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The Application of a Direct Coupled BEM-FEM Model to
Predict the TL Characteristics of Simple Expansion
Silencers with Vibratory Walls
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ABSTRACT

A directly coupled Boundary Element and Finite Element Model was applied to the dy-
namic analysis of a coupled acoustic silencer with vibratory wall. In this coupled BEM-FEM
muffler model, the BEM model was used to discretize the acoustic cavity and the FEM
model was used to discretize the vibratory wall structure. Then the BEM model was coupled
with the FEM model. The results of the coupled BEM~-FEM model for the dynamic analysis
of the simple expansion type reactive muffler configurations with flexible walls were venfied
by comparing the predicted results to analytical solutions. In order to investigate the effects
of the muffler's structural flexibility on its transmission loss({TL) characteristics, the results
of the coupled BEM-FEM model in conjunction with the four-pole parameter theory were
utilized. The muffler’'s TL characteristics using the BEM~-FEM coupled model with flexible
walls as compared to other muffler configurations was studied. Finally the muffler's TL
values with respect to different wall's thickness are predicted and compared.

Key Words : Boundary Element Method, Finite Element Method, Transmission Loss, Four-Pole
Parameter, Plane Wave Theory

as one of the major noise sources in auto-
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on acoustic silencers have been conducted

in this area, the number published on siien -

cer systems that include structure flexibility
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1. Introduction

Exhaust noise has long been considered
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of end plates and the surrounding shell have
been 1gnored.

However the side walls and the end plate
of the silencer chamber element with thin ou-
ter shell, should also be considered as flexi -
ble elements so that the acoustic cavity and
shell structure can interact with each other.
In predicting the acoustic performance of mu-

fflers, the coupling effect of the structurc
and acoustic cavity needs to be considered

for more efficient analysis and design of
the system.

Among the previous works on flexible mu -
fflers, the end plate vibration effects for an
expansion chamber and low frequency acou -
stic transmission through the walls of rec-
tangular duct for flexible walls were stu-
died by Cummings." In addition, Young and
Crocker” modeled the chamber-plate vibra -
tory system using a two dimensional FEM
model to investigate the effect of end plate
vibrations on sound transmission in the ex-
pansion chamber. However the effect of side
wall vibrations on the transmission loss cha-
racteristics mn a flexible wall muffler was
not Investigated in this area, particularly
using a 3-D directly coupled model.

Since the FEM model 1s ideally suited for
the structural analysis and the BEM model
1s better suited for the acoustic cavity ana-

lysis, the use of the coupled BEM-TFEM mo -
del for the analysis of an acoustic silencer
with flexible walls seems very appropnate.

There are several proposed methods for a
BEM-FEM coupling analysis, which are the
direct method and the indirect method such as
the modal method or the mobility mothod”

In the direct nxthod the equations of structural
notion are drectly coupled with BEM acoustic
equations so that the resulting coupled equation
should be solved in the form of one single
system equation. In the modal method and the

mobility method, the dynamic characteristics of
the structures are represented by modal paramreters
and the pressure loading 1s expressed by using the
mobility matrix of structures, respectively. In this
study, the direct coupled method is applied to a
structural acoustic problem.

In order to match the corresponding nodes
for the FEM and BEM clements during the
coupling process, triangular elements are uti -
lized to create the BEM in discretizing the
Helmholz integral equation for the acoustic
cavity model. For the FEM, triangular flat
shcll clements are utilized, which are created
by combining bending and plane stress ele -
ments. Then the two models are coupled at
the common interfaces where they have the
same number of elements and node points.

In this paper, the directly coupled BEM-
FEM model 1n conjunction with the four pole
parameter theory®® is utilized to calculate the
transmission loss(TL) of an expansion—cham -
ber reactive silencer configuration with fle-
xible walls. The results are compared with
those of a ngid walled muffler model and a

basic plane wave theory model.

2. Coupled BEM-FEM Formulation

Consider an acoustic cavity with vibra-
tory flexible walls on its surface. The In-
terior of the cavity 1s filled with an inviscid
fluid such as air. Then the sound pressure

p in the internior of the acoustic cavity must

satisfy the boundary integral equation deri-
ved using Green's mtegral theorem and the

Laplace transformed Helmholtz equation, or

Cr(3. 9+ [ [ (x99 (2,3, 9dS(x)
= f fs G(x, v, s)—g'%(;, dS(x) (1)

where s 18 the Laplace transform parame -
ter, S 1s the surface area, the function G is
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the fundamental solution of the inhomoge -

neous Helmholtz equation, X is a field po -

int and Y is a source point. The coeffi -
clent C for the interior problem is given as

C= f L%( 4£rr )dS

where r 1s the distance between the source

(2)

point and the field point. In order to dis-
cretize Eq. (1), triangular shell elements were
utilized. Then the response of the pressure,

b

p and its normal derivative, 5, are ex-

pressed In terms of the quantities at node k
as follows:

k
fow BoBel o

where c;'Sk is the shape functions or mterpo -
lation functions for the BEM elements. Dis -
cretizing Eq. (1) into N elements(or NG
nodes), using Eq. (3), Eq. (1) may be re-
written as

() (e) __ (se) _32 (e
Coit 205} @ = 21161 {22

(4)

where 1==]12 - NG.
The components of Eq. (4) are given as
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In Eq. (5), J is the Jacobian of the trans-
tormation from the global coordinate system
into the local coordinate system. In matrix
form, Eq. (4) can be rewritten as

({8~ [G){-52} =0 ®

where [H]=[ H]+ C{1] and (1] is the iden-
tity matnx.,

The Laplace transformed FEM dynamic
system equation for modeling the flexible
walls, assuming no damping, subjected to
the fluid 1n the acoustic cavity can be wri-
tten as

(s*IMI+[KD{a} +[R{p}=(q’) O

where a is the transformed nodal displace -
ment vector and [R], the fluid loading ma-

trix, or [R]= 2 | L Nends

The external force loading on the struc-

ture is given as {E’}ﬁfL[MT{ﬁf}dS,

where [N] 1s the FEM element shape func -

tion and pf i1s the external pressure. For this

FEM model, the stiffness matrix [K] and
mass matrix [M] consist of flat shell ele-
ments created by combining plate bending
elements and plane stress elements.

For the coupling of BEM and FEM, the
compatibility and equilibrium conditions are
satisfied at the common interface, or

n, fr=—4g" (8)

where 2? and n® are the Laplace transformed
acoustic nodal displacement and outward nor -

mal vector for the acoustic cavity, respecti-
vely, and a and n are the Laplace trans-
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formed nodal displacement and outward nor-
mal vector for the structural component, res -
pectively. f, is the normal force produced by

the vibrating structure at the interface and

a

q° is the total force related to the acoustic

pressure, Using Eq. (8), the resulting BEM
-FEM coupled system equation can be wri-
tten as

{E"w};‘1
[ [A]  [Rl O 0 } N
M[CN]I [Hu]f [HH]B W[CH]B! {_EH}B
{ads

N1 o0 o2
._._[ 0 —~[H,] [Ck]]{ “gfi} ©

where [A]=sI{MI+[K], [Gnyli=— po5°
[G{Nln, [H,]l;, [ Gy]l; are matrices con-

sisting of columns of [H] and [G] corres-
ponding to unknown interface boundary va-

lues of {p.}, and {a.}, [H,s [Gnylp

are matrices consisting of columns of [H]
and [(7] corresponding to unknown acoustic

boundary values of {ﬁu} » and {a,,} B -f:k,
a? are known pressure and nodal displace -

ment on the boundary, and p,, a’ are un-

knowns on the boundary.

3. Transmission L.oss of a Silencer

The TL of a silencer element can be com-
puted using a four pole parameter matrx
theory.*® The input pressure amplitude and
particle velocity amplitude can be described

L )=lC 0] ) 10

where A, B, C and D are the four-pole
parameters, p, u are pressure and particle
velocity, respectively and index 1, 2 idicate
inlet and outlet of the muffler.

At dynamic equilibrium, the four—pole pa -
rameters are given as follow,

Dy
A=— ,
pz H:“G
_h __ ;. Pywp,
°= N T ETS
:.-..-—...-{{-l- _ iﬂapg/@n
.152 ty = () Pg(uﬁg av.:tg=0ir
_u - dp/dn
U | , ops/on |, _,

where w 1s the circular frequency, the sub-
script uz=0 indicates that the velocity at
the outlet tube 1s zero and the subscript
=0 Indicates that the pressure at the outlet
tube 1s zero. More details on the four pole
parameter theory are given in the referen-
ce 3D

The TL of the muffler system, with the
assumptions that the inlet and outlet cross-
sectional areas are the same and the outlet

is non-reflecting zo=p. ¢, 1s given by

TL = 2log lﬁ[Jz“ A+}B;+ Czg+ D ]

where 2zp 1s the acoustic characteristic 1im-
pedance at the outlet.

4. Numerical Results

As an example of applying the developed
coupled BEM-FEM model, the analysis of a
flat simple expansion chamber muffler model
is selected as shown in Fig.l. The mput ex-
citation is that of a piston exhibiting simple
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Fig.1 Schematic diagram of a flat chamber

muffler model and its discretized upper

half BEM-FEM mesh model

harmonic motion at the beginning of the 1n-
let tube. The structure’s internal volume 1s
discretized using a BEM maodel.

As shown 1n Fig.l, the top and the bottom
plates are considered flexible walls which
are modeled using flat shell elements.

The resulting BEM-FEM models are then
coupled at the interface positions. The cham -
ber length, L=300mm and the expansion ra -
tio, m==4 are selected for the mutfler cham -
ber. The plate structures are made of car -
bon steel, the thickness of the plate is se-
lected to be 1.27mm and the FEM boundary
concditions along 1ts edges are assumed clamped.

The material properties used herem are
as follow:

E=2.07x10"Pa, o=7.8%10%g/m",
v=0.3, 0,=1.21kg/m>, c,=343m/ sec

where E 1s the Young's modulus of the
muffler’'s side plates, g is the mass density
of the plates, v is Poisson's ratio, o4 1s the
mass density of the air, and ¢; 1s the speed
of sound 1n arr.
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Fig.2 Comparison between the static deflections
predicted by the BEM-FEM coupled
method and analytical solution

Table 1 Uncoupled natural frequencies predicted
by FEM for the upper half meshed
model of the flat expansion reactive

mulftler
Wall 1 Uncoupled natural frequency,
hick symmetric modes only
ickness h
o 17,1 | 2@ | 37(L3)
1.27mm 209Hz | 530Hz 844Hz

In order to check the model’s ability to
predict the deflection of the flexible wall as
discretized by the three node flat shell ele-
ments, the structure’s static deflections pre-
dicted by the BEM-FEM coupled method
are compared with the analytical static de-
flection for an assumed constant internal pre -
ssure. As shown n Fig.2, good agreement
between the analytical and BEM-FEM mo -
del’s predicted static deflections 1s obtained.

The uncoupled eigen-frequencies predicted
by the shell FEM model are presented in
Table 1.

Fig.3 shows the mode shapes of the mu-
ffler’s vibrating walls that corresponds to
the first and second coupled structural sym-
metric resonant frequencies. The TL for the
flat muffler with flexible walls, as predicted
by the BEM~FEM coupled model and four
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Fig.3 Mode shapes at the 1st and 2nd
coupled structural symmetric eigen-
frequencies
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Fig.4 Comparison between the TL's for the
muffler with flexible and rigid walls and
the TL using the plane wave theory

pole parameter theory 1s shown in g4
This figure presents the TI. values for
the three conditions of plane wave pro-
pagation, BEM model prediction (for rigid
wall) and the coupled BEM-FEM model
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Fig.5 Comparison between the TL's for the
mufflers with different wall thickness

Good agreement between the basic plane
wave theory and BEM model prediction is
achieved. The effects on TL by the coupled
system’s structural resonance corresponding
to the first symmetrical mode are evident
at around 226Hz. The coupled frequency has
been shifted up from the uncoupled eigen-
frequencies(209Hz) because the coupled struc-
tural resonant frequencies were more affec-
ted by the stiffness loading rather than mass
loading of the air added to the system. The
effects on TL by the second symmetrical
structural resonant mode are also shown at
around 532Hz in Fig.4 although they do not
give a significant effect on the Tl and wall's
deflection. Fig.D shows the differences 1n
TL wvalues with respect to different wall's
thickness.

As the wall thickness of a muffler incre-
ases, the TL value tends to go to that of
the ngid-walled muffler. In this analysis, no
structural damping was added to the FEM
structural formulations. With damping, better
TL results can be predicted at the peak fre-
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quenclies since a real-world structure has
daming In itself.

. Conclusions

A directly coupled BEM-FEM model has
been applied to the dynamics of acoustic si-
lencers exhibiting flexible surfaces. In this
coupled BEM-FEM f{formulation, the BEM
maodel was used to discretize the acoustic
cavity. This BEM model was coupled to a
flat shell FEM model. The formulated model
was then used to predict the performance
of various silencer configurations. The results
of the coupled BEM-FEM model as applied
to the dynamic analysis of a simple expan -
sion type reactive muffler configuration with
flexible walls has been verified by compa -
ring to known analytical solutions.

In order to investigate the effects of the
muffler’'s structural flexibility on its trans -
mission loss (TL) characteristics, the results
of the coupled BEM-FEM model in con-
junction with the four-pole parameter theory
were studied. The muffler's TL results using
the BEM-FEM coupled model with flexible
walls have been compared to other muffler
configurations.

In this analysis, there 1s no structural dam -
ping added for the FEM part. If the struc-
tural damping i1s considered for the coupled

system analysis, the results would provide
a better prediction for the real~worid model.
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