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Abstract

In this paper, we introduce the conditions that the P-process has the inten-
sity function which it is a standard form of gamma distribution. And we show
that the transformed geometric Poisson process which the intensity function is
a standard form of gamma distribution is a alternative sign P-process
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1. Introduction

Park(1997a) introduced the P-process and transformed geometric Poisson pro-
cess such that the intensity function is g;(t) # 9;(¢) for i # j. And Park(1997 b)
showed that the transformed geometric Poisson process which the intensity function
is a Pareto distribution is a strongly P-process. In this paper, we will show that the
transformed geometric Poisson process which the intensity function is a standard
form of gamma distribution is a alternative sign P-process.

Let [, f(t)dt = [ f(t)dt — C, where C is a integral constant of f(t).

Definition 1. The counting process {N(t)|t > 0} is said to be a polynomial
process (P-process) with intensity function gn(t) if

(i) N(0) =0,
(ii) P{N(t+h)— N(t) = 1|N(t) = n} = gn(t)h + o(h)
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where —o00 < [f* g”(t)dt]t—o < 00,

(i) P{N(t+ h)— N(t) > 2|N(t) =n} =o(h) foreach n=0, 1, 2, ---.

If g.(t) = Xforeachn =0, 1, 2,--, then the P-process is a Poisson process
with rate A. And if g,(t) = A(t) foreachn =0, 1, 2, ---, then the P-process is a
nonhomogeneous Poisson process with intensity function A(t).

Let P,(t) = P{N(t) = n}. Then, from the definition 1, we obtain that

Py(t) = koexp( - [ go(t)dt)

and for n > 1,

Pult) = exp( = [ 9a0t) [ [ gnsOParOexo( [ gu®)dt)at]
+knexp(— [ gn(t)dt),

for some constants kg, k1, ---. The constants kg, ki, ks, --- is called to be a
integral constants of P-process.

Let X be a geometric random variable. Then random variable Y = X — 1 is
called to be a transformed geometric. Park(1997a) introduced a P-process which
the distribution of number of events in interval [0, t] is transformed geometric and

gl(t) 7é g](t) for each ¢ #J (7’,.7 = 07 12 - )

Definition 2. The P-process { N ()|t > 0} is said to be a transformed geometric
Poisson process with intensity function f(t) if

(i) £(0)=0
(i) 0< f(t) <1 foreach t>0
(ifi) gn(t) = (n + 1)L
Definition 3. The P-process {N(t)|t > 0} is called to be a strongly P-process if

ko =1 and k,=0(n >1).

Definition 4. The P-process {N(¢)|t > 0} is called to be a alternative sign
P-process if



Integral constants of Transformed geometric Poisson process 307

ko=1 and k= (-1)"n > 1).

Park(1997a, 1997b) showed that the transformed geometric Poisson process
which intensity function is a Pareto distribution is a strongly P-process and (0,1)-
generalized Poisson process is a strongly P-process but (1,2)-generalized Poisson
process is not a strongly P-process. Also (1,2)-generalized Poisson process is not a
alternative sign P-process.

I1. Main results

In this section, we obtain the conditions that the P-process has the intensity
function which it is a standard form of gamma distribution. And we show that the
transformed geometric Poisson process which the intensity function is a standard
form of gamma distribution is a alternative sign P-process

Theorem 1. If the counting process { N(t)|t > 0} is satisfying

(1) N(0) =

(2) P{N(t+h)— N(t) = 1N(t) = k} = ERlecloarle ), | o)

where a>1land k=0, 1, 2, ---

then the counting process {N(t)|t > 0} is a transformed geometric Poisson pro-
cess which the intensity function is a standard form of gamma distribution.

Proof. Since

(k+1)(a—1—t)t>2et
I'(a) —te—le-t
- e Bm@e
1— ( 1 ta—le-t)
-

ge(t) =

B

where f(t) = t‘:'~1 -t
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d
/* g(t)dt = / (k+1)5 ff](fzt)dt
= —(k+1)In[l - f(t)]

1
= —(k+1)ln{1—mt le=t).

Hence we obtain that

—00 <'[Kgn(t)dt]t:0 < oo.

Thus the counting process { N (t)|t > 0} is a P-process.
And when o > 1,

f0)=0

and

0< f(t) <1 foreach t>0.

Therefore, by Definition 2, the counting process {N(t)|{t > 0} is a transformed
geometric Poisson process which the intensity function is a standard form of gamma
distribution.

Theorem 2. If {N(t)|t > 0} is a transformed geometric Poisson process which
the intensity function is a standard form of gamma distribution. Then {N(t)|t > 0}
is a alternative sign P-process

Proof. Since

Py(t) = koexp( - [go(t)dt)

and forn > 1

Pa(t) = exp( - / ga(t)at) [ / gn — 1()P — 1(D)exp( / galt)dt) dt]
+knexp(——/*gn(t)dt),
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ifn=20,

(@ —1—t)t22et
I'(a) —telet

9o(t) =
and
P(t) = koexp( -/, go(t)dt)

= ko(1 — ﬁ;ta_ze_t).

The boundary condition Pp(0) = P{N(0) = 0} = 1 implies that ko = 1.
Suppose n > 1. Since

(n+1)(a—1-t)te2et

9n(t) = I‘(a) — to=1leg—t
and
_nla—1-t)2et
9n-1(8) = [(a) —te-le-t 7’
We obtain
_ (n+1)(a—1-t)te2t
[onar = [ oL
_ = 1 a—1_-t
= —(rn+1n(1 —_I‘(a)t e").

Since the intensity function is a standard form of gamma. distribution, we know
that

Pn—l(t) = (1 — P—(ldjta*Ze_t)(%a)ta—Ze—t)n—l

Thus,

Po(t) =exp( = [, 9n(8)dt) [ [, gu-1(t)Pacs (exp( [, gn(t)dt)d]
+hnexp( - |, gn(t)dt)
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g —1— 2 a—2,—T o g
" (l'l‘!(a)-:::‘ e‘eI) (ﬁt& %e t)" '

=(1- ﬁjta—Ze—t)n+l L. G (Lw ey dt
+kn{1 - (Wlata—%—t)}nﬂ
— Z?:l(_1)i+1(ﬂ1{{5ta—26_t)n_i{1 - (Wla;ta—%—t)}i
+kn{1 = (%ttx—ZC—t)}n—H_

The boundary condition P,(0) = 0 implies that k, = (~1)".
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