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FIBREWISE H-COMPLETE EXTENSION OF
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BYUNG SiK LEE

ABSTRACT. The purpose of this paper is to show that there exists a
fibrewise H-complete extension of a quasi-uniform space over a base.

0. Introduction

The fibrewise view point is standard in the theory of the fibre bun-
dles. It has been recognized only recently that the same view point is
also of great value in other theories, such as general topology. I. M.
James [5-9] has been promoting the fibrewise view point systemati-
cally in topology and uniformity and developed the theory of uniform
space over a base as an extension from the category of uniform spaces.

After A. Csaszar had introduced quasi-uniform spaces, many re-
searchers have been concerned with the concept of completeness of
quasi-uniform structures and studied on the completions of a quasi-
uniform space. Since a quasi-uniformity need not have symmetry,
various type of completions can be constructed.

In this paper, we develop a theory of fibrewise H-completeness of
quasi-uniform spaces over a base and construct fibrewise H-complete
extension of a quasi-uniform space over a base.
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1. Preliminaries

For what we are going to do 2 modified form of the ordinary theory
of filters is required. We begin with an outline of this, following the
terminology, etc. of Bourbaki [1] as far as possible. Proofs which are
simply routine modifications of the proofs of the corresponding results
in the ordinary theory will be indicated briefly or omitted altogether.

We work over a quasi-uniform space B. A set over B, we recall,
is a set X together with a function p: X — B, called the projection.
Usually X alone is sufficient notation. For each point b € B the
fibre X, = p~1(b) is defined, and for each neighborhood V of b the
neighborhood Xy = p~1(V) of the fibre. If A is a subset of X then
A may be regarded as a set over B by restriction of the projection.

Let X be a set over B. By a tied filter on X we mean a pair (b, F),
where b is a point of B and F is a filter on X of which b is a cluster
point ’along p’. This means that each member M of F has a non-
empty intersection with Xy for each neighborhood V of b. Instead
of saying that (b, F) is a tied filter we shall often use the phrase 'F
is a b-filter’ to mean precisely the same thing. By a refinement of a
tied filter (b, F) we mean a tied filter (b, F'), where F' is a refinement
of 7. This relation of refinement imposes a partial order on the set
of b-filters, for each b, and a b-filter which is maximal with respect
to the partial order will be called a b-ultrafilter. In that case b is a
limit point of F along p and so it follows that F is an ultrafilter in
the ordinary sense. Since the union of a collection of b-filters is again
a b-filter the usual argument depending on Zorn’s lemma shows that
each b-filter can be refined be a b-ultrafilter.

Let X and Y be sets over B. If f : X — Y is a function over B,
then f preserves fibres, since for each b € B, f {Xp) € Ys. Hence a
function over B is also called a fibre-preserving function.
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To conclude these preliminaries consider the situation where X, as
well as B, has a quasi-uniform structure and p is (quasi-)uniformly

continuous. In that case we call X a quasi-uniform space over B.

DEFINITION 1.1. Let (b, F) be a tied filter on X. By a cluster
point of (b, ) we mean a point of the fibre X, which is a cluster point
of F in the usual sense. Similarly, by a limit point of (b, F) we mean

a point of the fibre X}, which is a limit point of F in the usual sense.

DEFINITION 1.2. A topological space Yis said to be Te-reduced
with respect to @ subspace X CY ifa € Y,b€ Y — X and a # b imply
that @ and b have disjoint neighborhoods.

PROPOSITION 1.3. Let B be a base for a quasi-uniform space
(X,U) and for each x € X, let Blz] = {V[z]|V € B} where V|[z] =
{y € X |(x,y) € V}. Then there is a unique topology on X such that,
for each x € X, B[z] is a base for the neighborhood filter of z in this

topology.

If (X,U) is a quasi-uniform space, the topology induced by U (or
simply the topology T(U) of U) means the topology defined in propo-
sition 1.3.

A topological space (X, 7) is said to be quasi-uniformizable if there
exists a quasi-uniformity &/ on X which induces T, i.e., T(U) = T.
Then U is said to be compatible with 7 and (X, 7) is said to admit
U.

DEFINITION 1.4. Let (X,U) be a quasi-uniform space. A filter F
is said to be round in (X,U) if, for F € F, there are Uy € I/ and
Fo € F such that Up[Fy] C F, where Up[Fp] = U{Up[z] |z € Fp}.

The following propositions can be found in [2,3], but we restate
them for the further purpose.
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'PrROPOSITION 1.5. [3, Lemma 1.2] Every round filter in a quasi-

uniform space Is an open filter.

PROPOSITION 1.6. [2, Lemma 2.1] Let (X,i{) be a quasi-uniform
space, X CY and assign, to every element y € Y — X, a round filter
~(y) in (X,U). Let T denote the collection of all maps § : Y -X — v
such that S(y) € ¥(y) for y € Y — X. Then, define, for U € U and
S €%, the set B(U,S) CY x Y in the following manner ;

(z1,22) € B(U,S) iff (z1,x2) €U for z1,z2 € X

Az,y)¢ B(U,S) forze X andy €Y — X

(y,z) € BU,S)ifze e U[S(y)j forz€ X andyeY - X

(y1,y2) € B{U,S) if y1 = y2 for y1,y2 € Y — X.

Now{B(U,8)|U € U,S € T} is a base for some quasi-uniform
structure V on Y such that (X,U) is a dense subspace of (Y, V) and
v(y) is the trace in X of the neighborhood filter of y € Y — X. More-
over, for the topology of (Y,V), Y — X is discrete and closed.

LEMMA 1.7. Let Y be a topological space, X C Y dense, ¥ —
X discrete and closed, and f : X — Z a continuous map into a
topological space Z. If, for any y € Y — X, the filter F, generated by
the image f(Nylx) of the trace filter Ny|x of the neighborhood filter
N, of y converges in Z, then f has a continuous extensiong:Y - Z.

Proof. It suffices to define g|x = f and for y € Y — X, g{y) = 2
such that F, converges to z.

PROPOSITION 1.8. [3, Lemma 2.3] Let (X,U) be a quasi-uniform
space, (Y, V) one of its extensions constructed by the method of propo-
sition 1.7 and g a map from Y into a quasi-uniform space (Z, W) that
is continuous and its restriction to X is quasi-uniformly continuous.

Then g is quasi-uniformly continuous as well.
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2. Fibrewise H-complete quasi-uniform spaces

DEFINITION 2.1. Let (X, U) be a quasi-uniform space over B with
projection p : X — B and b € B. A tied filter (b,F) on X is said to
be a round b-filter (or round tied filter) in (X,U) if

(1) b is a cluster point of p(F)

(2) F is round in (X, U).

PROPOSITION 2.2. Let (X,U) be a quasi-uniform space over B
and b € B. If N, is the neighborhood filter in X of a point z € X,
then (b,N;) is a round b-filter. '

Proof. Recall that N, = ({U[z]|U € U}). Since z € X3, (b,N,) is
a tied filter. Let N € A, then there exists an entourage U € U such
that Ulz] C N. Since U € U, there is V € U with VoV C U. Then
V[V[z]] € N and hence N is round in (X, ). O

PROPOSITION 2.3. Let (X,U) be a quasi-uniform space over B. If
(b, F) and (b,G) are round b-filter, then (b, {FNG|F € F,G € G}) is
a round b-filter finer than both (b, F) and (b, G) provided its elements
are non-empty.

Proof. Let F € F and G € G. Since F and G are round in (X,U),
there are Uy, U, € U, Fy € F and Gy € G such that Ui[Fo] € F and
Us[Go] C G. Then (U NU3)[FonGo] € FNG. Hence (b, {FNG|F e
F,G € G}) is a round b-filter. Clearly, it is finer than (b, F) and
(b,9). 0

PROPOSITION 2.4. Every round b-filter in (X, ) is contained in a
maximal round b-filter.

Proof. By the above proposition 2.3 and Zorn’s lemma. -3
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PROPOSITION 2.5. If (b, F) and (b,G) are distinct maximal round
b-filters, then there are F € F and G € G such that FNG = 0.

Proof. Suppose not. Then we have a round b-filter (b, {FNG|F €
F,G € G}) finer that (b, F) and (b,G). This is a contradiction. [

PROPOSITION 2.6. If x € X, is a cluster point of the maximal

round b-filter F, then F converges to x.

Proof. Consider the neighborhood filter M. Then (b,N;) is also
a round b-filter. Since z is a cluster point of (b, F), for each F € F
and N € N,, FNN # 0. Then (b,{FNN|F & F,N € N,}) is also
a round b-filter finer than (b, F). Since (b, F) is maximal, Ny C F.
Hence F converges to . O

PROPOSITION 2.7. Let (Y, V) be a quasi-uniform space over B and
X be a subspace of Y.. If (b,F) is a round b-filter in (Y,U) and
FnX #0 for each F € F, then (b, F|x) is a round b-filter in (X, U),
where F|x = {FNX|F € F} is a trace filter of ¥ in X and U =
{Vn{X x X)|V eV}

Proof. Choose F € F, then there are V; € V and Fp € F such that
Vo(Fp) C F. Let U =VoN (X x X) €U, then U(FgnX)C FNX.
Hence F|x is round in (X,U). O

THEOREM 2.8. For a quasi-uniform space (X,U) over B, the fol-
lowing statements are equivalent:

(a) Every maximal round b-filter in X is convergent in Xp.

(b) Every round b-filter has a cluster point in Xj.

(¢) (X,U) is a closed subspace of each larger space (Y,V) Ta-
reduced with respect to X where (Y, V) is a quasi-uniform space over
B with projection ¢ : Y — B and q|x = p.
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Proof. {a)=(b) Let (b, ) be a round b-filter. Then by proposition
2.4, there is a maximal round b-filter (b, G) such that F C G. By the
hypothesis, (b, G) converges to « for some z € X3, i.e., Ny € G. Then
FNN #Qforany F e Fand N € N,. Thus z is a cluster point of
(b, F).

(b)=>(c) Let y € X and ¢(y) = b, i.e., y € V. By the proposition
2.2 and 2.7, the trace Ny|x in X of the neighborhood filter AV, is a
round b-filter. By (b), Ny|x has a cluster point z in X;,. Ify € Y - X,
then since Y is T,-reduced with respect to X and z € X, there are
neighborhoods V; and V5, respectively; such that Vi NV, = @. This is
a contradiction. Hence y € X. Thus X is closed in Y.

(c)=(a) Suppose there is a non-convergent maximal round b-filter
in X. Let X C Y be chosen such that there is a bijective map - from
Y — X to the set of these filters. With the help of this vy, construct
the quasi-uniformity V' described in proposition 1.6. And define a
projectiong:Y - Bon Y by glx =pand,fory €Y — X, qly) =0
such that y(y) = (b, F,). Then by lemma 1.7 and 1.8, ¢ is quasi-
uniformly continuous and ¢|x = p. Hence (Y,V) is a quasi-uniform
space over B with projection ¢ : ¥ — B and X is dense in Y. Let
¥1,¥2 € Y — X with 1 # y;. Then there are non-convergent maximal
round tied filters y(y1) and y(y2) in (X, U} with ¥(y1) # v(y2). By the
proposition 2.5, there are F € y(y1) and G € y{ys} with FN G = .
Since y(y1) and «{y>) are round b-filters, there exist Uy, Uy € U and
F1 € v(y1), Gy € v(y2) such that U [Fy] C F and Uz[G3] € G, and
hence Uy [F1] N U[G1] = B. Choose S1,5; € 3 such that S;(y1) = Iy
and S3(y2) = Gi. Then y1 € B(Uy, S1)ly1] = Ui[S1{m)] U {n1} =
UrlF] U {y} and y2 € B(Us, S2)[y2] = Ua[S2(y2)] U {32} = Ua[G1] U
{y2}. And, for z € X and y € Y — X, there exists a non-convergent
maximal round b-filter y(y) in (X,U). Since ¥(y) is not convergent
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to z, « is not a cluster point of y(y) by proposition 2.6. Then there
exists a neighborhood N of  and F € v(y) such that NN F = {.
Since y(y) is round in (X,U), there are U € U and Fy € y(y)} such
that U[Fp] C F. Choose S € ¥ with S(y) = Fo. Then B{U, S)[y] =
UlSy) u{y} = UR)U{y} € Fu{y} and NN B(U,S)y] = 0. In
all, Y is Ty-reduced with respect to X. Since X # Y and X = Y,
X # X, hence X is not closed in (Y, V). O

DEFINITION 2.9. Let (X,U) be a quasi-uniform space over B. X

is said to be fibrewise H-complete if it satisfies the condition (a) (or
(b)) in theorem 2.8.

THEOREM 2.10. A quasi-uniform space over B is fibrewise H-
complete if and only if it is closed in every larger Ty-reduced quasi-

uniform space over B.

Proof. By theorem 2.8, it is proved. O

PROPOSITION 2.11. Let (X,U) be a quasi-uniform space over B
with projection p : X — B. Let G be a b-filter in {X,U). Then
F = {U[G]|U €U,G € G} is a round b-filter coarser than G.

Proof. Since G is a b-filter, b € Grc}gp(G). Since for any G € G and
any U € U, G C U[G), so p(G) C p(U[G]). Hence z € G@gp(G) -
N{p(U[G]) |U € U,G € G}. Thus F is also a b-filter. Since G C U[G]
for any G € G, F C G, i.e., F is coarser than G.

Let U[G] C F. Then there exists V' € U such that VoV C U.
Take any y € VIV[S]]. Then (z,y) € V for some z € V[S] and so
(z,y) € V,(a,z) € V for a € S. Thus (a,y) € VoV C U, ie,
y € UlS). Hence V[V[S]] C U[S], this shows that F is round in
(X, U). 0
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PROPOSITION 2.12. Let (X,U) be a uniform space over B, G an
b-ultrafilter in X and F defined by {U[G]{U € U,G € G}. Then F is

a maximal round b-filter.

Proof. By the proposition 2.11, F is a round b-filter. If W D F is a
round b-filter and B € W, let Ry € W and Uy € U such that Up[Ry] C
R.Then choose a symmetric entourage Uy € U with Uy o Uy C U,
Now, X -~ Uy[Rg| ¢ G, since G is a b-ultrafilter, U;[Ry] € G and
R 2 Up[Ro] 2 Ui[lh[Ro]] € F, so R € F. Hence f is a maximal
round b-filter. £

THEOREM 2.13. A uniform space over B id fibrewise H-complete

if and only if every b-ultrafilter converges in X,.

Proof. Let (X,U) be a fibrewise H-complete uniform space over B
and G be any b-ultrafilter in (X, ). Then F = {U[G]|U € U, G € G}
18 a maximal round b-filter coarser than G in (X,U) by proposition
2.12. Since (X,U) is fibrewise H-complete, F converges in X, and
hence G also converges in X;. Clearly the converse is true. 0

3. Fibrewise H-complete extension

THEOREM 3.1. Let (X,U) be a quasi-uniform space over B that
is not fibrewise H-complete. Then (Y,V) constructed in the proof of
theorem 2.8 is a Tp-reduced fibrewise H-complete extension of (X,U).

Proof. It suffices to show that (Y, V) is fibrewise H-complete. Let
(b, F) be a round b-filter in (Y, V). Since every round is an open filter
and X isdense in Y, FNX # @ for any F € 7. Hence F| = Fix =
{FNX|F € F} is a round b-filter in (X,i) by proposition 2.7.
Let (b, F5) be the maximal round b-filter containing (b, ;). Then
either F, converges in X or (b,F3) = 7(y) for some y € ¥ — X.
In both cases,(b, F2) converges in Y3, since v(y) is the trace of the
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neighborhood filter of y € ¥ — X and g(y) = b. Hence (b, F1) and
(b, F) has a cluster point in Y. O

There are several essentially different fibrewise H-complete exten-

sions of a quasi-uniform space over B, in general.

ExXAMPLE Let X = (c,d) be an open interval with the Euclidean
uniformity and B = {b} a singleton set with trivial quasi-uniformity.
Consider X as a quasi-uniform space over B with constant projection
map p : X — B. Then X has the Tp-reduced fibrewise H-complete
‘extension [c,d] which is a uniform space over B while the quasi-
uniformity V in 3.1 never is a uniformity over B, since B({Uy, 51) €
B~Y(U, S) is impossible.

However, the extension (Y,V) in theorem 3.1, is, in the natural

sense, the finest of all fibrewise H-complete extensions.

PROPOSITION 3.2. Let (X,U) and (Y, V) be quasi-uniform spaces
over B with projections p : X — B and ¢ : Y — B of X and
Y, respectively. Suppose f : (X.U) — (Y,V) is a quasi-uniformly
continuous map over B. Let (b, F) be a round b-filter in (Y, V) whose
members all intersect f(X). Then {f1(F)|F € F} generates a round
b-filter in (X, U).

Proof. Let G = ({f"Y(F)|F € F}). Since go f =p, Gisa b
" filter. For F € F, choose Vo € V and Fy € F such that V[Fp] C F.
Since f is quasi-uniformly continuous on X, there is U € Y such that
Ulf~Y(Fo)] € f~Y(F). Hence G is round in X. In all, G is a round
b-filter in (X, U). O

COROLLARY 3.3. Let X and Y be quasi-uniform space over B and
f: X — Y a quasi-uniformly continuous onto function over B IfX
is fibrewise H-complete, then so is Y.
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Proof. Let (b, F) be a round b-filter in Y. Then by proposition 3.2,
G = ({fY(F)|F € F}) is a round b-filter in X. Since X is fibrewise
H-complete, G has a cluster point z in X;. Let f(x) = y € Y;. Since
zE Fgfm and f is continuous over B, for any neighborhood
N of y, there is a neighborhood W of z such that f(W) C N and
WNf~UYF)#@forall Fe F,and so @ # f(Wn f~1(F)) € fF(W)n
F(f~HF)) C NNF forany F € F. Hence y = f(z) € Frg}_ﬁ. Thus
f(z) is a cluster point of F. Therefore Y is fibrewise H-complete. [J

LEMMA 3.4. Let (X,U) be a quasi-uniform space over B, (Y,V)
one of its extensions constructed by the method of theorem 3.1, and g
a fibrewise map from Y into a quasi-uniform space (Z, W) over B that
18 continuous and its restriction to X is quasi-uniformly continuous.

Then g is also quasi-uniformly continuous over B.

Proof. Given W € W, choose Wi € W with W, o Wy C W, then
there is U € U such that (z,y) € U implies {g(z),g(y)) € W, and,
for y € ¥ — X, S(y) € +(y) such that g(S(y)) C Wi(g(y)), since
g is continuous on Y. Then § € . Then (y,z) € B(U,S) if and
only if z € U(S(y)) forx € X and y € Y — X. So (z,2) € U,
z € S(y) and hence (g(z), g(x)) € Wiy and g(z) € W1(g(y)). Therefore
(9{y), g(2)) € Wy and hence (g(y),g(z)) e Wy o W1 CW. O

LemMA 3.5. Let (X,U) be a quasi-uniform space over B and
(Z,W) an arbitrary fibrewise H-complete extension of (X,U). Then
every maximal round b-filter in (X,U) converges in Z.

Proof. Let G be a maximal round b-filter in (X, ), H the b-filter in
Z generated by G and F = ({U[S]|U € G, S € H}) the round b-filter
in (Z, W) constructed from H. If z € Z, is a cluster point of F, then
it is a cluster point of G. In fact, every open neighborhood V of 2
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and every F € F, VN F # 0, and hence V N (F N X) # 0, since
X = Z. Now, for R € G, choose Rq € U such that Up[Ro] € R. Then
there is W € G such that W N (X x X) = Up. Since W[Rq] € F,
0+ VNW[RNX = VnNU[Ry) €V NR. Since the trace in X
of the neighborhood filter of z is round in (X,U), by proposition 2.3,
and maximality of G, N, C G, i.e., G converges to z € Z. O
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