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TWISTING COPRODUCTS ON HOPF ALGEBRAS
KANG JUu MIN AND JUN SEOK PARK

ABSTRACT. Let (H, K) be a paired Hopf algebras and let A be arbi-
trary left H-module coalgebra. We construct twisting coproduct on
A Q® K. We show that the well known construction of the smash co-
product can be viewed as a particular case of the construction above.

Throughout the paper we let k£ be a field. Tensor products are
assumed to be over k. Let H be a Hopf algebra over k ; that is, H is

an algebra with 1 and a coalgebra over k with:

(1) comultiplication A: H - HQ® H

(2) counit e: H — k

(3) antipode S: H — H

(4) multiplication p: H® H — H

(5) unit u: k — H,
where A and e are algebra homomorphisms and S is an algebra an-
tihomomorphism. In the case that H is finite dimensional H* is

also a Hopf algebra and its structure is given by maps denoted as
A*, e*, p*,u*and S*. '

The following notations are used in this paper:

1. Given an arbitrary bialgebra H, the cooposite coalgebra HP is
given as follows : H? = H as a vector space, with new comultipli-
cation A’ given by A’ = TA.
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2. The symbol s: A® B —+ B ® A denotes the map that switches
the tensor factors. More generally if 7 is a permutation of n elements,

and V;,1 = 1,...,n are arbitrary k-spaces, we call
S VidVe®:---QV, —)VT(1)®VT(2)®"’®VT(n)

the map that permutes the tensor factors in the same fashion as 7.

In particular s = s(q 3).

3. If H is a bialgebra and M and N are right H-modules with
structures ¢ps and ¢n respectively, we denote as M X N the vec-

tor space M ® N equipped with the tensor product right H-module
structure ([3, P.14]). :

pu RN = (du ® on)(id ® 5 ® id) (A ® id ® id).

4. If A and K are coalgebras with structures A 4 and Ak, the map
ApgRAKk: AQRK - AQ K ® A® K given by

AsRAK =(1d®s®1id)(As ® Ak)

defines a coalgebra structure on A® K. If p4 and pg are multiplica-
tions in A and K the tensor product multiplication u4 X pg is given
by

paBpk = (pa® px)(id® s ® id).

DEFINITION 1. Suppose that H and K are k-bialgebras. We say
~ that H and K are paired if there exists a k-linear map q: k > HQ K

(called the pairing ) such that the diagrams below commute:

Eo—2 H®K 80, HOK®K

(1-1) A, l ‘ Tug Qid@id

ok -2, HOKQHRK %4 HeHRK®K
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ko —2 HQK HH®K

(l-2) Akl Tid®id®ﬂx

kok —B, HOQKQHQK 9% HeoH KR K

Ap®id

k id k id k

0-3 fro o Lo

H®k «——— HQK “2%4 oK

1d®ex
The commutativity of the diagrams above can be expressed equa-

tionally in the following way:

(1 - 1') Z a; ® (bz)l ® (b,)z = Zaia,- ® bi ® bj

1,(bi) %,J

(1-2" Z(ai)1®(ai)2®bi:Zai@)aj@bibj '

i,(a,-) lyJ

(1-3) 1p21g®li=) a;®@ex(b)= > ex(bi)as

L2, @1k =) en(a:) @b =Y en(ai)bs
where ¢(1) = 3 a; ® b; , Ax(b;) = 3o(bi)1 ® (bi)2 and Ap(as) =
> (a;)1 ® (ai)2- The dual concept was defined in [2]. ‘

Let V be a finite dimensional vector space with basis {v;}. The
dual vector space V* has the dual basis {v‘}. Let us express the
isomorphism

Avyv: VRU* - Hom(U,V)
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by

v®a— Ayy(v ®‘,a)

where Ay y (v ® a)(u) = a(u)v,u e U.
Let f: U — V be a linear map. Using bases for U and V/, we have

Flug) = _ fiv
i
for some family ( f;f)ij of scalars. It is easily checked that
F=x v} fivi é u?).
ij o
In particular, taking for f the identity of V, we get
idy = Avy(D_ v ®vP).
i

This allows us to define the coevaluation map of any finite dimensional
vector space V as the linear map dy : k — V®V™* defined by ([1, P.29])

Sy (1) = Apy (idv) = > v ®v'.

LEmMMA 1. IfH isé finite dimensional bialgebra then the coeval-

uation map ¢ is a pairing between H and H*.

Proof. Define §: k - H ® H* as
51)=> mekr
l

where hq, ho, ..., h, is a basis for H.



TWISTING COPRODUCTS ON HOPF ALGEBRAS 103
Let pr(hi ® hj) = > aui jh; then we have

(ke ®id ® id)(id ® s ® id) (6 ® 8) A (1)
= (pg ®id ®id)(id ® s ® id)(§ ® §)(1 ® 1)
"= (ur ®1d ®id)(id ® s ®id) () hi ® b’ ® h; ® hY)

= (ug @ id ®id)(>_ hi ® h; ® h' @ hY)
=Y i @R ®W

=Y h®()_ ouijh' @h)

= (id® &g-)(D_h @A)

= (id ® Ag-)8(1)

where sixth equality follows from the fact: if \: H* @ H* —» (H®
HY* A\(f ® 9)(u®v) = f(u)g(v),u,v € H is an isomorphism then

Ap-(R') = (83 g © A1) (BY)
= (spr -0 A (R o p)
= Z au,jhi X .
Similarly |
N (id®id ® pp-)(id ® s ® id)(§ ® §)Ar = (Ag ® id)s.
And ‘
((er ®1d)8)(1) = (em ® id) (D _ hs ® h')
— ZeH(hi)hi =eg = 1g~,
([d®en)8)(1) = Y hi ®en-(h) =Y _u*(h')h;
=Y " h(la)hs =1lg.
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LEMMA 2. If Hy, K; are paired and Hy, K5 are paired then Ho
Hl,Kl Kz(Hl X HQ,KZ X Kl) are paired.

Proof. Let q1: k — H1 ® K1,q1(1) = Y, h1s ® k15 and g2: k —
H, ® Kz,q2(1) = ) h2j ® ky; be pairing. We can show that ¢ =
(3 ® 8)(Zd ®s& zd)(ql ® Q2)2 k — (H2 Hl) ® (Kl X Kg),q(l) =
Z hzj Q h1; ® kzj ® kq; is a pairing. O

If H is a finite dimensional algebra and V is a left H-module then
V is a right H*-module. In the same way, if H and K are paired and
V is a left H(right K)-module then V has an associated right K (left
H)-comodule structure:

(1) Let v: H®V — V be a left H-module structure map of V'
then ¥ = (Y @ id)(s @ id)(idQq): V=V Rk >V ®K isa
right K-comodule structure map on V.

(2) Let ¢: V® K — V be a right K-module structure map of V'
then ¢ = (id® ¢)(id®s)(q@id): V=k®V - H®V is a
left H-comodule structure map on V.

DEFINITION 2. Assume that H and K are paired bialgebras. Let
Y: HQV — V,9(h®v) = h-v be a left H-module structure map of
Vand ¢: VK — V,¢(v®k) = vOk be aright K-module structure
map of V. Define the map ¢y V¢: V@kQVZVV VRV by

the following diagram :

Vev e, Vev
id®q®z‘dl _ T¢®¢

VRRHRK®V =2, HVRV QK.
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We show that

B VPuer)=) (ai-u)®(vOb)

where ¢(1) = Y a; ® b;. And
YVo=(id®d)(id®s)(P®id) = (¢ ®id)(s ®id)(id ® 3).

DEFINITION 3. Let H and K be bialgebras. Let ¥: HQV — V be
left H-module structure map and ¢: V® K — V be right K-module
structure map. We say that ¢ and ¢ are compatible (or 1 and ¢ define
an H, K-bimodule structure on V') if the following diagram commutes.

HRVeK %, HeVv
¢®idl 1/)1
VoK —*, v

The definition above is equivalent to the fact that the map
¢:g(VRK)—>gV

is a left H-module homomorphism where ¥ and ¥ ® id are the H-
module structure maps of V and V ® K respectively: for h € H,

¢p(h-(v®k)) =8 (h®v)®K)
— (@ id)(h®v k)
=9(id®¢)(h@v k)
=%(h® ¢(vQ)
=h-¢(v®k).

We note that if H and K are paired bialgebras and v: HQV — V
and ¢: V ® K — V are compatible, then 9: Vg — (V ® K)k is a
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K-module homomorphism where we endow V ® K with the structure
(p®1id)(id® s).

DEFINITION 4. Let K and K’ be bialgebras. Let ¢: VQ K — V
and ¢': V® K’ — V be right K and K’-module structures. We say

that ¢ and ¢' are compatible if the following diagram commutes.

VoK oK 2% vek —2 v
(4-1) ‘ Tid®s ' Tid

VeKeK % vek —2 v

VoK' oK 294 vek —2 v
(4-2) z‘d@sl idl

VeKeK & Vok — v

DEFINITION 5. Let ¢: V® K — V and ¢': V® K’ — V be right
module structures on V. We define the map ¢X¢': VRIKQK' —»V
as

PR = ¢'(¢ ®id).

¢ is compatible with ¢’ if and only if ¢ X ¢' = (¢' K @) (id ® s).

THEOREM 3. In the situation above, if ¢ is compatible with ¢’ then
the map X ¢': VR K K' — V is a structure of K X K'-module on
V. Conversely, any structure 0: V@ K ® K' — V of K X K'-module
on V is of the form & = ¢ X ¢' for some pair ¢: V ® K — V and
¢': V® K' — V of compatible right module structures on V.
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Proof. Suppose that ¢: VQ K — V and ¢': V® K' — V are

compatible. Then we have

(¢ ¢')(idv ® pr B pkr)

= (¢' ¥ ¢)(idy ® 5)(idy ® px ® pk')

= (¢'R¢)((¢' B ¢) @ idks ® idK)sas

— $(¢' @ idi) (¢’ ® idie @ idi) (¢ ® idier @ idxer @ idic )45

= ¢(¢' ® idk)(idv ® px ® idk) (¢ ® idk ® idkr ® idK)sas

= ¢ (¢ @ idk)(idy ® s)(idv ® pxr ® idk) (P ® idgr ® idgr @ idr)sas
= ¢(¢® idg) (¢ ® idx ® idxr)(idy @ idx @ id ® pic)s3a |

= ¢' (¢ @ idk ) (idy ® px @ idk)(idy ® idk ® idx ® px+)sss

= (¢ R ¢ ) (¢ R ¢') @ idk ® idk).

The first equality follows from the compatibility of ¢ and ¢’ and the
third equality follows from the definition of ¢’ X ¢. Since V is a right
K’-module, fourth equality holds and sixth equality follows from the
compatibility of K and K'. Therefore ¢X¢': VR K®K' — V verifies
the associativity condition.

Let 0: VQ K® K' - V be a K X K'-module structure. Define
:VRAIKZVRK®1—V as

¢ =06(idy, ® idx @ px)
and ¢ VK 2VQR1QK' -V as
¢’ = 0(2dv ® Uk ®idKl).

Since idg Q ug': K 2 K®1 — K X K’ is a bialgebra morphism,
¢: V®K —V is a K-module structure map on V. Similarity for ¢
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and UK ® idK/.

(R ) (v@a®b)
= (8(¢dv ® puk ®idk'))(0(idy ® idx Q@ uk') ®idk')(v®a® b)
=0(0(v®a®pk (1)) ®uk(l) ®H)
=00 @ idk ® idg)(v® a® pk (1)) ® ur (1) ®b)
= 0(idv ® pxk B pk)((v®a ® pk (1)) ® pux (1) ®b)
=0(v® pk(a® pk(l)) ® pr (k' (1) @ b))
=0(v®a®b).

Therefore ¢ X ¢’ = 6. The compatibility of ¢ and ¢’ can be verified
in a similar way. This completes the proof. O

- DEFINITION 6. Let K be a bialgebra and let B be a right K-module
with structure map ¢: BQ® K — B. A k-linear map A: B—> B® B
is said to be compatible with ¢ , or that ¢-comultiplication if the map
A: B — B ® B is a right K-module morphism. If A is a structure
of coassociative k-coalgebra on B, we say that B is a right K-module

coalgebra.

We consider the following situation. Let H and K be paired bial-
gebras and let B be k-space equipped with an coassociative comulti-
plication. Let Ag: B —+ B® B and with maps verifying the following

conditions:

(1) v: H®B — B,h®b > h-bis a left H-module structure and
¢: BK — B,b®k+— bOk is a right K-module structure.

(2) Ap: B— BQ® B is a ¢-comultiplication

(3) Ap: B— B® B is a ¢g-comultiplication.

(4) 9, ¢ are compatible.



TWISTING COPRODUCTS ON HOPF ALGEBRAS 109

DEFINITION 7. (¢ V ¢)Ap: B — B® B is a k-linear map from B
to B ® B and is called the twist of the comultiplication Ap with the
actions ¢ and ¢. It is denoted as Ap y 4.

LEMMA 4. In the situation above, the twist coproduct Ap y 4 Is

coassociative.

Proof. The map Ap y,4: B — B® B was defined by Ap y,4(b) =
> h; - by ® by ® k; where the pairing ¢(1) = Y h; ® k; and Apg(b) =
> b1 ® ba.

((1d®AB,y.¢)AB.y.¢)(b)
= "hi-(hj- (b1)1) @ hi- ((b1)2 @ kj) ® bo © ks
= hi b1 ® (hy - (b2)1) © (k:)1 ® ((b2)2 @ k;) © ()2
= ((ABy,¢ ®id)AB,y,4)(b).
The first equality follows from the w-comﬁltiplicity of Ap and the
second equality follows from the compatibility of ¢ and ¢ and from

the pairing of H and K. The third equality follows from the ¢-
comultiplicity of Ap. ' O

Let H and K be paired bialgebras with multiplication pg: K ®
K — K and let A be an arbitrary left H-module coalgebra with
comultiplication Ag: A - AQ® A,a — Y a1 ® az and with module
structure x4: H® A — A,h®a+ h-a. Then B= AQ® K is a right

K-module with structure map
$»: (AQK)®K - AR K,

(@K QK = (a®k)OK =a® ux(k® k') =a® kk'

and left H-module with structure map

YV:HQ(AQK) > A®K,
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h®(a®k)—>he(a®K)=h-a®k.
Define Ap: (A®K)—> (AQK)® (AR K) as

Ap = (id® S®id)(AA ® AK)

We notice that B satisfies (1),(2) and (3) in above of the Lemma 4.
So we can define
AB,,/,,qg! B—-B® B,

a®k— Y hie(a®k)1®@®k)2 Ok
"Zh o (a1 ®k1)® (a2 ® ka) O k;
=Ehi-a1®k1®a2®k2ki.

“Let H be a finite dimensional Hopf algebra and let H* be the dual
Hopf algebra of H. Then H and H* are paired Hopf algebras by the
Lemma 1. The multiplication of H* is

p-: H*® H* — H*,
pa-(f @ 9)(h) = f(h)g(
where Ag(h) =Y h1 ® hy and comultiplication of H* is

Ag«: H* - H* Q@ H*,

fr) gt
where {g;} is basis for H — f. Therefore
(7-1) Ap-(f)(a®b) = f(ab) = Zg,

Let A be an arbitrary left H-module coalgebra with comultiplication
Ag: A= A® A,a— Y a! ®a? and structure map

xa: H®A— A,
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h®a' — h-a' = h*(a')1(a')o =< h**, (al)1 > (a?)o
where the H*-comodule structure map is A - A® H*,a? = 3" (a?)o®

(a?)1 2> a; ® f; where a? € A, {ay,...,a,} is a basis for H - a? < A.
Then

(7-2) h-a®=>"fi(h)a,h€ H

for some f; € H*. The coalgebra B = AQ H* is a right H*-module
with structure map

¢: (AQH*)®@H* - A® H*,
@®f)@g—(@®f)Oog=a®un-(f®9),
and left H-module with structure ‘
Yv: H® (A H*) » AQ H*,
h@@®f)—he(a® f)=h-a® f =h*(a1)ao® f

where the H*-comodule structure map A - A® H*,a— ) ao ® a;.
Therefore Ag y¢: AQ H* - (A® H*) @ (A® H*) is defined by

a®f =Y hi-a'®g; ®a® @t;h
= hi(a")1(a")o ® g; ® a® ® pp-(t; ® h)
where the pairing §(1) = 3_ h; ® At

DEFINITION 8. Let H be a bialgebra and A be a left H-module
coalgebra. The smash coproduct A§H®°P is defined to be A @ HP

as a vector space, with comultiplication given by
A(ath) = Z a'ti(a®)1he ® (a®)ofhy
and counit ;
¢(ah) = ea(a)en(h),
foralla € A,h € H®°P,
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THEOREM 5. Let H be a finite dimensional Hopf algebra and let
A be a left H-module coalgebra. The smash coproduct is a special

case of twisting coproduct.

Proof. Consider the twisting coproduct of B = A ® H*. We will
show that smash coproduct Af(H*)°’? is same as the twisting coprod-
uct of B under the isomorphism. Let Aj: A —+ A® A,a— Y a' ®a?
and Ag: H— HQ® H,hs — ) _(hs)1 ® (hs)2 be comultiplication of A
and H and let {hq, ..., hn} be a basis for H. Then for any u,v € H*
and hy, hs € {h1, ..., hn}, ‘ |

(Apyo(a® f)u®h, @@ hy)
=) _hi-a'®g;®a>@t;h)(u@hr @V hy)
= u(hi-a') ® g;(hy) ® v(a®) ® t;((he)1)R*((hs)2)
=Y u(hi-a’) ® 1®v(a®) @ (Y gj(hr)t;((hs)1))h*((hs)2)
=Y u(hi-a)®1® v(a"’) ® f(hr(hs)1)h((hs)2)
= > u(Q_Rr((h a!) ® 1®v(a?) ® f(hr(hs)1)
=Y u((hs)z - a* ®1®U( %) ® f(hr(hs))-

The fourth equality follows from the (7-1). And
Apg(ar)eor (@ ® f)(u® hy @ v ® hy)
=Y a'® fiti ®ai ® g:)(u® hy ®v @ hy)

(a') ® pau-(fi ® t:i)(hr) ® v(ai) ® gi(hs)
u(a') ® fi((hr)1)ti((Rr)2) ® v(ai) ® gi(hs)
u(al) ® ti((hr)2) @ v(>_ fil(he)1)as) ® gi(hs)
u(@') ® 1 ® v((hy)1 - @ ®Zgz )ti((hr)2)

(

(

ula

|
MMMPlﬂMM

I

u(@?) ® 1@ v((hr)1 - a%) ® f(hs(hr)2)
u(a') ® 1@ v((hr)1 - a*) ® f(hs(hr)2)-
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The fifth equality follows from the (7-2) and the last equality follows
from the (7-1). It is easy to show that

AAﬁ(Ht)cop = (TAH)813(TAA)(AB’¢,¢(CL ® f)s24813-
This completes the proof. O
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