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TWISTING COPRODUCTS ON HOPF ALGEBRAS

Kang Ju Min and Jun Seok Park

ABSTRACT. Let (H, K) be a paired Hopf algebras and let A be arbi­
trary left module coalgebra. We construct twisting coproduct on 
』4 0 2C. We show that the well known construction of the smash co­
product can be viewed as a particular case of the construction above.

Throughout the paper we let fc be a field. Tensor products are 
assumed to be over k. Let If be a Hopf algebra over k ; that is, H is 
an algebra with 1 and a coalgebra over k with:

comultiplication A: H -今 H 0 H
counit e: H -今 k
antipode S: H —斗 H
multiplication 甘 : H ® H — H
unit u: k -스 H, 

where A and € are algebra homomorphisms and S is an algebra an­
tihomomorphism. In the case that H is finite dimensional H* is 
also a Hopf algebra and its structure is given by maps denoted as 
A*,e*v*w*and 5*.

The following notations are used in this paper:
1. Given an arbitrary bialgebra H, the cooposite coalgebra Hcop is 

given as follows : Hcop = H as a vector space, with new comultipli­
cation A' given by A' = rA.
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100 KANG JU MIN AND JUN SEOK PARK

2. The symbol s: A® B B ® A denotes the map that switches 
the tensor factors. More generally if r is a permutation of n elements, 
and Vi^ i = 1,n are arbitrary fc-spaces, we call

日r：Vi(8)l》® …®K—■> K(l) ® K ⑵ ® • • •(8)K(n)

the map that permutes the tensor factors in the same fashion as r. 
In particular s =

3. If H is a bialgebra and M and N are right H-modules with 
structures 0m and 中凶 respectively, we denote as M 凶 2V the vec­
tor space M ® A『 equipped with the tensor product right Jf-module 
structure ([3, P.14]). :

</>m 凶(I)n = (0m ®(t〉N)(jd으 ® ® id)(A ® id ® id).

4. If A and K are coalgebras with structures A시 and Ak, the map 
Aa 凶 : A® K A® K ® A® K given by

Aa 凶 Ak = (id® s®》g0(Aa ® A水)

defines a coalgebra structure on A® K. If /jla and /jlk are multiplica­
tions in A and K the tensor product multiplication /« 凶 나조 is given 
by

/<4 凶 /% = (p，A ® I丄K)(jd (g) 5 ® id).

Definition 1. Suppose that H and K are fc-bialgebras. We say 
that H and K are paired if there exists a k-linear map q: k H® K 
(called the pairing ) such that the diagrams below commute:

k —으— H®K 쓰%各 H®K®K

(1"1) Afe p,H^id0id

k®k —으쯔今 H®K®H®K 쓰으쯔뜨> H ® H ® K ® K
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k —으— H®K 으므쯔쓰요 H®H®K

（1-2） Afe id^id<^p，K

k®k =幻 H®K®H®K 쓰으쯔쓰斗 H®H®K®K

（1-3） 1h0 Q 01k

H®k <-------  H ⑧K ■으으4 k®K
id^）CK

The commutativity of the diagrams above can be expressed equa- 
tionally in the following way:

（1 — 1'） 스 스（슈 ® （히）i ® （하）2 = ） 스 di（ij ⑭ bj ⑭ bj
i,（bi） i,j

（1 _ 2'） 스 스 （아）i ® （여）2 ® b으 = 스 스 ®® bibj
허J

（1 — 3'） 1h 으 Iff ® U = 시 di ® €x（bi） 으 리 =（仏）아 

i i
Ik 은 Ik ⑭ Ik = 乞 仁H（（h） ⑭ 이 으 으2 en（cbi）bi 

i i

where g（l） = 乞 ⑷ ® 혀 , AK（히） = 乞（仏）1 ® （히）2 and 八及（錦） = 

〉2（aji ® （（成）2. The dual concept was defined in [2].

Let V be a finite dimensional vector space with basis {t$}. The 
dual vector space V* has the dual basis {?/}. Let us express the 
isomorphism

사W ： V ® 7 —> Hom（日, V）
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by
沙 ®。卜今 A引,v(v® a)

where Xuy{v ® a)(u) = a(u)v^ u E U.
Let /: 17 —> V be a linear map. Using bases for U and U, we have

/(內)= Z7h사

i

for some family (J；)이 of scalars. It is easily checked that

f = 入u,vC으] f휴
아 .. . .

In particular, taking for f the identity of V, we get

idy = Ay,v(乞'凶 ® i/).
i

This allows us to define the coevaluation map of any finite dimensional 
vector space V as the linear map 6y： k -^V(g〉V* defined by ([1, P.29])

5V(1) = Xyy(idv) = 乞 成 ® v\
i

Lemma 1. If H is a Gnite dimensional bialgebra then the coeval­
nation map 5 is a pairing between H and H*.

, 으 ■ - ' - ' 스 -

Proof. Define 6 : k —今 H ® H* as

-； :' ' ■•으'',, ' • 广 ', - . , - ■■■. ■ ■ ■ '
5(1) = y\hi ® h!

where •…)hn is a basis for H.
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Let "(hi ® hj) = then we have

(jiH ®id® id)(id ® s ® id)(8 ® 5)Afc(l)

= (Wf ® id ® id)(id (g) 5 ® id)(6 ®(5)(10 1)

= (l丄 H s®id〕)(g즈 hi ⑭ h? ®hj
i

=(J丄h ® id® hi ® hj ® h? ® h서)

=三 O c^i,i,jhi ® ® hl

= y\hi® (丁(가I,i,jhz 0 hj)

= (jd ® 스h*丁리 hi ® 心｝

= (id ® A* )5(1)
, - ; , 느 ； . • ； ： .； - ; . V.

where sixth equality follows from the fact: if A: H* ® H* ―> (_H ®
H)*, A(/ ® g)(u ® v) = /(以)5(以), u, v e H is an isomorphism then

2\日* (旗) = (s히하 o V거)사*(九2)

= (sh*,h* ° 人—1)(硏 ° 以)

=이,M分 ® hj.

Similarly

(id ® id ® i丄m)(id ® s ® 차/)(5(8)(5)A^ = (Ah ® id)8.

And
((eH 0id)6)(l) = (eH =d) (江 hW hz)

= 리 0/(고)分 = W = Im,

((id® Of* )5)(1) = 시 스 (h『) = y^u*(hl)hj

= 乞 分 (1/f) 그 = Im

□
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Lemma 2. If」Efi, K\ are paired and H2, K2 are paired then H2 凶 

Hi.Ki 13 K2(Hi 凶」Ef2 J뜨2 凶 互1) are paired.

Proof. Let gi: A: —> Hi (g) 2fi,q『i(l) = 乞스 hu ® ku and q2： k 
H2 ® 7<2, ?2(1) =h2j ® k2j be pairing. We can show that q = 
(5 ® s)(id ® 5 ® id)(qi(8)92)： A: — (H2 凶 Hi) ® (Ki 凶 K2),q(l) = 
'亡 h2j ® hu ® k2j ® ku is a pairing. □

If Jf is a finite dimensional algebra and V is a left Zf-module then
V is a right 7J*-module. In the same way, if H and K are paired and
V is a left H(right K)-module then V has an associated right K(left 
ff)-comodule structure:

(1) Let 끼:>Vbea left H-module structure map of V 
then 5 =((V ® id){s ® id) (id(8)q): V 으 V(8)A: —> V (g) K is a 
right K-comodule structure map on V.

(2) Let 0: y ® K —> V be a right K-module structure map of V 
then $ = (jd ®(!))(jd ® s)(q ® id): V 으 k ® V H ®V is a 
left 71-comodule structure map on V.

Definition 2. Assume that H and K are paired bialgebras. Let 
자): H ®V ―今 V,2p(h®v) = h * v be a left H-module structure map of
V and(/>: V®K — V, <l)(v®k) = v0fc be a right A?-module structure 
map of V. Define the map ^\/(/): V ®k®V 스 V(g)y -4- V ® V by 
the following diagram :

V® V -쓰쓰■> V® V

id<^q0id 砂0</>

V®H®K®V —으= H®V®V®K.
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We show that

(V V(》)(以 ® 沙) = 乞(아 • 以) ® (v 0 bi)

where q(l) = 乞 아 ® 히. And

<)<p = (id ® 0)(id (g) s)(g)® id) = (必(分 id)(s ® id)(id ® 흐).

Definition 3. Let H and K be bialgebras. Let 씨: H®V —> V be 
left H-module structure map and 0: V ® K —> V be right JFC-module 
structure map. We say that 끼 and(f> are compatible (or 재 and </> define 
an Zf, -bimodule structure on V) if the following diagram commutes.

H®V®K -쓰으匕 H®V

새애 id 사

V®K —쓰— V

The definition above is equivalent to the fact that the map

0： h(V0K) ~^hV

is a left H-module homomorphism where 끼 and 자 ® id are the H- 
module structure maps of V and V ® K respectively: for h E H,

0(九 • (v (g) k)) = 0(#(/z (gw) (g) A)

= 0(砂 ⑧ id)(h®v ® k)

= 씨(九 ® </>)(九 (gw ® A)

= h • (/>(v ® fc).

We note that if H and K are paired bialgebras and H ®V ―今 V 
and(/): V 0 K V are compatible, then 하: 乃< —今 (V ® K)k is a 
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K-module homomorphism where we endow V ®K with the structure 
（（/> ® id）（jd ® 5）.

Definition 4. Let K and K' be bialgebras. Let 0: V® K —今 V 
and 0': V（8）K' —> V be right K and K'-module structures. We say 
that 0 and 0' are compatible if the following diagram commutes.

V®K'®K 쓰= V®K —으냐 V

（4“1） id（S>s id

V®K^Kf 쓰쓰今 V®Kr —쓰—今 V

V®Kf®K （j）10id 사 V®K --으— V

（4-2） id ⑭ s id

V® K®Kr （"id 스 V®Kf -—으一＞ V

Definition 5. Let（I）: V ® K V and </>': V ® 7f' —今 V be right 
module structures on V. We define the map 0凶0': V®K®Kf -^V 
as

0 凶（/>' = q/（（/® id）.

（I）is compatible with </>' if and only if 0 凶（/>' = （（/）' 凶® 5）.

Theorem 3. In the situation above, if（f> is compatible with（/）' then 
the map（/> 凶 0': V ®K ~^V is a structure of 凶 Kf-module on 
V. Conversely, any structure 0\V ® K ® K1 -^V of K'-module 
on V is of the form 伏 = 0 凶（/〉' for some pair 0: V ® K —今 V and 
（j）' \ V ® Kr —> V of compatible right module structures on V.
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Proof. Suppose that(/): V ® K —> V and \ V ® Kf —> V are 
compatible. Then we have

((/> 凶(8)1= 凶 P'K')

= (<g 凶 0)(idy ® s)(idy(8)iw ® A%7)

= (q/ 凶 0)((0' 凶 0)(8)idfc(8)兄k)日45

= <》(</>' ® 九互)(0'(8)ids ® idK)((l> ® i(hc ® id^1 ® idK)=>

= 0(0' ® idK)(idv ® A* ® idK)((l)® id@ ® idjc ® idx)sw

= 0'(0 ® idKr)(i(lv ® s)(idy ® ® 기/<)(</> ® id^1 ® idxf ® 체？<)昌45

=(/>' (0(8)idK )(0 ® idp《 ® id^1 )(idy ® idj< ® idx ® Mm) S34

=(/>'(0(8)idk〕)(idy ® ® idk)(idy(次 id오 ® id호 ® A%')^34

= (0 凶 0')((巾 凶 <#) ® idx ® idK>).

The first equality follows from the compatibility of 巾 and(》' and the 
third equality follows from the definition of(/>' 凶 0. Since V is a right 
K'-module, fourth equality holds and sixth equality follows from the 
compatibility of K and K1. Therefore 0凶0': V®K(g)K' -今 V verifies 
the associativity condition.

Let 今VbeaJC 凶 '-module structure. Define
스 >Vas

0 = 0(idv ® iduK ® Alft?)

and </>': V ® JC' 스 V ® 1 ® 2C' —> V as

0' = 9(idy ® /」uk: ® idK、.

Since idx ® ^ki ：2으스互(8)1—今互凶互'누8江 bialgebra morphism, 
q!>:V®7C—今 Visa K-module structure map on V. Similarity for <j)
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and fiK ® idpcf •

(q®0')(v (g) cz (g) 6)

= (、0(jdy ® hk ® idKf))(0(idv ® id*(8)A*) ® id*)(沙 ® a ® 6)

= 0(0(v (g) a(8)^k'(I)) ® AX(1) ® b)

= 0(0 ® idx ® 거K')((아 ® a ® 乂〒(1)) ® /%(1) ® b)

= 0(jdy ® 스% 凶)【%')((?』® a ® i」k(1)) ® 수%(1) ® b)

= 6(v ® i丄k(으 ® Mk(1)) ® MK'(A%'(1) ® b))

= 6(v ® a ® 6).

Therefore(/)凶(/)' = 0. The compatibility of(f> and(/>' can be verified 
in a similar way. This completes the proof. □

Definition 6. Let be a bialgebra and let B be a right JC-module 
with structure map 中: B ® K -斗 B. A fc-linear map A: B —> B ® B 
is said to be compatible with 0 , or that(l)~ comultiplication if the map 
A: B -> B ® B is a right K-module morphism. If A is a structure 
of coassociative fc-coalgebra on B, we say that B is a right K-module 
coalgebra.

We consider the following situation. Let H and K be paired bial­
gebras and let B be fc-space equipped with an coassociative comulti­
plication. Let Ab : B B®B and with maps verifying the following 
conditions:

(1) 재: H®B —斗 B,h®b — h^b \s 式 left H-module structure and 
0： B0K —今 B,b0k — bQk is 八 right JC-module structure.

(2) Ab : B —今 B ® B is a 씨-comultiplication
(3) Ab : B —> B ® B is a (/>-comultiplication.
(4) 砂, ⑷ are compatible.
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Definition 7.(씨 V0)Ab：B—A-linear map from B 
to B ® B and is called the twist of the comultiplication Ap with the 
actions 砂 and 0. It is denoted as Ab,씨,오.

Lemma 4. In the situation above, the twist coproduct Ab,砂,巾 is 
coassociative.

Proof. The map Ab,이,아 : B B ® B was defined by Ab,砂,少(6) = 
乞 /位 • bi(8)으2 0 ki where the pairing g(l) = 乞 /하 ® /혀 and』스旧(6) = 
Ebi®b2.

((id® 스B 川 ,♦) 스B
= O하 • (凶 • (bi)i) ® hi • ((bi)2 0 kj) ®b2Qki

= 乞 샤 ‘ bi ® (hj • (62)1) O (^i)i ® ((@2)2 ® kj) Q (ki)2

= ((Ab,vm/> ® 개)AB,仏(/>)(6).

The first equality follows from the ^-comultiplicity of Ab and the 
second equality follows from the compatibility of 사 and 0 and from 
the pairing of H and K. The third equality follows from the(/>- 
comultiplicity of Ab . □

Let H and K be paired bialgebras with multiplication —: K ® 
K — K and let A be an arbitrary left //-module coalgebra with 
comultiplication : A —> A (g) A, a 卜今 乞 czi(8)⑴么 and with module 
structure xa - H ® A A^h® a h * a. Then B = A (g) is a right 
IT-module with structure map

0: (A ® K) 0 K A 0 K,

(a ® A:) ® A:' —> (<z (g) fc) 0 A:' = a (g) 0 kf) = a 0 kkf

and left H-module with structure map

씨:Zf® (A(8)20— A® K,
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h ® (a ® k) — h • (a ® K) = h • a ® k.

Define Ab : (A (g) 2C) —> (A ® JFC) ® (A(8)JC) as

으스b = (jd ® s ® id)(人人 ® Aj<).

We notice that B satisfies (1),(2) and (3) in above of the Lemma 4. 
So we can define

스B,w/丄 B —> B ® B,

a® k 리 hw(a ® k)i ® (a ® k)2 0 k#

= 乞 그 • (ai 0 ki) ® (a2 ® k2) 0 ki

= 丁 hj • ® 어 ®(12 ® k^kj.

Let Zf be a finite dimensional Hopf algebra and let H* be the dual 
Hopf algebra of H. Then H and H* are paired Hopf algebras by the 
Lemma 1. The multiplication of H* is

나m : H* ® H* —斗 H*,

內『(/0切(/0 = 乞/(九1)5(九2)

where Ah(九) =九1 ® 九2 and comultiplication of H* is

AH*： 흐* —> 及* ® 흐*,

f —

where {g$} is basis for H -느 f. Therefore

(7-1) AH*(/)(a(m)) =/(ab) =시切(tz) 하 (b).

Let A be an arbitrary left H-module coalgebra with comultiplication 
A시 - A—a—우乞⑦1 ® a2 and structure map

Xa : H(8)』4 —> A,
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h 0 a1 — h • a1 드 九**(<z1)i(a1)o =< 方**, (서)i > (a2)o

where the 2f*-comodule structure map isa2 —> 乞(a2)o® 
(a2)i 스 乞 c하 ® 心 where a2 G A, {ai,an} is a basis for H • a2 < A. 
Then

(7-2) h〜2 ='江 fiqi)ai,heH

for some e H*. The coalgebra B = A0H* is a right」Ef*-module 
with structure map

0: G4®zr)®7r —今

(a(8)/) ® 이 — (a ® jf) 0 功 = a ® 甘m (J ® g『),

and left H-module with structure

씨: (A®H*) -今

A®(a(g)/)—>A«(tz®/) = 九 …(多 /三 /i**(ai)ao ® f

where the ZZ*-comodule structure map A-y A® H*, cz i—今 乞 a()® «].• 
Therefore : A® H* -今 (A ® Zf*) ® (A ® H*) is defined by

a® f -今 y^hj • a1 ® gy ® a2 ® tjh1

= 스 ： h： (서)1 (서)o ® 9j ®® A%* (tj ® h斗

where the pairing 5(1) = 乞 /位 ® /f.

Definition 8. Let H be a bialgebra and A be a left H-module 
coalgebra. The smash coproduct A^Hcop is defined to be 4 ® Hcop 
as a vector space, with comultiplication given by

A((개유) = 으드 서il(a2)i/i2 ® (位2)0배1

and counit
€(재九) = Ql(a)6H(A),

for all a G A, h € Hcop.
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Theorem 5. Let H be a finite dimensional Hopf algebra and let 
A be a left H-module coalgebra. The smash coproduct is a special 
case of twisting coproduct.

Proof. Consider the twisting coproduct oi B = A® IT*. We will 
show that smash coproduct A^(H*)cop is same as the twisting coprod­
uct of B under the isomorphism. Let : A —® A, ao 乞 a1 ® a2 
and Ah： H -今 H ® H,hs — '江(⑴司丄 ⑭ (hs)2 be comultiplication of A 
and H and let {/ii,hn} be a basis for H. Then for any u,v e H소 

리id hp, hg 三 {">!)•••? h/八},

(AB,Yg(a ® f)(u ⑭ hr ® V (渴 hs)

= (乞 스 • a1 (g) 切 (g) a2 (g) 均付八以 0 hr 0 v 0 hs)

= y^u(hj • a1) ⑭ gj(hr) ® v(a2)(8)方((Mi)旗((M2)

==• '江 u(hi • a1) ® 1(8w(a2) ® 시 功(M하((Mi))硏((M2)

= 으드 u(hi • a1) ® 1 (g) v(a2) ® f (九r(仏)1)硏((仏)2)

=以((〉〕少((九s)2)九0 • a1) ® 1(8)v(a2) ® f(hr사is)i)

= 乞 以((仏)2 • a1) ® 1 ® t;(a2) ® f(hr(hs)i).

The fourth equality follows from the (7-1). And

A^u(h*)cop (a ® f)(u (次) hr ® v ® hg)

= (乞 a1 ® fiti ⑯ a# ® gi)(u® hr ® v ® hs)

以 (서) ® /%* (fi ® ti)(hr) ® v(ai) ® 9i(hs)

= 사 스 tZ(서’) ® fi(JJ아) 1) 흐 i (나나') 2)® '沙(으 i) ® 9i(J丄 s)

= 52 以(사) ® 하((/사)2)® 沙(匕 心((九r)l)錦) ® 아(仏)

= 乞 以(a1) ® 1(8〉?;((/사)1 • a2) 으리 9i(Mti((hr)2)

= 乞 ?/(사) ® 1(8〉沙((九r)l • 서) ® f(hs(hr)2)

= 乞 以仏1) ® 1 ® 沙((/사)1 • a2) ® f(hs(hr)2).
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The fifth equality follows from the (7-2) and the last equality follows 
from the (7-1). It is easy to show that

A』4H(H*)cop = (T 八 H)日13(=오4)(八5,砂,</>((江®/)昌 24^13.

This completes the proof. □
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