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SPECTRAL ANALYSIS FOR HYPERBOLIC
INTEGRO-DIFFERENTIAL EQUATIONS
WITH A WEAKLY SINGULAR KERNEL

S. K. CHUNG AND M. G. PARK

ABSTRACT. Spectral analysis by energy method is given for a fully discrete methods
for hyperbolic integro-differential equations with a weakly singular kernel. Stability and
error estimates in H'-norm are derived.

1. Introduction.
We will consider an approximate solution using the spectral methods for the hyper-
bolic integro-differential equations with a singular kernel:

(1.1a) U + Au = /tK(t —s)Bu(s)ds+ f, (z,t) € Qx(0,T]

with a Dirichelet boundary condition

(1.1b) u(z,t) =0, (z,t) €0 x(0,T],

and initial conditions

(1.1c) u(z,0) =ug(z) and wui(z,0) =ui(z), =€ Q.

Here Q = (0,7)2, A(z,t) is a linear, positive, symmetric, uniformly elliptic operator
and B(z) is a general partial differential operator of second order with smooth coeffi-
cients. Given functions ug(x), u1(z) and f(z,t) are real-valued and sufficiently smooth.
Further, K(t) is a positive decreasing weakly singular kernel with the property:

(1.2) Ki) <Ct*, -1<a<0, t>0.

Integro-differential equation (1.1) arises in visco-elastic problems. For more references
on problem of the type (1.1), we refer to Renardy, Hrusa and Nohel[13] and refer-
ences therein. The problem (1.1) with smooth kernels has been studied in Dix and
Torrején[7], Torrején and Yong[14], Yanik and Fairweather[15], where they showed
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existence and uniqueness of solutions for smooth initial data using energy estimates.
In [10], Hrusa and Renardy showed existence of discontinuous solution for nonsmooth
initial data. Local and global weak solutions of (1.1) with singular kernels have been
studied in Engler [8] and Hrusa and Renardy[9] using the limit of solutions with smooth-
ing kernels. Galerkin approximate solutions of (1.1) with weakly singular kernels have
been discussed in Choi and MacCamy[6], in which error estimates are given for the
semidiscrete scheme. For the fully discrete scheme, Galerkin solutions have been dis-
cussed in Pani, Thomée and Wahlbin[12] in case of the kernel K (t) = 1, where they also
considered storage reduction. In spite of many works on (1.1) with singular kernels, to
our best knowledge, the finite element solutions of (1.1) with time stepping(fully dis-
crete scheme) appear to be untouched, even though it is crucial for real computation.
In this paper, we discuss error estimates of backward Euler’s fully discrete spectral
approximate solutions for (1.1) with a weakly singular kernel. In section 2, error es-
timates for several projections, like L2-projection, Ritz projection and Ritz-Volterra,
projection, will be discussed. In section 3, error estimates for finite element solutions
by spectral methods with time stepping will be discussed, where H'-error estimates of
O(k + N~2) are shown.

2. Error Estimates for Projections.

Let Vy = span{t;; = sinizisinjzy : 4,5 = 1,2,...,N} be the subspace of the
usual Sobolev space V = H{(Q2). The weak solution for (1.1) is defined as a function
un: (0,T7] — Vy such that for all x € Vi

(2.1a) (uvees x) + alu, x) = / K (t — $)bun(s),x) ds + (f: ),
(2.1b) (u (2, 0), X) = (0, X),
(2.1¢) (unt(x,0),x) = (u1,X)-

Here a(-,-) and b(-,-) are bilinear forms on H}(Q) x H}() associated with differential
operators A and B, respectively. The inner product (-,-) : H} x H} — R is defined as

(6,9) = /Q Hayp(e)de, b€ HE().

Define a L2-projection Py: L?(Q) — Vy by Pyv = vaj a;j(t);; for v(z,t) =
ZZC; Qi (t)'l/)” Then we have
(v—Pnv,x) =0, Vxe€Vy.

That is, Py is an orthogonal projection operator. It is well known that the following
error estimate holds for the the L2-projection(see [4]). Hereafter, a constant C' will be
used as a generic constant independent of N and mesh k. For notational convenience,
we omit dependent variables x and ¢ if there is no confusion.
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Lemma 2.1. There exists a constant C such that
lo = Pyull < CN~2[o],.

The following version of Gronwall’s lemma will be frequently used for error estimates,
whose proof can be found in Chen, Thomée and Wahlbin [5].

Lemma 2.2. Assume that y is a nonnegative function in L1(0,T) and satisfies
t
y(#) gz(t)+ﬁ/ K(t—s)y(s)ds, 0<t<T, —1<a<0,
0
where z(t) > 0,8 > 0. Then there is a constant Ct such that
t
y(t) < 2(t) + CT/ K(t—s)z(s)ds, 0<t<T.
0

We now introduce the standard Ritz projection operator Ry : Hi(Q) — Vi (Q)
with

(2.2) a(v— Ryv,x) =0, Vx € Vn(Q).

The error estimate of Ritz projection can be found in Bressan and Quarteroni[3],
Bernardi and Maday[2] for allv € V with 0 < p <r and r > 1 as

(2.3) lv = Ryl < CN=C=e@)]fy]],.,
where
Iy p<1
e(p) =
2u — 1, w> 1.

Further, we introduce the Ritz-Volterra projection operator lIy: V — Vi by

(24)  a((Tyu - u)(t),x) = / K(t— s)b(Tyu — u)(s),x) ds, Yy € V().

as in Lin, Thomée and Wahlbin[11]. Then we have the following error estimate for the
Ritz-Volterra projection.

Lemma 2.3. There exists a constant C' such that for u € V.

I(TMyvu = w) (@) + N7 [([yu — w) (@)l < CN 72 sup [|u(s)]|2.

s<t

Proof. Let py = [Iyu — u. We begin with an H! - estimate for py. ;From (2.3), we
obtain
IRnu — ull + N7HRyu — ully < CN7?|lull2.
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It follows from the coercivity of a(-,-) and the orthogonal projection that for ¢y > 0,

co||Iyu — Ryul|?
< a(Myu— Ryu,[Iyu — Ryu)
=a(pn,Oyu — Ryu) + a(u — Ryu, Ixyu — Ryu)

=a(pn,Iyu — Ryu)
/ K (t — $)b(pn (s), Ty — Ryvu)(t)) ds
< OMyu — Ryuls / K(t — 5)llox(s)lls ds.
0

Thus, we obtain

t
My — Ryull, < C / K(t— 9)llox ()|l ds
0

and
t
lonlls < IHvu — Ryulls + [[Byu —ulls < 0/ K(t - s)llon(s)[l1ds + [|[Ryu — ul|1.
0

It follows from Lemma 2.2 that

lonlly < 082}; I(Byu —u)(s)]ls < ON~ sup [|u(s)]2.

s<t

We now consider the Ly-estimate for py using the duality argument. For any ¢ € L2,
let 4 be the solution of

(2.5) AYp=¢ in Q, =0 on 0.
Then % is a unique solution of (2.5) such that

141l < Cligll =

Note that, for y € Vi,

(2.6) (o, @) = (pn, AY) = alpn, ¥ — x) + alpn, x)-

The last term on the right hand side of (2.6) becomes

alon, X /Kt—s (v (5), X) ds

- / K(t — 5)b(ow (), x — ) ds + / K(t— 5) (o (s), B9) ds,
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where B* is the adjoint of B. Replacing x = Ry and using (2.6), we obtain

t
(pn,¢) < C{IIRNY — ¢y sup lon (s)llx + ||1/’||2/0 K(t = s)llon(s)llds}

t
<C{NHglo- N7 sup [u(s)ll2 + (14 / K(t = s)llpn(s)llds}.
s< 0
Replacing ¢ = pn/||pn]| in the above inequality, we obtain
t
lpn|l < C{N? Sup [[u(s)llz + / K(t—s)llpn(s)ll ds}.
s< 0

An application of Lemma 2.2 completes the proof. [

Following the proof of Lemma 2.3, we may also obtain

(2.7) lon. |l + N~ pw, [l < CN_zslgzlluw:(S)llz
s_

and

(2.8) Nl + N~ on,, 1 < CN_zSgI; (|t (s)]]2-
S_

3. Discretization in Time Direction.
Let M be a positive integer and k = T'//M. We define difference operators

O™ = W_TW, i ™ = O (Oxp™)
and i )
¢(s) = £ [(t; = $)p(tj-1) + (s —t;-1)(t)],  tj-1 <5 <.
Let Uy € Vi be a solution of

(3.1a)  (BRU, X) + an (UL, x) = 0”K(tn—s>b<ﬁN<s>,x>ds+<f”,x>, n>2,
(3.1b) (URsx) = (ug,X),
(3.1¢) (UL x) = (a1, %),

for all x € Vy. We use the trapezoidal rule as in Weiss[16] and Atkinson[1] for inte-
grations in (3.1). Then we obtain the quadrature error

(3:2) en(®) = Z{Vn,j¢(tj—1) + b, (t5)} — ; " Kty — 5)(s)ds,
where

(3.32) Vs = / " () — $)K (tn — 5)ds,

tj—1

(3.3b) i :/j (s = ;1)K (tn — 5)ds.

tj—1
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Lemma 3.1. There is a constant C such that if ¢+ € L (0,T; L), then

M

kZHsn )< Ok ) max g(s)]l-
n=1

Proof. Since we may rewrite ¢(s) as
o(s) = { P(tj—1) + (s = tj—1)Pe(§im1),  tjm1 <1 <s
d(t5) + (s — ;)9 (G5), s < ¢ < iy,

we obtain, from the Taylor’s theorem,

(¢ = )(s)] < %(tj —5)(s =t ){¢e (& 1) + [D2(G) 1}
< k{[8e(&5-1)] + (S5}

Since g, (¢) = f;” K (t, — s)(¢ — ¢)(s) ds, we obatin

tj

len (¢ |<2kz max  |¢:(s)| K(t, —s)ds

< tj1 <5<t to

< C’koglax |pe(s)].

This implies
< .
lea(@)l] < Ck max [l4(s)]
Hence the required result holds from summation of the above inequality. [

The following lemma is a discrete version of Lemma 2.2, which will be used judi-
ciously.

Lemma 3.2. Let v, ; and py, ; be defined as in (3.3). Assume that y, > 0, z, > 0
and B > 0. If, either xy, ; = Uy j O7 Ty j = lin,j,

n
yngzn_i_/gzxn,]yja TLZO,
i=1

holds, then there is a constant C such that

n
Yn < 2zp + szn,jzj, n > 0.
Jj=1

We now state the stability of approximate solutions in terms of a discrete energy
norm ||| - ||| defined by

116" 11 = 110kg™ I” + l¢" 113, n > 1.
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Theorem 3.1. Let Uy € Vi be a solution of (3.1). Then there exists a constant C
such that

M
UK < CLUNUR I + &Y 1113

n=2
Proof. Replacing x = 0xU% in (3.1a), we obtain
(3.4) (ORUR, 5kU17$) + a4, (U, O, UR)

= Z K (tn — $)b(Un(s), OkUR) ds + (f", 0k UR)

Note that
(OpUR, OkUR,) = 3k||3kUN||2 ||313U}§”r||2

and
1 = — n— k 3 n 9 n
an(UR, OxUR) = 8k(an(UNv UN)) - 5(8kan)(UKr g Un )+ §an(6kUNa8kUN)-

Multiplying both sides of (3.4) by 2k and summing from n = 2 to M, we obtain, for
positive constants ¢ and C,

M
10LUN N + collUN 11T < 10:URN + CIURNT + & D (Opan) (Ux~, UN)
n=2
M
+ 2k Y (7 + I5).
n=2

The above inequality can be rewritten using the discrete norm ||cdot||| as

M M
(3.5) HURNE < CLNOR T + & D NURIE + 5 (17 + 23]}

Let [[[Un|||1;0 = maxo<n<ar [|[|[UR|[|1- Then

m M
EY I =k - U100
n=2 n=2

On the other hand, we can rewrite I7 using notations in (3.2)-(3.3) as

I = Vn,nb(U]T\Lf_la HUR) + pin,nb(UR, HUN)
n—1

+ D Odva U UR) + b (U, UR)}
j=1

- i{(a’f”ma‘)b(va‘I, UN™Y) + Orin DU, UNH) )
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Summation both sides from n = 2 to M, we obtain

M M
EY I =Y {pnnb U5, UR) + (vnn = tn,n)bUR UR™) = v nb(URHLURTH}
n=2 n=2

M-1
+ > {vargbUL L UN) + pan pb(US, UV}
j=1
M_l . . . .
= > Ay UL UL + 10U, UL}
j=1
M-1 M B . - .
kD {@rra )BUL L US) + (Orpin 1)D(U%, U}
j=1 n=j+1

Thus

j j—1
Ul + w55 11U U 500

M M
EY P <O AlmigllUR N + [vig =
n=2 Jj=1

M
. .
+CY {(vargl + iDL+ (iarg] + g g DTS 1 HIUN 100
=1
M-1 M M
- _ . _
+CE DY U e D 10wl + 0% Y 10k HIUN 1501
=1 n=j+1 n=j+1

Since

sl = 31 [ (&= 9Kt = 5) = K(tars = 9)]ds

tj—1
tj
< / [K(tn—1 —s) — K(t, — s)] ds,
tj,1

we obtain, by interchanging summation with integration,

M B M t;
RLTEDS / (K (b1 — 5) — K(bn — 5)] ds

n=j+1 n=j+17%i-1

:/j [K(t; —s) — K(ty — s)]ds

tj—1

< C(IK 2y 0,1))-
Similarly, we obtain

M
Z 1Okl < CUIK L, 0,1))-
n=j+1
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Noting that [v,;| < k** and |un;| < K>+ for j < n < M and dividing (3.5) by
lUn|||1;p, we obtain

M M
NN < CLNUR L + B> NURL +ED £
n=1 n=2

Hence, the discrete Gronwall’s inequality completes the proof. [
Let " = U} — IIyu(t,). Then the error e = UR — u(t,) = 0™ + p%. Since we
know the estimate of p’, we have only to find the estimate for 6.

Theorem 3.2. Let u(t) be the solution of (1.1) and U}, be a solution of (3.1). Then
there exists a constant C such that

11671l < C{NT2 + K+ [110°]]]1 }-

Proof. From (2.4) and (3.1), we obtain

tn

3
(3.5) (070", x) + an (0", x) = | Kl(ta- s)b(0", x) ds + (Z T )

where
Jf' = utt(tn) — 5]%?1(15”),

Jy = _52:071§U
tn B

= / K(t, — 5)B{Tyu(s) — Tyu(s)}ds.
0

It follows from Theorem 3.1 that

M
6™ 11l < CLMNE I + kY 177113

n=2
From the relation J§ = e, (Bpy) + e (Bu) and Lemma 3.1, we obtain

131 < Ck{ sup |[Bpne(s)ll+ sup [[Bus(s)[|} < Ckllutlo-
0<5<ty, 0<5<ty,

Hence, we obtain

M M tar
EY I3l < Ok Z(O sup Jutll2) < Ck/ [[ue(s)]]2ds.
n=2 n=2 "S550n 0

Similarly, we obtain

M M tn tm
EY I < CF? Z/ [tgee||ds = Ck2/ |wesee]| ds.
n=2 n=2"tn-1 ty

For the estimate of J3, it follows from (2.8) that

M M tn
SIAEDD / lonell ds < ON~2.
n=2 n=2 tn—1

These complete the proof. [



40

S. K. CHUNG AND M. G. PARK

Remarks. Spectral analysis is discussed for a hyperbolic integro-differential equation
with a weakly singular kernel and error estimates of the spectral method is given.
Because of the memory term and global bases functions, a storage problem in com-
putation arises in the method. In order to overcome this problem, we will give an
improved method elsewhere.
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