increases
regularly as the v alue of Biot num ber increases w hile it in creases r apidly unt il Bi =
0.1 an d v aries som ew h at irr egularly in the rang e of 0.1 < Bi < 1.0 for L = 2.0 and
3.0.

F igure 6 represent s th e sam e type of inform ation a s w a s presented as F ig . 5 but
for m odel 2. F or m odel 2, the relativ e error s increase som ew hat r egularly as Biot num ber
in creases for all v alues of L . T h e relat iv e error for m odel 2 is les s th an that for m odel
1 ov erall an d the relat iv e error for L = 0.5 is les s th an 4 % for giv en rang e of Biot
numb er . T his figure show s that both t w o m ethods can be u sed for m odel 2 becau se
Biot num ber is con sidered t o be less th an 0.1 in our u su al cir cum st an ce.

F igure 7 show s the v ariation of th e heat loss from the t w o fin m odels for 0.5
L 6.0 and Bi = 0.01 w hen th e an aly tical m ethod w as u sed. T o compare the heat
loss from the t w o fin m odels , L for m odel 2 is ch ang ed to 1.288L so the v alue of LL
for m odel 2 becom es to th e sam e as the v alu e of L for m odel 1. T he heat los s from
th e m odel 1 is alm ost the sam e that from the m odel 2 for giv en ran ge of L . Precisely ,
th e heat loss from the m odel 2 is slight ly less than that from the m odel 1 unt il L =
2.5 and v ice v er sa ov er L = 2.5. F igure 8 present s th e sam e type of inform at ion as
F ig . 7 ex cept Bi = 0.1. In case of Bi = 0.1, th e v alues of the heat los s increase alm ost
linearly as L increases w hile those v alues in crease som ew hat parabolically as L increa ses
for Bi = 0.01. T his figure show s the heat loss from the m odel 1 is greater than th at
from th e m odel 2 for giv en rang e of L an d th e differ ence bet w een t w o v alues is dim inish
as L increa ses . F inally , last t w o figures show th at th e heat los s does n ot chang e rem arkably
as th e m odel 1 chan ges t o the m odel 2 for giv en rang e of Biot num ber an d the
non - dim en sional fin len gth .

4 . Conc l us i on
T he relat iv e error of th e h eat loss betw een analy t ical m ethod an d fin it e differ en ce

m eth od for the fin m odel 2 dim inishes con siderably as com parin g that for the fin m odel
1 for giv en ran ge of th e non - dim en sion al fin length and Biot num ber . T h ese result s
seem t o be du e t o the proper sett ing up the nodes for th e fin m odel 2 w hen the fin it e
differ en ce m ethod is u sed. S o it seem s t o be that m ore ex act r esult s can be obt ained
if nodes are set up properly and the num ber of n odes increases in th e case of u sin g
th e fin it e differ ence m eth od. F in ally , ev en though the shape of the fin chan ged from
th e parabolic fin w hose parabolic curv es m eet at the fin cent er line t o th e fin w hose
fin t ip cut s v ert ically at th e rat io LL = 0.776L , the v alu e of the heat los s calculat ed
by u sing the t w o- dim en sion al an aly t ical m ethod does n ot chan ge rem arkably for giv en
rang e of Biot num ber an d the n on - dim en sional fin length .
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F ig . 1- a Geom etry of a parabolic fin (m odel 1)

F ig . 1- b Geom etry of a parab olic fin

w hose t ip is cut (m odel 2)
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F ig . 2- a Upper half fin geom etries presenting

55nodes for m odel 1

F ig . 2- b Upper half fin geom etries presenting

57 n odes for m odel 2

F ig . 2- c T he defin it ion of n ot at ion for

a fin it e difference m ethod
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F IG. 3 Relat iv e error of th e heat loss v er su s the

non - dim en sion al fin len gth for m odel 1

F ig . 4 Relativ e error of the heat los s v er su s the

non - dim en sion al fin len gth for m odel 2

107



K . T . KIM , H . S . KANG

F ig .5 Relat iv e error of the h eat loss v er su s the

Biot numb er for m odel 1

F ig . 6 Relat iv e error of the h eat loss v er su s

th e Biot numb er for m odel 2
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F ig . 7 T he h eat loss obtain ed by u sing the analy tical m eth od

v er su s the n on - dim en sion al fin length for Bi=0.01

F ig . 8 T he h eat loss obtain ed by u sing the analy tical m eth od

v er su s the n on - dim en sion al fin length for Bi=0.1
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