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1 Introduction.

Spectral and pseudospectral methods have the high accuracy. In particular, pseu-

dospectral method is easier to be performed. But in most practical problems, the

domains are not rectangular. This fact limits their applications. However, the sections

of domains might be rectangular in certain directions, such as a cylindrical container.

For solving such problems, it is natural to use Chebyshev pseudospectral-�nite element

approximation, see [1]. In this paper, we develop a mixed Chebyshev pseudospectral-

�nite element method for two-dimensional unsteady Navier-Stokes equation. It is easy

to generalize this method to three-dimensional problems with complex geometry. In

particular, it is easy to deal with the nonlinear terms. We also follow the idea in [2, 3] to

calculate the pressure based on a Poisson equation. Therfore we avoid the di�cult job

of choosing the trial function space in which the divergence of every element vanishes.

We construct the scheme and present the numerical results in Section 2 and 3. The

numerical results show the advantages of this method. We list some lemmas in Section

4, and then prove the generalized stability and the convergence in the last two sections.

2 The Scheme.

Let Ix = fx = �1 < x < 1g, Iy = fy = 0 < y < 1g and 
 = Ix� Iy . The speed and the

pressure are denoted by U = (U1; U2) and P , respectively. � > 0 is the kinetic viscosity.
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U0 and f are given functions. Let T > 0 and @z = @

@z
, z = t; x; y. We consider the

problem 8>>>><
>>>>:

@tU + d(U;U) +rP � �r2U = f; in 
� (0; T ];

r2P +�(U) = r � f; in 
� (0; T ];

U jt=0 = U0; in 

S
@


(2:1)

where

d(U; V ) = @x(V1U) + @y(V2U); �(U) = 2(@yU1@xU2 � @xU1@yU2):

(2.1) is one of representations of Navier-Stokes equation. Suppose that the boundary is

a non-slip wall and so U = 0 on @
. There is no boundary condition for the pressure.

But if we use the second formula of (2.1) to evaluate the pressure, we need a non-

standard boundary condition. Sometimes, it is assumed approximately that @P

@n
= g(x)

on @
, see [2, 3]. For simplicity, let g(x) = 0 in the following discussions. In addition,

for �xing the value of pressure, we require that for all t � T ,Z Z


P (x; y; t)dxdy = 0:

Since the derivation of (2.1) implies the incompressibility, we avoid the di�cult job of

constructing the trial function space in which the divergence of every element vanishes.

Let D be an interval (or a domain) in R (or R2). L2(D), Hr(D) and Hr
0(D) (r > 0)

denote the usual Hilbert spaces with the usual inner products and norms. We also de�ne

L2
0(D) = fu 2 L2(D) =

Z
D

udD = 0g:

Let !(x) = (1� x2)�
1

2 and

(u; v)!;Ix =

Z
Ix

uv!dx; kuk2!;Ix = (u; u)!;Ix ;

L2
!(Ix) = fu(x) = u is measurable on Ix and kuk!;Ix <1g:

Furthermore

(u; v)! =

Z Z


uv!dxdy; kuk2! = (u; u)! ;

L2
!(
) = fu(x; y) = u is measurable on 
 and kuk! <1g:

Let a!(u; v) = (ru;r(v!))L2(
). The weak formulation of (2.1) is to �nd U 2 X2(
)

and P 2 Y (
) for all t � T such that8><
>:

(@tU + d(U;U) +rP; v)! + a!(U; v) = (f; v)! ; 8v 2 X2(
);

a!(P;w) = (�(U)�r � f;w)!; 8w 2 ~X(
)
(2:2)
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where

~X(
) = fu = u;
@u

@x
;
@u

@y
2 L2

!(
)g; X(
) = ~X(
)
\
fu = u = 0 on @
g;

Y (
) = ~X(
)
\

L2
0(
)

\
fu =

@u

@x
= 0 for jxj = 1g:

We now construct the trial function spaces. For the Chebyshev approximation, let

N be any positive integer and PN (Ix) denote the set of all algebraic polynomials of

degree � N , de�ned on Ix. Moreover

VN (Ix) = fu(x) 2 PN (Ix) = u(�1) = u(1) = 0g;

WN (Ix) = fu(x) 2 PN (Ix) = du

dx
(�1) = du

dx
(1) = 0g:

For the �nite element approximation, let �h be a class of regular decomposition of Iy

with subintervals Il = (yl�1; yl), 1 � l � M where 0 = y0 < y1 < � � � < yM = 1.

Suppose that �h satis�es the inverse assumption. Let h = max1�l�M jyl � yl�1j, �h =

min1�l�M jyl � yl�1j. Then h=�h � d, d being a positive constant independent of h.

Moreover let k � 1 and

~Skh(Iy) = fv(y) = vjIl 2 Pk(Il); 1 � l �Mg; Skh(Iy) =
~Skh(Iy)

\
H1

0 (Iy):

Then we take the spaces Xk

N;h
(
) and Y k

N;h
(
) as the trial function spaces for the speed

and the pressure respectively, de�ned as

Xk

N;h(
) = VN (Ix)
 Skh(Iy); Y k

N;h(
) = [WN (Ix)
 ( ~Skh(Iy)
\

H1(Iy))]
\

L2
0(
):

In addition,
~Xk

N;h(
) = VN (Ix)
 ( ~Skh(Iy)
\

H1(Iy)):

Next, let x(j) and !(j) be the nodes and weights of Gauss-Lobatto integration. The

corresponding discrete inner products and norms are de�ned as

(u; v)N;! =
NX
j=0

u(x(j))v(x(j))!(j); kuk2N;! = (u; u)N;! ;

(u; v)N;h;! =
R 1
0 (u; v)N;!dy; kuk2

N;h;!
= (u; u)N;h;! :

Clearly, if uv 2 P2N�1(Ix)
L2(Iy), then (u; v)N;h;! = (u; v)! . Let Pc : C(�Ix)! PN (�Ix)
be the interpolation, i.e., Pcu(x

(j)) = u(x(j)), for 0 � j � N . Let �k

h
: C(�Iy) !

~Sk
h
(Iy)

T
H1(Iy) be the piecewise Lagrange interpolation of degree k over each Il. Fur-

thermore, let PN;h : L2
!(
)! XK

N;h
(
) be the L2

!(
)-orthogonal projection.

Let � be the step size of time t, _R� = ft = l� = 1 � l � [T
�
]g and R� = _R�

Sf0g.
Set

ut(t) =
1

�
(u(t+ �)� u(t)):
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For approximating the terms in (2.2), we de�ne

dc(u; v) = @xPc(v1u) + @yPc(v2u); aN;h;!(u; v) = �(@2xu; v)N;h;! + (@yu; @yv)N;h;! ;

�c(u) = 2[Pc(@yu1@xu2)� Pc(@xu1@yu2)]:

Let � � 0, 0 � � � 1, u and p denote the approximations to U and P respectively. The

Chebyshev pseudospectral-�nite element scheme for (2.2) is to �nd u 2 (Xk+�
N;h

(
))2

and p 2 Y k

N;h
(
) such that for all t 2 R� ,

8>>>>>>>><
>>>>>>>>:

(ut + dc(u; u) +rp; v)N;h;! + �aN;h;!(u+ ��ut; v)

= (f; v)N;h;! ; 8v 2 (Xk+�
N;h

(
))2;

aN;h;!(p;w) = (�c(u)�r � f;w)N;h;! ; 8w 2 ~Xk

N;h
(
);

u(0) = PN;hU0:

(2:3)

3 Numerical Results.

We take the test functions

U1(x; y; t) = AeBt(x2 � 1)2y(y � 1)(2y � 1);

U2(x; y; t) = �2AeBt(x3 � x)y2(y � 1)2;

P (x; y; t) = 4Ae2Bt(x3 � 3x)(2y3 � 3y2 + 0:5):

We use scheme(2.3), in which the interval Iy is divided with the mesh size hy = 1=M .

For comparision, we also consider the �nite element scheme (FEM). In this case, the

domain is divided uniformly into rectangular subdomains with the length hx = 2=N �

in x{direction and hy = 1=M in y{direction, U is approximated by quadratic �nite

element and P by linear �nite element. For describing the errors, let

Îx = fxj = xj = cos j�
N
; 1 � j � N � 1g; for (2:3);

Îx = fxj = xj = �1 + jhx; 1 � j � N � � 1g; for FEM;

Îy = fyj = yj = jhy; 1 � j �M � 1g; for (2:3) and FEM

and

E(U(t)) =

0
BBBBBB@

2X
q=1

X
x2Îx

X
y2Îy

jUq(x; y; t)� uq(x; y; t)j2

2X
q=1

X
x2Îx

X
y2Îy

jUq(x; y; t)j2

1
CCCCCCA

1=2

:
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The error E(P (t)) is de�ned similarly. In calculations, � = 0:0001; A = 0:2; B = 0:1

and k = 1. We �rst take N = 4; M = N � = 10; � = 0:005 and � = 0. The numerical

results are shown in the Table I. Clearly, scheme (2.3) gives better results than scheme

FEM. We also take N = 10; M = 10; � = 0:001; � = 0 and � = 1 in scheme (2.3).

The corresponding results are shown in Table II. We �nd that when N increases and �

decreases, the better results follow. It shows the convergence of scheme (2.3).

Table I. The errors of scheme (2.3) and FEM.

Scheme (2.3), � = 1 Scheme FEM

t E(U(t)) E(P (t)) E(U(t)) E(P (t))

0.5 0.9167E-04 0.8455E-03 0.1371E-02 0.6378E-02

1.0 0.1806E-03 0.8727E-03 0.2758E-02 0.6697E-02

1.5 0.2699E-03 0.8969E-03 0.4148E-02 0.7035E-02

2.0 0.3598E-03 0.9229E-03 0.5542E-02 0.7381E-02

2.5 0.4507E-03 0.9500E-03 0.6943E-02 0.7738E-02

Table II. The errors of scheme (2.3).

t E(U(t)) E(P (t))

0.5 0.5144E-04 0.2061E-03

1.0 0.7531E-04 0.2120E-03

1.5 0.9928E-04 0.2173E-03

2.0 0.1234E-03 0.2230E-03

2.5 0.1478E-03 0.2288E-03

4 Some Lemmas.

We �rst introduce some Sobolev spaces with the weight !(x). For any integer r � 0,

set

jujr;!;Ix = k@rxuk!;Ix ; kukr;!;Ix = (
rX

m=0

juj2m;!;Ix )1=2;

Hr

!(Ix) = fu(x) = kukr;!;Ix <1g:
For real r > 0, the space Hr

!(Ix) is de�ned by the space interpolation. Furthermore,

C1

0 (Ix) = fu(x) = u is in�nitely di�erentiable and has a compact support in Ixg:
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Denote by Hr
0;!(Ix) the closure of C

1
0 (Ix) in Hr

!(Ix). Besides, L1(Ix) is the space of

essentially bounded functions with the norm k � k1;Ix
.

Next, let B be a Banach space with the norm k � kB . De�ne

L2(D;B) = fu(z) : D ! B = u is strongly measurable and kukL2(I;B) <1g;

C(D;B) = fu(z) : D ! B = u is strongly continuous and kukC(I;B) <1g
where

kukL2(D;B) = (

Z
D

ku(z)k2Bdz)1=2; kukC(D;B) = max
z2D

ku(z)kB :

For any integer s � 0, de�ne

Hs(D;B) = fu(z) = kukHs(D;B) <1g

equipped with the semi-norm and norm

jujHs(D;B) = k@szukL2(D;B); kukHs(D;B) = (
sX

m=0

juj2
Hm(D;B))

1=2:

For real s � 0, the space Hs(D;B) is de�ned by the space interpolation.

We now introduce the non-isotropic space

Hr;s

! (
) = L2(Iy;H
r

!(Ix))
\

Hs(Iy; L
2
!(Ix)); r; s � 0

with the norm

kuk2
H

r;s

! (
) = kuk2
L2(Iy ;Hr

!
(Ix))

+ kuk2
Hs(Iy ;L2

!
(Ix))

:

Also let

M r;s
! (
) = Hr;s

! (
)
T
Hs�1(Iy;H

1
!(Ix)); r; s � 1;

Ar;s
! (
) = H

7

6 (Iy;H
1
!(Ix))

T
Hs(Iy;H

r+1
! (Ix))

T
Hs+1(Iy;H

r
!(Ix)); r; s � 0;

Y r;s;�
! (
) = Hr;s

! (
)
T
H

1

2
+�(Iy;H

[ r
2
]+ 1

2
+�

! (Ix))
T
H [ s

2
]+ 1

2
+�(Iy;H

1

2
+�

! (Ix)); r; s � 0; � > 0;

Y
r;s;�

1;! (
) = Hr+1;s+1
! (
)

T
H1(Iy;H

r
!(Ix))

T
Hs(Iy;H

1
!(Ix))

T
H

1

2
+�(Iy;H

[ r
2
]+ 3

2
+�

! (Ix))T
H [ s

2
]+ 1

2
+�(Iy;H

3

2
+�

! (Ix))
T
H

3

2
+�(Iy;H

[ r
2
]+ 1

2
+�

! (Ix))T
H [ s

2
]+ 3

2
+�(Iy;H

1

2
+�

! (Ix)); r; s � 0; � > 0:

Their norms are de�ned similarly. Furthermore let H
r;s

0;!(
) be the closure of C
1
0 (
)

in Hr;s
! (
). If r = s, then Hr;r

! (
) = Hr
!(
), and denote their semi-norm and norm by

j � jr;! and k � kr;! respectively, etc.. Denote by L1(Ix), L
1(
) and W 1;1(
) the usual

Sobolev spaces with the norms k � k1;Ix, k � k1 and k � k1;1, etc..
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For simplicity of statements, let �s = min(s; k+1) and denote by c a generic positive

constant independent of h, N , � and any function. In some lemmas, we require that

there exist a suitably big positive constant c1 and a positive constant c2 such that

c1h
�

4

3 � N � c2h
�

4

3 : (4:1)

Lemma 1. If u(x; y; t) 2 C(�Ix)� L2(Iy) for all t 2 R� , then

2(u(t); ut(t))N;h;! = (ku(t)k2N;h;!)t � �kut(t)k2N;h;! :

Let PN denote the Chebyshev truncated operator. We have that (see [4])

ku� PNukLq

!(Ix)
� c�N;qN

�mkukWm;q

! (Ix)
; m � 0; 1 � q � 1 (4:2)

where �N;q = 1 + lnN for q = 1 or q =1, and �N;q = 1, otherwise.

Lemma 2(Lemma 1 of [1]). If u 2 C(�Ix)� L2(Iy) and v 2 PN (Ix)� L2(Iy), then

kvk! � kvkN;h;! �
p
2kvk! ;

j(u; v)N;h;! � (u; v)! j � c(ku � PN�1uk! + ku� Pcuk!)kvk! :
Lemma 3(Lemma 2 of [1]). For any u 2 Xk

N;h
(
) with k � 1,

aN;h;!(u; u) � 1

4
kuk21;! :

Lemma 4(Lemma 5 of [5]). For any u 2 ~Xk

N;h
(
) with k � 1,

kuk1 � c(N=h)1=2kuk! :

Moreover, for any u 2 H1
!(
),

kPNuk1 � c(lnN)1=2kuk1;! :

Lemma 5(Lemma 2 of [5]). Let u 2 H
r;1
0;!(
)

T
Hr;s
! (
) with 0 � r � 1, s � 0, or

u 2 H1
0;!(
)

T
Hr;s
! (
) with r > 1, s � 0. Then

ku� PN;huk! � c(N�r + h�s)kujj
H

r;�s
! (
):

Lemma 6(Lemma 5 of [1]). If u 2 H�(Iy;H
r
!(Ix)) with � � 0; r > 1=2 and

0 � � � r, then

ku� PcukH� (Iy ;H�
! (Ix))

� cN 2��rkukH� (Iy ;Hr
!(Ix))

:

We now introduce the projection P �

N;h
: H1

0;!(
) ! Xk

N;h
(
) such that for any

u 2 H1
0;!(
),

a!(P
�

N;hu; v) = a!(u; v); 8v 2 Xk

N;h(
);
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and the projection P c

N;h
: H1

0;!(
)! Xk

N;h
(
) such that for any u 2 H1

0;!(
),

aN;h;!(P
c

N;hu; v) = a!(u; v); 8v 2 Xk

N;h(
):

Lemma 7. Let (4.1) hold and k � 1. If u 2 H1
0;!(
)

T
M r;s

! (
) with r; s � 1, then

ku� P �

N;huk1;! � c(N 1�r + h�s�1)kuk
M

r;�s
! (
);

ku� P c

N;huk1;! � c(N 1�r + h�s�1)kuk
M

r;�s
! (
):

If in addition u 2M
r+ 1

4
;s

! (
), then

ku� P �

N;huk! � c(N�r + h�s)kuk
M

r+
1
4
;�s

! (
)
;

ku� P c

N;huk! � c(N�r + h�s)kuk
M

r+ 1
4
;�s

! (
)
:

Proof. The �rst and the third conclusions come from Lemma 4 of [6]. Next, as in

the proof of lemma 7 of [1], we have

ku� P c

N;huk1;! � c(N 1�r + h�s�1)kuk
M

r;�s
! (
):

Finally, following the same line as in the proof of Lemma 7 of [1], we get

ku� P c

N;huk! � c(N�1 + h)(N
3

4
�r + h�s�1)kuk

M
r+

1
4
;�s

! (
)
:

Lemma 8. Let (4.1) hold. If u 2 H1
0;!(
)

T
H�(Iy;H

�
! (Ix)) with �; � > 1=2, then

kP c

N;huk1 � ckuk
M

9
8
;
7
6

! (
)
T

H� (Iy ;H�
! (Ix))

:

If, in addition, u 2 A�;�
! (
) with �; � > 1=2, then

kP c

N;huk1;1 � ckuk
A
�;�

! (
)
:

Proof. We have

kP c

N;huk1 � kP c

N;hu��k

hPNuk1 + k�k

hPNuk1:

By Lemma 4, Lemma 7, (4.2) and Theorem 3.2.1 of [7],

kP c

N;hu��k

hPNuk1 � ckuk
M

9
8
;
7
6

! (
)
:

By Lemma 5 of [6] and Theorem 3.1.5 of [7],

k�k

hPNuk1 � ckPNukH� (Iy ;C(Ix))
� ckukH� (Iy ;H�

! (Ix))
:
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Next, we prove the second conclusion. Let P 1
h
: H1

0 (Iy) ! Sk
h
(Iy) be such that for

any u 2 H1
0 (Iy),

(@y(P
1
hu� u); @yv)L2(Iy) = 0; 8v 2 Skh(Iy):

Then we have (see [8])

ku� P 1
huk�;Iy � ch�s��juj�s;Iy ; s � 1; 0 � � � 1:

Also let P 1
N
: H1

0;!(Ix)! VN (Ix) be such that for any u 2 H1
0;!(Ix),

(@x(P
1
Nu� u); @x(v!))L2(Ix) = 0; 8v 2 VN (Ix):

We have (see (9.5.17) of [4]),

ku� P 1
Nuk�;!;Ix � cN��rkukHr

!(Ix)
; 0 � � � 1; r � �:

Now, we begin to estimate kP c

N;h
uk1;1. In fact,

jP c

N;huj1;1 � jP c

N;hu� P �

N;huj1;1 + jP �

N;huj1;1: (4:3)

By Lemma 4,

jP c

N;hu� P �

N;huj1;1 � c

s
N

h
jP c

N;hu� P �

N;huj1;! : (4:4)

Let # be the identity operator. By Lemma 3 and the de�nitions of P c

N;h
and P �

N;h
,

jjP c

N;h
u� P �

N;h
ujj21;! � 4aN;h;!(P

c

N;h
u� P �

N;h
u; P c

N;h
u� P �

N;h
u)

� 4j((#� PN�1)@yP
�

N;h
u; @y(P

c

N;h
u� P �

N;h
u))! j:

Therefore

kP c

N;hu�P �

N;huk1;! � cjj(#�PN�1)(@yP
�

N;hu�@yP
1
hP

1
Nu)k!+ ck(#�PN�1)@yP

1
hP

1
Nuk! :
(4:5)

Furthermore

k(#� PN�1)(@yP
�

N;hu� @yP
1
hP

1
Nu)k! � ckP �

N;hu� P 1
hP

1
Nuk1;! : (4:6)

Let W = P �

N;h
u� P 1

h
P 1
N
u. We have from Lemma 3 and the de�nition of P �

N;h
that

kP �

N;h
u� P 1

h
P 1
N
uk21;! � 4a!(P

�

N;h
u� P 1

h
P 1
N
u; P �

N;h
u� P 1

h
P 1
N
u)

= 4(@y(u� P 1
h
P 1
N
u); @yW )! + 4(@x(u� P 1

h
P 1
N
u); @x(W!))L2(
)

= 4(@y(u� P 1
N
u); @yW )! + 4(@x(u� P 1

h
u); @x(W!))L2(
):
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Thus

kP �

N;h
u� P 1

h
P 1
N
uk1;! � c(N�r + h�s)kuk

H1(Iy ;Hr
!
(Ix))

T
H�s(Iy ;H1

!
(Ix))

: (4:7)

Similarly

k(#� PN�1)@yP
1
hP

1
Nuk! � cN�rkukH1(Iy ;Hr

!(Ix))
: (4:8)

Thus we have from (4.5){(4.8) that

kP c

N;hu� P �

N;huk1;! � c(N�r + h�s)kuk
H1(Iy ;Hr

!(Ix))
T

H�s(Iy ;H1
!(Ix))

and so (4.4) implies that

jP c

N;hu� P �

N;huj1;1 � ckuk
H1(Iy ;H

7
8
! (Ix))

T
H

7
6 (Iy ;H1

!(Ix))
: (4:9)

Now, we turn to estimate jP �

N;h
uj1;1. Clearly

jP �

N;huj1;1 � c

s
N

h
jP �

N;hu� P 1
hP

1
Nuj1;! + jP 1

hP
1
Nuj1;1: (4:10)

From (4.7), s
N

h
jP �

N;hu� P 1
hP

1
Nuj1;! � ckuk

H1(Iy ;H
7
8
! (Ix))

T
H

7
6 (Iy ;H1

!
(Ix))

: (4:11)

On the other hand,

jP 1
hP

1
Nuj1;1 � k@yP 1

hP
1
Nuk1 + k@xP 1

hP
1
Nuk1:

Furthermore

k@yP 1
h
P 1
N
uk1 � k@yP 1

h
P 1
N
u� @yP

1
h
PNuk1 + k@yP 1

h
PNu� @y�

k

h
PNuk1 + k@y�k

h
PNuk1

� ckuk
H1(Iy ;H

7
8
! (Ix))

T
H�+1(Iy ;H�

! (Ix))
:

(4:12)

Similarly

k@xP 1
hP

1
Nuk1 � ckuk

H
7
6 (Iy ;H1

!(Ix))
T

H� (Iy ;H
�+1
! (Ix))

(4:13)

and so

kP 1
hP

1
Nuk1;1 � ckuk

H1(Iy ;H
7
8
! (Ix))

T
H

7
6 (Iy ;H1

!
(Ix))

T
H�+1(Iy ;H�

!
(Ix))

T
H�(Iy ;H

�+1
! (Ix))

: (4:14)

Therefore we have from (4.10), (4.11) and (4.14) that jP �

N;h
uj1;1 � ckuk

A
�;�

! (
)
.

Lemma 9(Lemma 9 of [1]). If u; v 2 Y r;s;�
! (
) with r; s � 0 and � > 0, then

kuvkHr;s

! (
) � ckuk
Y

r;s;�

! (
)
kvk

Y
r;s;�

! (
)
:
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Lemma 10(Lemma 10 of [1]). If u 2 L2
!(
) and v 2 H1

0;!(
), then

j(u; @x(v!))L2(
)j � 2kuk! jvj1;! :

Lemma 11(Lemma 8 of [6]). There exists a positive constant cd depending only

on the value of d, such that for all u 2 PN (Ix)
 (H1(Iy)
T ~Sk

h
(Iy)),

juj21;! � (2N 4 + cdh
�2)kuk2! :

Lemma 12. Let (4.1) hold. u 2 WN (Ix) � ( ~Sk
h
(Iy)

T
H1(Iy)) and g 2 PN (Ix) �

( ~Sk
h
(Iy)

T
H1(Iy)) satisfy the following equation

aN;h;!(u; v) = (g; v)N;h;! ; 8v 2 ~Xk

N;h(
): (4:15)

Then we have

kuk1;! � ckgk! :
Proof. Let � = (1 � x2)1=2. De�ne the spaces L2

�(Ix) with the norm kuk�;Ix and

Hr
�(Ix) with the norm kukr;�;Ix in the same way as L2

!(Ix) and Hr
!(Ix), etc.. From

Lemma 3.1 of [9], for any � 2 L2
�(Ix) and � > 0, there exists a unique function W 2

H2
� (Ix) such that 8><

>:
LW = �d

2
W

dx2
+ �W = �; in Ix;

dW

dx
(�1) = dW

dx
(1) = 0:

(4:16)

Let H�s(Ix) be the dual space of H
s(Ix). We have from (4.16) that

kWk2
H1(Ix)

+ �kWk2
L2(Ix)

� ck�k2
H�1(Ix)

:

Furthermore, if � 2 L2(Ix), then by multiplying (4.16) by
d
2
W

dx2
and integrating by parts,

kWk2
H2(Ix)

+ �kWk2
H1(Ix)

� ck�k2
L2(Ix)

:

By the space interpolation, if � 2 H�s(Ix) with 0 � s � 1, then W 2 H2�s(Ix) and

kWk2
H2�s(Ix)

+ �kWk2
H1�s(Ix)

� ck�k2
H�s(Ix)

: (4:17)

Since for any real s � 0, Hs
�(Ix) � Hs�1=4(Ix)(see Theorem 4.2 of [9]), we get

kWk2
H

7
4 (Ix)

+ �kWk2
H

3
4 (Ix)

� ck�k2
H

�
1
4 (Ix)

� ck�k2�;Ix : (4:18)

Moreover for any real s � 1=4, Hs(Ix) � H
s�1=4
! (Ix)(see Theorem 4.1 of [9]), and thus

kWk23
2
;!;Ix

+ �kWk21
2
;!;Ix

� ck�k2�;Ix = ckLWk2�;Ix : (4:19)
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Next, consider an auxiliary problem. It is to �nd � 2 R and � 2 ~Sk
h
(Iy)

T
H1(Iy), such

that Z 1

0

d�

dy

dz

dy
dy = �

Z 1

0
�zdy; 8z 2 ~Skh(Iy)

\
H1(Iy): (4:20)

Then there exists a normalized L2(Iy)-orthogonal eigenfunction system f�l(y)g, l =
0; 1; 2; � � � ;Mh. The corresponding eigenvalues are ranged as

0 = �0 < �1 � �2 � � � � � �Mh
:

Let �0(y) � 1. By (4.20), we know that

Z 1

0

d�k

dy

d�l

dy
dy = �k�kl; k; l = 0; 1; 2; � � � ;Mh: (4:21)

Let f�(l)g be the eigenvalues of the corresponding continuous problem, that is
8>><
>>:
�d

2u

dy2
= �u;

du

dy
(0) =

du

dy
(1) = 0:

Then �(l) = �2l2, l = 0; 1; � � �. We have that for su�ciently small h and certain positive

constant � (see [2]),

�(l) � �l � �(l) + 2�h2k [�(l)]k+1: (4:22)

Now, we turn to prove the lemma. Since u 2 WN (Ix) � ( ~Sk
h
(Iy)

T
H1(Iy)) and

g 2 PN (Ix)� ( ~Sk
h
(Iy)

T
H1(Iy)), we put

u =

MhX
l=0

ul(x)�l(y); g =

MhX
l=0

gl(x)�l(y)

where ul 2WN (Ix), gl 2 PN (Ix). From (4.15),

�(
MhX
l=0

d2ul

dx2
�l(y); v)!+(

MhX
l=0

ul(x)@y�l(y); @yv)N;h;! = (

MhX
l=0

gl(x)�l(y); v)N;h;! ; 8v 2 ~Xk

N;h(
):

(4:23)

We �rst let l 6= 0, v = (1� x2)zl(x)�l(y) and zl(x) 2 PN�2(Ix). Then

�(d
2ul

dx2
; zl)�;Ix + �l(ul; (1� x2)zl)N;! = (gl; (1 � x2)zl)N;!

and so

(Lul; zl)�;Ix � (�d
2ul

dx2
+ �lul; zl)�;Ix = (gl; zl)�;Ix +E1(zl) +E2(zl) (4:24)
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with

E1(zl) = �l(ul; (1� x2)zl)!;Ix � �l(ul; (1� x2)zl)N;! ;

E2(zl) = (gl; (1� x2)zl)N;! � (gl; (1� x2)zl)!;Ix :

Let ~PN be the L2
!(Ix)-orthogonal projection, and zl = ~PN�2Lul. Then we have

zl = Lul � �l(ul � ~PN�2ul) 2 PN�2(Ix):

So (4.24) reads

kLulk2�;Ix � �l(Lul; ul � ~PN�2ul)�;Ix = (gl; Lul)�;Ix � �l(gl; ul � ~PN�2ul)�;Ix

+E1( ~PN�2Lul) +E2( ~PN�2Lul):
(4:25)

Furthermore, since (1� x2)zl 2 PN (Ix), we get from (9.3.5) of [4] that

jE1( ~PN�2Lul)j � c�lkul � ~PN�1ulk!;Ix (kLulk�;Ix + �lkul � ~PN�2ulk�;Ix);
jE2( ~PN�2Lul)j � ckglk!;Ix(kLulk�;Ix + �lkul � ~PN�2ulk�;Ix):

By substituting the above estimations into (4.25), we obtain

1

2
kLulk2�;Ix � ckglk2!;Ix + c�2l (kul � ~PN�1ulk2!;Ix + kul � ~PN�2ulk2�;Ix): (4:26)

We know from (4.19) that

kulk23
2
;!;Ix

+ �lkulk21
2
;!;Ix

� ckLulk2�;Ix :

Since

kul � ~PN�1ulk!;Ix � cN�rkulkr;w;Ix ; for r � 0;

we obtain from (4.26) that

kulk23
2
;!;Ix

+ �lkulk21
2
;!;Ix

� ckglk2!;Ix + c�2lN
�3kulk23

2
;!;Ix

: (4:27)

We know from (4.22) that

�l � �Mh
� �(Mh) + 2�h2k [�(Mh)]k+1; �(Mh) = (Mh)

2�2:

SinceMh = O( 1
h
), we have �l � ch�2. Thus 1�c�2

l
N�3 � 1�c�2

Mh
N�3 � 1�ch�4N�3.

Thanks to condition (4.1), we have 1� ch�4N�3 � � > 0. Hence (4.27) implies that

kulk23
2
;!;Ix

+ �lkulk21
2
;!;Ix

� ckglk2!;Ix
and so for l 6= 0,

julj21;!;Ix + �lkulk2!;Ix � ckglk2!;Ix : (4:28)
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Next, we consider the case with l = 0. By taking v = �(1 � x2)@2xu0�0(y) =

�(1� x2)@2xu0 in (4.23), we get

k@2xu0k2�;Ix = �(g0; (1 � x2)@2xu0)N;! � ckg0k!;Ixk@2xu0k�;Ix :
Hence jj@2xu0jj�;Ix � cjjg0jj!;Ix . On the other hand, since u0 2WN (Ix), we have

ju0j21;!;Ix �
Z
Ix

!(x)(

Z
Ix

�(x)(@2xu0)
2dx)(

Z
Ix

!(x)dx)dx � ck@2xu0k2�;Ix
and so

ju0j21;!;Ix � ckg0k2!;Ix : (4:29)

Finally, we have from (4.28) and (4.29) that

kuk21;! =

MhX
l=0

(julj21;!;Ix + �lkulk2!;Ix ) � ckgk2! :

5 The Generalized Stability.

Assume that u(0) and f(t) have the errors ~u(0) and ~f(t) which induce the errors of

u(t) and p(t), denoted by ~u(t) and ~p(t) respectively. Then8>>>><
>>>>:

(~ut; v)N;h;! + (dc(~u; u+ ~u) + dc(u; ~u) +r~p; v)N;h;!

+�aN;h;!(~u+ �� ~ut; v) = ( ~f; v)N;h;! ; 8v 2 (Xk+�
N;h

(
))2;

aN;h;!(~p;w) = (�c(~u) + ��
c(u; ~u)�r � ~f;w)N;h;! ; 8w 2 ~Xk

N;h
(
)

(5:1)

where

��

c(u; ~u) = 2[Pc(@yu1@x~u2) + Pc(@y~u1@xu2)� Pc(@xu1@y~u2)� Pc(@x~u1@yu2)]:

Let " > 0 and m be an undetermined positive constant. By taking v = 2~u(t) +

m� ~ut(t) in the �rst formula of (5.1), we have from Lemma 1, Lemma 2 and Lemma 3

that

(k~uk2
N;h;!

)t + �(m� 1� ")k~utk2N;h;! + �

2
jj~uk21;! + ��m�

2

4
k~utk21;! + ��(� + m

2
)

((k@x~uk2N;h;! + k@y~uk2N;h;!)t � �k@x~utk2N;h;! � �k@y~utk2N;h;!) +A+B +
6X

j=1

Fj

� 2k~uk2! + (2 + �m
2

2"
)kPc ~fk2!

(5:2)

where

A = 2���(@x~ut; x!
2~u)! ; B = �m�(@x~u; x!

2~ut)! ;

F1 = (dc(~u; u); 2~u +m� ~ut)N;h;! ; F2 = (dc(u; ~u); 2~u+m� ~ut)N;h;! ;

F3 = 2(dc(~u; ~u); ~u)N;h;! ; F4 = m�(dc(~u; ~u); ~ut)N;h;! ;

F5 = 2(r~p; ~u)N;h;! ; F6 = m�(r~p; ~ut)N;h;! :
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We have from Lemma 1 of [10] that kv!2k!;Ix � jvj1;!;Ix for any v 2 H1
0;!(Ix), and so

jAj+ jBj � �

4
(� +

m

2
)k@x~uk2! + 4�� 2(� +

m

2
)k@x~utk2!:

Let juj21;N;h;! = k@xuk2N;h;! + k@yuk2N;h;! . Then (5.2) leads to

(k~uk2
N;h;!

)t + �(m� 1� ")k~utk2N;h;! + �

8
(4�m� 2�)j~uj21;! + ��(� + m

2
)(j~uj21;N;h;!)t

+ ��m�
2

4
k~utk21;! � 5�� 2(� + m

2
)j~utj21;N;h;! +

6X
j=1

Fj � 2k~uk2! + (2 +
�m2

4"
)kPc ~fk2!:

(5:3)

Now we estimatejFj j. Firstly, by Lemma 2 and Lemma 10,

jF1j � "�

8
j~uj21;! + "�m�

2

6
j~utj21;! + c(m+1)

"�
kuk2

1
k~uk2! :

Similarly

jF2j � "�

8
j~uj21;! +

"�m� 2

6
j~utj21;! +

c(m+ 1)

"�
kuk2

1
k~uk2!:

By Lemma 4 and Lemma 10,

jF3j � "�

8
j~uj21;! + clnN

"�
k~uk2! j~uj21;! :

Similarly

jF4j � "�m�
2

6
j~utj21;! + cm lnN

"�
jj~ujj2!j~uj21;! :

Now, we apply Lemma 12 to the second formula of (5.1) and obtain that

j~pj1;! � c(k�c(~u)k! + k��

c(u; ~u)k! + kPc(r � ~f)k!):

Moreover,

k�c(~u)k! � cj~uj1;1j~uj1;! � c
q

N

h
j~uj21;! ;

k��
c(u; ~u)k! � cjuj1;1j~uj1;! :

Thus

j~pj1;! � c(juj1;1j~uj1;! +
s
N

h
j~uj21;! + kPc(r � ~f)k!)

and

jF5j � "�

8
j~uj21;! + c(1 + 1

"�
juj21;1)k~uk2! + cN

"�h
k~uk2! j~uj21;! + ckPc(r � ~f)k2! :

By Lemma 11,

jF6j � "�k~utk2! + cm
2
�

"
juj21;1j~uj21;! + cm

2
�

"
kPc(r � ~f)k2!

+ cm�N

"h
(2N 4 + cdh

�2)k~uk2! j~uj21;! :
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Let jkukj1;1 = maxt2R�
ku(t)k1;1, etc.. By substituting the above estimations into

(5.3), we have from Lemma 2 and Lemma 12 that

(k~uk2
N;h;!

)t +� [m� 1� 2"� ��(5(2� +m) + "m

2
� �m

4
)(2N 4 + cdh

�2)]k~utk2!
+ �

8
( 15
4
�m� 2� � 4")j~uj21;! + ��(� + m

2
)(j~uj21;N;h;!)t

� M1k~uk2! +B(k~uk!)j~uj21;! +G1:

(5:4)

where

M1 = c+ c

"�
[(1 +m)kjukj21 + kjukj21;1];

B(k~uk!) = � �

32
+ cm

2
�

"
kjukj21;1

+[ c
"�
(1 +m) lnN + cN

"h
( 1
�
+m2�(2N 4 + cdh

�2))]k~uk2! ;
G1 = (2 + m

2
�

2"
)kPc ~fk2! + c(1 + m

2
�

"
)kPc(r � ~f)k2! :

Let " be suitably small and � suitably large. Suppose hat

��(2N 4 + cdh
�2) <

1

�(5 + "

2
� �

4
)
: (5:5)

We take

m = (
33

32
+ 2"+ 10���(2N 4 + cdh

�2))(1� 1

�
)�1:

Then the coe�cient of the term k~utk2! in (5.4) is not less than �

32
. Moreover, if

� > (
10�

5 + "

2
� �

4

+
7

2
� 2� � 4")(

79

32
� 2� � 6")�1; (5:6)

then the coe�cient of the term j~uj21;! in (5.4) is not less than �

32
. Thus (5.4) reads

(k~uk2
N;h;!

)t +
�

32
k ~utk2! + �

32
j~uj21;! + ��(� + m

2
)(j~uj21;N;h;!)t

�M1k~uk2! +B(k~uk!)j~uj21;! +G1:
(5:7)

Let

E(t) = k~u(t)k2! + �

32

P
t02R�

t0<t

(�k~ut(t0)k2! + �j~u(t0)j21;!);

�(t) = 2k~u(0)k2! + ��(2� +m)j~u(0)j21;! + �
P

t02R�

t0<t

G1(t
0):

By summing (5.7) for t 2 R� , we have

E(t) � �(t) + �
X
t02R�

t0<t

(M1E(t
0) +B(E(t0))j~uj21;!):
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Finally, we use a discrete inequality Lemma 4.16 of [2] to get the following conclusion.

Theorem 1. Assume that

(i) (5.5) and (5.6) hold;

(ii) for certain suitably small positive constant c3, � jjjujjj21;1 < c3�;

(iii) there exist positive constants d1 and d2 depending only on jjjujjj1;1 and � such

that �(t1)e
d1t1 � d2h

N
for some t1 2 R� .

Then for all t 2 R� , t � t1, we have

E(t) � �(t)ed1t:

6. The Convergence

Let the ~P 1
h
be the operator such that for any u 2 H1(Iy),Z 1

0
@yu@yvdy =

Z 1

0
@y( ~P

1
hu)@yvdy; 8v 2 ~Skh(Iy)

\
H1(Iy);Z 1

0
(u� ~P 1

hu)dy = 0:

We have that for any v 2 Hs(Iy) with s � 1,

ku� ~P 1
hukH�(Iy) � ch�s��kukH�s(Iy); 0 � � � 1; � � �s: (6:1)

Let U � = P c

N;h
U and P � 2 PN (Ix)� ( ~Sk

h
(Iy)

T
H1(Iy)) de�ned by

P � = ~P 1
hP (�1; y) +

Z
x

�1

~P 1
hP

1
N�1

@P

@s
(s; y)ds:

Set ~U = u� U � and ~P = p� P �. Then by (2.2) and (2.3),8>>>>>>>>>>>><
>>>>>>>>>>>>:

( ~Ut + dc( ~U;U
� + ~U) + dc(U

�; ~U) +r ~P ; v)N;h;!+

�aN;h;!( ~U + �� ~Ut; v) =
5X

j=1

Aj(v); 8v 2 (Xk+�
N;h

(
))2;

aN;h;!( ~P ;w) = (�c( ~U ) + ��
c(U

�; ~U); w)N;h;! +
8X

j=6

Aj(w); 8w 2 ~Xk

N;h
(
);

~U(0) = PN;hU0 � P c

N;h
U0;

where

A1(v) = (@tU; v)! � (U �
t ; v)N;h;! ; A2(v) = (d(U;U); v)! � (dc(U

�; U �); v)N;h;! ;

A3(v) = ����aN;h;!(U �
t ; v); A4(v) = (rP; v)! � (rP �; v)N;h;! ;

A5(v) = (f; v)N;h;! � (f; v)!; A6(w) = a!(P;w) � aN;h;!(P
�; w);

A7(w) = �(�(U); w)! + (�c(U
�); w)N;h;! ; A8(w) = (r � f; w)! � (r � f; w)N;h;! :
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Now, we turn to estimate jAj j. Let �s be the same as before and ~s = min(k + �+ 1; s).

Take v = 2 ~U in Aj ; 1 � j � 5. We obtain from Lemma 2, Lemma 6 and lemma 7 that

for r, s � 1,

jA1( ~U)j � c(� 1=2kUkH2(t;t+� ;L2
!(
))

+ (N�r + h~s)kUtk
M

r+
1
4
;~s

! (
)
+ k(#� PN�1)U

�
t k!)k ~Uk!

� k ~Uk2! + c(N�2r + h2~s)kUk2
C1(0;T ;M

r+
1
4
;~s

! (
))

+ c�kUk2
H2(t;t+� ;L2

!(
))
;

jA2( ~U)j � c(N�r + h~s)(kUk2
Y

r;0;�
! (
)

+ (kUk1 + kU �k1)kUk
M

r+
1
4
;~s

! (
)
)j ~U j1;! ;

jA3( ~U)j � c���(kU �

t � Utk1;! + kUtk1;!)j ~U j1;! � c���kUkC1(0;T ;H1
!
(
))j ~U j1;! ;

jA4( ~U )j � c(N�r + h�s)kPk
H�s(Iy ;H1

!(Ix))
T

H1(Iy ;H
r+1
! (Ix))

(k ~Uk! + j ~U j1;!);

jA5( ~U)j � c(k(#� Pc)fk! + k(#� PN�1)fk!)k ~Uk! � cN�rkfkL2(Iy ;Hr
!(Ix))

k ~Uk!;
jA6(w)j � c(N�r+h�s)kPk

H�s(Iy ;H2
!(Ix))

T
H2(Iy ;H

r+1
! (Ix))

T
H1(Iy ;H

r+ 5
4

! (Ix))
T

L2(Iy ;H
r+2
! (Ix))

kwk! ;

jA7(w)j � c(N�r + h~s�1)((kU �k1;1 + kUk1;1)kUkM r+1;~s
! (
)

+ kUk2
Y

r;0;�

1;!
(
)

)kwk! ;

jA8(w)j � cN�rkfk
L2(Iy ;H

r+1
! (Ix))

T
H1(Iy ;Hr

!(Ix))
kwk! :

Similarly, we take v = m� ~Ut in Aj(v), 1 � j � 5, and estimate them, such as

m� jA1( ~Ut)j � "�k ~Utk2! + cm
2
�

"
(N�2r + h2~s)kUk2

C1(0;T ;M
r+

1
4
;~s

! (
))

+ cm
2
�
2

"
kUk2

H2(t;t+� ;L2
!
(
))

:

Moreover, by Lemma 5, Lemma 7 and Lemma 11,

k ~U(0)k2! + � j ~U(0)j21;! � c(1 + 2�N 4 + cd�h
�2)(N�2r + h2~s)kU0k2

M
r+ 1

4
;~s

! (
)

;

kU �k1;1 � ckUk
A
�;�

! (
)
; for �; � > 1

2
:

Besides, if (5.5) holds and r > 7
8
; �s > 7

6
; ~s > 13

6
, then � 2+N�2r+h2�s+h2(~s�1) = o( h

N
):

Finally, by an argument similar to the proof of Theorem 1, we have the following

result.

Theorem 2. Assume that

(i) � � 1, (4.1) and condition (i) of Theorem 1 hold;

(ii) for r � 1; s > 13=6 and �; � > 1=2, U 2 C(0; T ;M r+1;~s
! (
)

T
W 1;1(
)

T
A�;�
! (
)

T
Y
r;0;�
1;! (
))T

C1(0; T ;M
r+ 1

4
;~s

! (
))
T
H2(0; T ;L2

!(
));

(iii) for r � 1 and s > 7
8
, P 2 C(0; T ;H �s(Iy;H

2
!(Ix))

T
H2(Iy;H

r+1
! (Ix))

T
H1(Iy;H

r+2
! (Ix)))

and f 2 C(0; T ;L2(Iy;H
r+1
! (Ix))

T
H1(Iy;H

r
!(Ix))):
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Then there exists a positive constant d3 depending only on � and the norms of U

and P in the spaces mentioned above such that for all t � T ,

kU(t)� u(t)k! � d3(� +N�r + h�s + h~s�1):
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