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FIBREWISE H—COMPLETE EXTENSION OF 
A QUASI-UNIFORM SPACE OVER A BASE

Byung Sik Lee

Abstract. The purpose of this paper is to 아low 나there exists a 
fibrewise Zf-complete extension of a quasi-uniform space over a base.

0. Introduction

The fibrewise view point is standard in the theory of the fibre bun­
dles. It has been recognized only recently that the same view point is 
also of great value in other theories, such as general topology. I. M. 
James [5-이 has been promoting the fibrewise view point systemati­
cally in topology and uniformity and developed the theory of uniform 
space over a base as an extension from the category of uniform spaces.

After A. Csaszar had introduced quasi-uniform spaces, many re­
searchers have been concerned with the concept of completeness of 
quasi-uniform structures and studied on the completions of a quasi­
uniform space. Since a quasi-uniformity need not have symmetry, 
various type of completions can be constructed.

In this paper, we develop a theory of fibrewise H-completeness of 
quasi-unifbrm spaces over a base and construct fibrewise H-complete 
extension of a quasi-uniform space over a base.
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1. Preliminaries

For what we are going to do a modified form of the ordinary theory 
of filters is required. We begin with an outline of this, following the 
terminology, etc. of Bourbaki [1] as far as possible. Proofs which are 
simply routine modifications of the proofs of the corresponding results 
in the ordinary theory will be indicated briefly or omitted altogether.

We work over a quasi-uniform space B・ A set over B, we recall, 
is a set X together with a function p : X T called the projection. 
Usually X alone is sufficient notation. For each point b e B the 
fibre Xb = p-1(b) is defined, and for each neighborhood V of b the 
neighborhood Xy = (V) of the fibre. If 4 is a subset of X then
A may be regarded as a set over B by restriction of the projection.

Let X be a set over B. By a tied filter on X we mean a pair (6,戶)， 

where & is a point of B and T7 is a filter on X of which b is a cluster 
point ,along p'・ This means that each member M of :F has a non­
empty intersection with Xy for each neighborhood V of b. Instead 
of saying that (fe,:F) is a tied filter we shall often use the phrase :F 
is a b-filter3 to mean precisely the same thing. By a refinement of a 
tied filter (b, F) we mean a tied filter (6,戸)，where F is a refinement 
of :F. This relation of refinement imposes a partial order on the set 
of ^-filters, for each b, and a &-filter which is maximal with respect 
to the partial order will be called a b-ultrafilter. In that case 6 is a 
limit point of :F along p and so it follows that :F is an ultrafiltcr in 
the ordinary sense. Since the union of a collection of fe-filters is again 
a 5-filter the usual argument depending on Zorn's lemma shows that 
each 5-filter can be refined be a 6-ultrafilter.

Let X and Y be sets over B・ If / : X T Y is a function over B, 
then f preserves fibres, since for each b E B, f(Xb) 으 丫幻 Hence a 
function over B is also called a fibre-preserving function.
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To conclude these preliminaries consider the situation where X, as 
well as B, has a quasi-uniform structure and p is (quasi-)uniformly 
continuous. In that case we call X a quasi-uniform space over B.

Definition 1.1. Let 0,戶)be a tied filter on X. By a cluster 
point of (b,戶)we mean a point of the fibre Xb which is a cluster point 
of T in the usual sense. Similarly, by a limit point of (6,戶)we mean 
a point of the fibre Xb which is a limit point of :F in the usual sense.

Definition 1.2. A topological space Yis said to be T2-reduced 
with respect to a subspace X C Y if a e Y.b e Y - X and a 丰 & imply 
that a and. b have disjoint neighborhoods.

Proposition 1.3. Let B be a base for a quasi-uniform space 
(X, 乙/) and for each x e X, let B[x] = {，[씨 | U € B} where V[x] = 
{y e X \ e V}. Then there is a unique topology on X such that, 
for each x e X, B[x] is a base for the neighborhood filter of x in this 
topology.

If (X,〃) is a quasi-uniform space, the topology induced by U (or 
simply the topology '厂(〃)ofU) means the topology defined in propo­
sition 1.3.

A topological space (X, T) is said to be quasi-uniformizable if there 
exists a quasi-uniformity " on X which induces T, i.e., 7~(") = T. 
Then U is said to be compatible with T and (X, T) is said to admit

Definition 1.4. Let (X,〃) be a quasi-uniform space. A filter T 
is said to be round in (X, 니、) if, for F G T7, there are UQ e U and 
FoEJ7 such that Uq[Fq] C F, where C/o[-fo] = ^{Uq[x] | x e FQ}.

The following propositions can be found in [2,3], but we restate 
them for the further purpose.
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Proposition 1.5. [3, Lemma 1.외 Every round filter in a quasi- 
uniform space is an open Alter.

Proposition 1.6. [2, Lemma 2.1] Let (X,R) be a quasi-uniform 
space, X CY and assign, to every element y eY - X, a round filter 
7(7/) in (X, 〃). Let S denote the collection of all maps S : Y-X 2X 
such that S(g) 6 仙)for y & Y - X. Then, deSne, for U e U and 
S e the set B(C7, S) C Y x Y in the following manner ;

(O"2)e B(U, S) iff (x1,x2) eU for 互淄2 6 X
3, g) B(U, S)forxeXandyeY-X
(饥 x} e B{U, S) iffx G U[S(y)] for xeXandyEY-X
(靈，％) e B(U, S) iffyi = y2 for yu 也 CY-X.
Now{B(U,S) I U e ZV, S € S} is a base for some quasi-uniform 

structure V on Y such that (X,R) is a dense subspace of (K, V) and 
7(g) is the trace in X of the neighborhood filter ofyCY — X. More­
over, for the topology of (K, V), Y - X is discrete and closed.

Lemma 1.7. Let Y be a topological space, X C Y dense, Y — 
X discrete and closed, and / : X T Z a continuous map into a 
topological space Z. If, for any y eY- X, the filter 气 generated by 
the image f(My\x) of the trace filter Afy\x of the neighborhood filter 
Ng of y converges in Z, then f has a continuous extension g : Y T Z.

Proof, It suffices to define g\x = f and for y G Y — X, g(y) = 2 
such that Fg converges to z. 口

Proposition 1.8. [3, Lemma 2.이 Let (X,니、) be a quasi-uniform 
space, (¥, V) one of its extensions constructed by the method of propo­
sition 1.7 andg a map from Y into a quasi-uniform space (Z, W) that 
is continuous and its restriction to X is 이uasi-imifbmHy continuous. 
Then g is quasi-uniformly continuous as well.
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2. Fibrewise H-complete quasi-uniform spaces

Definition 2.1. Let (X,R) be a quasi-unifbrm space over B with 
projection p : X T B and 6 e B. A tied filter (bJF) on X is said to 
be a round b-filter (or round tied filter) in (X)니、) if

(1) 6 is a cluster point of
(2) T is round in (X, 니、).

Proposition 2.2. Let (X,R) be a quasi-uniform space over B 
and b £ B. If N建 is the neighborhood filter in X of a point x e Xb, 
then (&Nx) is a round b-Hlter.

Proof. Recall that A4 = {{U[x] | U e 〃}〉. Since x e Xb, (6,A4) is 
a tied filter. Let N € Nx、then there exists an entourage U eU such 
that U[x] 으 N. Since U eU, 난lere \sV eU with，。卩 으 U. Then 
卩1卩气피] 으 N and hence Nx is round in (X,R). □

Proposition 2.3. Let (X,〃) be a quasi-uniform space over B. If 
(b,天)and (6, Q) are round b-Glter, then (&, {FOG\ F e e G}) is 
a round b~Glter Gner than both (&, T7) and (b, G) provided its elements 
are non-empty.

Proof. Let F C 下 and G e Q. Since T and Q are round in (X,R), 
there are 匸"危 C 니、F。C F and GQ e Q such that 跖 区司 C F and 
U2[Gq] C G. Then Q/l「、lU2)B%CGo] 으 FOG. Hence (&, {FDG | F e

G e Q}) is a round 6-filter. Clearly, it is finer than 成:F) and 
(b,G). □

Proposition 2.4. Every round belter in (X,以)is contained in a 
maximal round b-filter.

Proof. By the above proposition 2.3 and Zorn's lemma. □
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Proposition 2.5. If (&,戶)and (b, G) are distinct maximal round 
b-filters, then there are F C 下 and G E Q such that F C G = 0.

Proof, Suppose not. Then we have a round b-filter (b> {FQG | F 6 
先 G £ Q}) finer that (b,戶)and (如 G). This is a contradiction. □

Proposition 2.6. If x e is a cluster point of the maximal 
round b-filter T7, then T converges to x.

Proof. Consider the neighborhood filter Nx・ Then (b,人/。is also 
a round b-filter. Since % is a cluster point of (6,^), for each F e 
and N C Nx, F C N 主 0. Then (b, {FHN\F e e M}) is also 
a round b-filter finer than (W). Since (如 戶) is maximal, Nx 으 戶. 

Hence T converges to x. 口

Proposition 2.7. Let (V, V) be a quasi-uniform space over B and 
X be a subspace of Y,. If (b, is a round b-filter in(匕乙/) and 
F Cl X 7^ 0 for each F C 巳 then (b, •户|x) is a round b-61ter in (X,R), 
where •끼 x = {F Q X \ F e is a trace filter of in X and U = 
{vn(x xX)|Ve V}.

Proof. Choose F C then there are Vq eV and F° C F such that 
*)(尸o) C F. Let U = Vb n (X x X) € R, then C/(FonX) 으
Hence jRx is round in (X,〃). 口

Theorem 2.8. For a quasi-uniform space (X,R) over B, the fol­
lowing statements are equivalent:

(a) Every maximal round b-filter in X is convergent in Xb.
(b) Every round b-filter has a cluster point in Xb.
(c) (X,R) is a closed subspace of each larger space (V, V) T2- 

reduced with respect to X where (V, V) is a quasi-uniform space over 
B with projection q\Y B and q\x =
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Proof. (a)=>(b) Let (&, F) be a round 6-filter. Then by proposition 
2.4, there is a maximal round 6-filter (b, G) such that C Q. By the 
hypothesis, (6, Q) converges to x for some x G Xb, i.e.,J\4 C G. Then 
F A TV 7^ 0 for any F C F and N G 丿V*. Thus % is a, cluster point of 
(5.

(b) =>(c) Let y e X 이id q(y) = b, i.e., y e Y^. By the proposition 
2.2 이id 2.7, the trace Ny\x in X of 나le neighborhood filter Ny is a 
round 6-filter. By (b), Ny\x has a cluster point x in Xb. IfyeY-X, 
then since Y is ^-reduced, with respect to X and x e X, there are 
neighborhoods Vi and V2, respectively, such that n = 0. This is 
a contradiction. Hence y E X. Thus X is closed in Y.

(c) =>(a) Suppose there is a non-convergent maximal round 6-filter 
in X, Let X C y be chosen such that 난lere is a bijective map 7 from 
Y - X to the set of these filters. With 난le help of this 7, construct 
the quasi-uniformity V described in proposition 1.6. And define a 
projection q : F -> B on F by q\x = p and, for; £ V - X, q(g) = b 
such that 7(2/) = (b,气).Then by lemma 1.7 and 1.8, q is quasi- 
uniformly continuous and q\x = p: Hence (Y, V) is a quasi-uniform 
space over B with projection q : Y B and X is dense in Y. Let 
%, C Y — X with yi 구亳Then there are non-convergent maximal 
round tied filters Mg and 7(7/2) in (X,〃) with 7(2/1) 寸二 了(%)・ By 난le 
proposition 2.5, there are F e 7(1/1) and G e 7(1/2) with F CG = 0. 
Since 7(1/1) and 7(1/2) are round 6-filters, there exist U’Ua G U and

e 7(3/1), Gh e 7(?/2)such that C F and 1씨($시 으 G, and 
hence Ui[Fj] C /[Gl] = 0. Choose G S such that Si(yi) = F± 
and S2W2) = Gh・ Then yr G 硏〔无,，)[如=〔无岡(%)] U {们}= 

UilFr] U {yr} and y2 e B(U» &)[?시 =〔硏頒宓] U {y2} = U2[G1] U 
{^2}. And, for x E X and y E Y — Xthere exists a non-convergent 
maximal round 6-filter 7(?/) in (X,"). Since y(g) is not convergent
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to x, x is not a cluster point of 7(g) by proposition 2.6. Then there 
exists a neighborhood N of x and F e 7(1/) such that TV n F = 0. 
Since 7(g) is round in (X,"), there are U E U and F° E 7(y) such 
that U[Fq\ C F. Choose S E S with S(g) = Fq. Then 加]=

U[S(y)] U {y} = U[F0] U 仞 으 F U {y} and N A B(U. S)[y] = 0. In
all, Y is 7>reduced with respect to X. Since X Y and X = Y,
X 尹工，hence X is not closed in (K, V). □

Definition 2.9. Let (X,R) be a quasi-uniform space over B. X 
is said to be fibrewise H-complete if it satisfies the condition (a) (or 
(b)) in theorem 2.8.

Theorem 2.10. A quasi-uniform space over B is fibrewise H- 
complete if and only if it is closed in every larger T2-reduced quasi- 
uniform space over B.

Proof. By theorem 2.8, it is proved. □

Proposition 2.11. Let (X,") be a quasi-uniform space over B 
with projection 但：X —> B. Let Q be a b-filter in (X, R). Then 
F — {U[G] \ U E G} is a round b-filter coarser than Q.

/(G). Since for any G C G and

any U € G 으 끼G], so p(G) C p(U\G]). Hence x G(구지) 으 

ry{p(U[G]) \ U eU,G e G}. Thus * is also a b-filter. Since G 으。[에 

for any G € G, 9「으 G, i.e., J is coarser than Q.
Let 끼G] C :F. Then there exists V e U such that V oV QU. 

Take any y e V\V[S]\. Then (z,g) e V for some x e V[S] and so 
(的 g) 6 V, (a, x) G V for a G S. Thus (a,g) £ 卩。卩 으 U, i.e., 
y e U[S]. Hence V[V[S]] G U[S], this 아lows that T is round in 
(X,R). 口

Proof. Since Q is a 5-filter, b e(紺
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Proposition 2.12. Let (X,") be a uniform space over B, Q an 
b-ultrafilter in X and T defined by {U[G] | U € ", G € G}. Then F is 
a maximal round b-filter.

Proof. By the proposition 2.11, J7 is a round 6-filter. If W 2 戶 is a 
round 6-filter and J? 6 W, let R)€ ‘叩 and U& CU such that Uq[Rq] C 
R.Then choose a symmetric entourage U± E U with S. o (7i C [70. 
Now, X — Ui[Rq]牛 G, since G is a &-ultrafilter, Ui[Rq] g Q and 
R 그 Uq[Rq\ 그 丄&)]] G T7, so J? 6 T7. Hence / is a maximal
round 6-filter. □

Theorem 2.13. A uniform space over B id fibrewise H-complete 
if and only if every b-ultrafilter converges in Xb.

Proof. Let (X,〃)be a fibrewise H-complete uniform space over B 
and Q be any 6-ultrafilter in (X,乙/). Then T = {U[G] | U e U,G eQ} 
is a maximal round 6-filter coarser than Q in (X,以)by proposition 
2.12. Since (X)기、) is fibrewise H-complete, :F converges in Xb and 
hence Q also converges in X& Clearly the converse is true. □

3. Fibrewise H-complete extension

Theorem 3.1. Let (X,VI) be a quasi-uniform space over B that 
is not fibrewise H-complete. Then (匕 V) constructed in the proof of 
theorem 2.8 is a T2-reduced fibrewise H-complete extension of (X, 니).

Proof, It suffices to show that (K, V) is fibrewise H-complete. Let 
(b, T7) be a round 6-filter in (Y, V). Since every round is an open filter 
and X is dense in F, F n X 7^ 0 for any F C R Hence 气=F\x = 
{F n X I F e J7} is a round 6-filter in (X,") by proposition 2.7. 
Let (6,72)be the maximal round 6-filter containing 0 尸l). Then 
either 戶2 converges in X or (们气)=了(饥 for some y e Y - X. 
In both cases,(6,7^) converges in〉幻 since 7(y) is the trace of the
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neighborhood filter ofyeY-X and 火 、) = b. Hence (b, 天l) 히id 
(6, J7) has a cluster point in Yb. □

There are several essentially different fibrewise JJ-complete exten­
sions of a quasi-uniform space over B, in general.

Example Let X = (c, d) be an open interval with the Euclidean 
uniformity and B = ｛6｝ a singleton set with trivial quasi-uniformity. 
Consider X as a quasi-uniform space over B with constant projection 
map 但：X T B. Then X has the T2^educed fibrewise H-complete 
extension [c, d\ which is a uniform space over B while the quasi­
uniformity V in 3.1 never is a uniformity over B, since B(Ui)S]) 으 

B-1(C7,S) is impossible.
However, the extension (K, V) in theorem 3.1, is, in the natural 

sense, the finest of all fibrewise H-complete extensions.

Proposition 3.2. Let (X,R) and (F, V) be quasi-uniform spaces 
over B with projections p : X T B and q : Y T B of X and 
Y, respectively. Suppose f : (X.〃) T (匕 V) is a quasi-uniformly 
continuous map over B. Let (b,戶)be a round b-Hlter in (Y, V) whose 
members all intersect f(X). Then ｛厂】(F)成 e 戶｝ generates a round 
b-Hlter in (X시) .

Proof. Let Q = | F e 戶｝〉. Since g。f =饱 G is a b-
filter. For F G J*, choose Vb e V and Fo e T7 such that Vb[F0] 으 F. 
Since / is quasi-uniformly continuous on X, there is U EU such that

C fT(F). Hence Q is round in X, In all, G is a round 
6-filter in (X,W). 口

Corollary 3.3. Let X and Y be quasi-uniform space over B and 
f ： X T Y a quasi-uniformly continuous onto function over B. If X 
is fibrewise H-completethen so is Y.
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Proof. Let (6,戶)be a round 6-filter in Y. Then by proposition 3.2, 
Q = I F e 戶｝〉is a round 6-filter in X. Since X is fibrewise
H-complete, Q has a cluster point x in Xb・ Let f(x) = y e Y幻 Since 
x G A /-1(F) and f is continuous over B, for any neighborhood 
N of y, there is a neighborhood W of x such that f(W) C N and 
lyny-^F) 7^0 for all F 次 and so 0 供 f(W n 厂】(E)) C f(W) n 

으 N C F for any F £ 戶. Hence y = f(x) e n F. Thus 
FVF

/(^) is a cluster point of •戶.Therefore Y is fibrewise /f-complete. □

Lemma 3.4. Let (X,〃)be a quasi-uniform space over B, (y, V) 
one of its extensions constructed by the method of theorem 3.1, and g 
a fibrewise map from Y into a quasi-uniform space (Z, W) over B that 
is continuous and its restriction to X is quasi-uniformly continuous. 
Then g is also quasi-uniformly continuous over B.

Proof. 시iven W eW, choose Wi e W with V*。】必 으 W, then 
난lere is U e U such that (奶 g) e U implies (g(硏, g(g)) e Wi and, 
f°r y € 丫 一 X, S(g) € 7(?/) such that g(S(g、)、) 으 Wi(g(;)), since 
g is continuous on Y. Then S e S. Then (y,x) e B(U,S) if and 
only if x e U(S(g、)、) forxeX and y e Y - X. So (z,对 e U, 
z e S(g、)히id hence (g(z),g(z)) e Wr and g(z) G V*(g(g)). Therefore 
(g(g\g(z)) e Wr and hence (g(g),g(@)) □

Lemma 3.5. Let (X,乙/) be a quasi-uniform space over B and 
(Z, W) an arbitrary fibrewise H-complete extension of (X)니') . Then 
every maximal round b-filter in (X,") converges in Z.

Proof. Let G be a maximal round 6-filter in (X, 〃), H 나le 6-filter in 
Z generated by Q and :F =〈｛。［이 | U eG,S e 咒｝〉the round b-filter 
in (Z, W) constructed from H. If z e Zh is a cluster point of 巳 then 
it is a cluster point of Q. In fact, every open neighborhood V of 2 



98 BYUNG SIK LEE

and every F G T7, V A F 7^ 0, and hence V A (F n X) 0, since 
X = Z. Now, for R E choose Rq € tl such that Uq[Rq\ 으 R・ Then 
there is W € G such that W Pl (X x X)二二 Uq. Since W[Rq\ 6 T, 
0 V n W[Ro\ r\X = V O Uo[Ro] CVr\R. Since the trace in X 
of the neighborhood filter of z is round in (X, 니), by proposition 2.3, 
and maximality of G, M G °，丄喝 G converges to z e Zb. □
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