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SOME PROPERTIES OF SEQUENCES
IN THE FUZZY REAL LINE

DAE Ho CHEOI AND TAE Soo KM

ABSTRACT. In this paper, we shall define the usual fuzzy distance
between two real fuzzy points, using the usual distance between two
points in R. We introduce the fuzzy sequence in the fuzzy real line
and the notion of limit of fuzzy sequence in Fp(R), and obtain the
fuzzy increasing(decreasing) sequence and fuzzy Cauchy sequence of
real fuzzy points.

1. Introduction

Throughout this paper, we denote the closed interval [0,1] by I,
while Iy = (0,1] and R = [0,00). A fuzzy set A in the set X is
characterized by a membership function p4 from X to I. The set
P(X) is the set of all fuzzy sets in X. Two fuzzy sets A and B are
said to be equal iff pg(x) = pp(z) for all x € X. The support of
Ae f’(X ), denoted by S(A), is the ordinary subset of X defined by
S(A) = {zx € X|ua(z) > 0}. A is said to be included in B, denoted

by AC B, iff pa(z) < pup(z) for all z € X.

A fuzzy point in R is a fuzzy set in R which is zero everywhere
except at the one point, say z, where it takes a value , say o , in Ij.
This fuzzy point is denoted by z,, which is called a fuzzy point with
support z and the value a. The collection of all fuzzy points in X
will be denoted by F,(X). A fuzzy point z, is called an element of
A, denoted by z, € A, iff & < pg(x).
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If z, € F,(R), the fuzzy absolute value of x, denoted by |z, is

defined by ,
T if x>0,
Jzal = { (—2)a if z<0.
Define a relation < in F,(R) by for any z,,ys € Fp(R), o < yg if
z<yorz=yand a<p. '
The relation < in F,(R) satisfies that for any z,,yg, 2y € Fp(R),
(1) zo < Zq,
(2) zo < yp and yg < z, imply 24 = yg,
(3) zo <ypand yg < z, imply x4 < 2,.
We call that the relation < in F,(R) is the usual fuzzy order. In
particular, we write z, < yg if z <y and a < 5.
For any z, and yg in F,(R), we have

|za + ypl < |zal + ys]

because o + yYg = (T + Y)ang-

It is said to be fuzzy triangle inequality in real fuzzy points.

For a metric space (X, D), a fuzzy distance D between fuzzy sets
A and B in X is defined using D as

ppap(®) =\ (na(w)App(v)) forall §eR*
5=D(A,B)
where D is a mapping from [P(X)]? to P(R™).

We define a distance function d : F,(X) x F,(X) — P(R*) by the
restriction of D to [F(X)]?. Note that each pair (z4,yg) in [F,(X)]?
corresponds to the fuzzy point D(z,y)anp With support D(z,y) and
the value a A 3. '

DEFINITION 1.1. ([3]) The usual fuzzy metric d : Fp(R) x F,(R) =
P(R™") is defined by

d(Zq,Yg) = |2 — yYlang for every (zq,yp) € Fp(R) x Fp(R).
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We call the pair (R, d) the usual fuzzy metric space.

REMARK. ([6]) Let (X, d) be an induced fuzzy metric space. Then
for all z4,Y8, 2y € Fp(R) the followings hold; -

(1) d(zqa,yp) € Fp(RT).

)
(2) d(xa,ys) =0ang iff z =y.
(3) d(za»yp) = d(ys, Ta)-
(4) Except zy withz < z<ylory<z<z)and 0 <y < aAp,

we have d(r4,y8) < d(Tq, 2y) + d(2y, yp).

DEFINITION 1.2. ([3]) The open fuzzy ball B(z,;7,) with center

z,, and radius r, is the fuzzy set
B(xa;ra) = U{yﬁ € FP(R) : d(xa,.yﬁ) < Ta}-

We see that S[B(za;74)] = (x— 7,2+ 7) and pp(z,;r,)(y) = o for all
y € (zx —r,z +r). In this case we denote B(zqs;7¢) by (z — 71,2+ 7)4
and call it the open fuzzy interval with the value a.

A fuzzy set A in R is called an open fuzzy set if and only if for
every x € S(A) and for every 0 < A < p4(z) there exits an € > 0 such
that '

(x—€,x+€)\ C A

A fuzzy set A in R is bounded iff S(A) is bounded in ordinary set R.

DEFINITION 1.3. ([4]) A function s from the set N into the set

Fp(R) is called a usual fuzzy real sequence, denoted by < x,(;:,) >,

where the n-th term is the fuzzy point .’L'((;:) with the support z(™),

and the value o, € Ij.

DEFINITION 1.4. ([4]) A usual real fuzzy sequence < :cgl) >

converges to a fuzzy point zo if z(™ — z and a, — a, that is

d(z™, z4) — 0o. Thus, we have that =) — z, if for any given
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€ > 0 there exists a natural number N such that n > N implies
|z(™ — z| < € and |a, — @] < €. In this case, z, is called the limit of

<z >

ProPOSITION 1.1. A fuzzy sequence can converge to at most one
fuzzy point of R.

PROPOSITION 1.2. ([5]) Let < 21 >— z, and < yg:) >— yg.

Then, we have the followings;

1) <z + yg:) > converges to T % Yg.

(2) For any given ky € F,(R), < k,yxt(ln) > converges to (kx)ynra-
(3) < :cgfl)yé") > converges to (TY)ang- | :
(4) Lety™ #0 for alln € N and let y # 0. Then, < mg:,)/yé:) >

converges to (Z/y)ang-
Here, 23 £y = (2 £y™)4, ng,, 250y5) = (2™y™),, ag, and
&) [y = (2™ /y™) apng,-

DEFINITION 1.5. ([3]) A usual real fuzzy sequence < 23 > is said

to be bounded if < z(™ > is bounded, i.e, there exists a real number
M > 0 such that |z(™)| < M for all n € N.

REMARK. A sequence < x((,n) > is bounded if and only if the set

{x(n)|n € N} is bounded in F,(R).

PROPOSITION 1.3. Let the fuzzy sequence < ngl) > converge to

Zo. Then the fuzzy sequence < |:ca,,| > of absolute fuzzy points

converges to |zq|.

ﬂ

THEOREM 1.4. Suppose that < x(") >, < ygl) >, and < zgz) >
are fuzzy sequences such that x(") <K y(n) < z(n) for all n € N and
(n ) hmz( ). Then < yén) > is convergent and hmx( n -
(n) (n)

lim Ys,

im z&

= lim 25
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(n)

(") = limz,,”.

. Proof. Let w, = limzg Then, z(® — w, 2(® —
w, an, — o and v, — a. Smce the hypothesis implies that

squeeze theorem implies that y(» — w and 8, — . Thus yg:) — Wq-
EI ,

2. Fuzzy increasing and decreasing sequences and Cauchy

sequences in F,(R)

DEFINITION 2.1. Let < :c(") > be a sequence of real fuzzy points.
We say that < :c( " s s fuzzy increasing (decreasing) if it satisfies
that

s «z® < <zl <« 2D«

Qn41
(:cfxll) > x&zz) > 0> x(”) > :cg"ﬁ) > )
where inf{a,|n € N} # 0.

PROPOSITION 2.1. A convergent sequence of real fuzzy points is
bounded.

THEOREM 2.2.
(1) If < m(n) > is bounded increasing sequence, then lim a:g") =
Lo, where z = sup{sc(n)|n € N} and a = sup{an|n e N}.
(2) If < yén) > is bounded decreasmg sequence, then lim y},ﬂ) =
ys, where y = inf{y(™|n € N} and B = inf{B,|n € N}.

Proof. (1) Since < z(™ > and < a,, > is increasing and bounded,

we have lim £ = sup{z(™|n € N} and hm ap = sup{an|n € N}.
n—00 . .

Similarly, we can have (2). O

DEFINITION 2.2. Let < x,(,rf,) > be a sequence of real fuzzy points
and let 1 < rg < --- <71, < --- be a strictly increasing sequence of
natural numbers. Then the sequence < x,(l,,") > in F, (R) is called a

subsequence of < :c( GBS
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PRrROPOSITION 2.3. If a sequence < :c(") > of real fuzzy points

(n )

converges to x,, then every subsequence of < xy, > also converges

to x.

DEFINITION 2.3. A fuzzy sequence < :cgl) > of real fuzzy points is

said to be a fuzzy Cauchy sequence if < (™ > and < a,, > are Cauchy
sequences, that is, for any given € > 0 there is a natural number N
such that for all natural number n,m > N , we have |z(") — z(™)| < €
and |a, — am| < €.

LEMMA 2.4. If < a:g;) > is a convefgent sequence of real fuzzy

(n )

points, then < xq, > is a fuzzy Cauchy sequence.

LEMMA 2.5. A fuzzy Cauchy sequence of real fuzzy points is boun-

ded.
THEOREM 2.6. A fuzzy sequence < ac,(;f,) >of real fuzzy points is
convergent if and only if it is a fuzzy Cauchy sequence and < ay >

does not converge to 0.

Proof. By the Cauchy convergence criterion, it is obvious. O

DEFINITION 2.4. A fuzzy sequence < a:((;;) > is contractive if there

exist C,0< C <1,

d( (n+2) .’I,'(n+1)) < Cd(.'L'(TH_l) x(n)) forall neN

O‘n+2 Y an41

The number C is called the constant of the contractive fuzzy sequence.

THEOREM 2.7. If < :c(") > is contractive, fuzzy increasing or de-

creasing and < a, > does not converge to 0, then it is convergent.

COROLLARY 2.8. If < x(") > is contractive and fuzzy increasing

or decreasing, then it is a fuzzy Cauchy sequence.
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