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ON /-FRAMES AND STRONG §6-FRAMES

EuN A1 CHOI

ABSTRACT. We introduce é-frames, strong §-frames and completely
distributive lattices, and investigate some relationships among those
frames.

1. Introduction

It is well known [6,7,11] that for any tbpological space X, its topol-
ogy Q(X) is a frame. In Q(X), there are no points of X but open
subsets of X, so we call the frame Q(X) a pointfree topology or a
pointless topology.

The study of topological properties from a lattice-theoretic view-
point was initiated by H. Wallman [17] and further developed by J.
C. C. Mckinsey and A. Tarski [14], G. N6beling [15], and L. Lesieur
[13]. In particular, C. Ehresmann [5] and J. Bénabou [2] took the de-
cisive step of regarding local lattices as generalized topological spaces
in their own right. Such a local lattice is called a frame, a term intro-
duced by C. H. Dowker and studied by D. Papert [3,4], J. R. Isbell
[10], B. Banaschewski [1], P. T. Johnstone [11], G. Gierz et al. [6],
Jorge Picado [12], A. Schauerte [16], and J. Wick Pelletier [18].

In a complete lattice, there are various conditions of distributivity.
The strongest one is the completely distributive law which arises very
rarely. Indeed, complete Boolean algebra is completely distributive
iff L is isomorphic with the power set lattice of some set X. We also
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note that continuous lattices and frames are characterized by certain
distributive laws. We note that a frame L is a complete lattice but in
the theory of frames, we use only finite meets. Considering countable
meets, we will get more properties of frames.

We introduce the concepts of §-frames, strong -frames and com-
pletely distributive lattices, and study some relationships among those

concepts.

DEFINITION 1.1. Let L be a poset. We say that L is :

(1) a lattice if every finite subset of L has the least upper bound
and the greatest lower bound.
(2) complete if every subset A of L has the least upper bound

and the greatest lower bound.

DEFINITION 1.2 ([8,9]). Let L be a lattice.
(1) L is said to be distributive if for any z, y, z € L,

zA(yVz)=(xAy)V (zAz),
or equivalently,
zV(yAz)=(zVy A(zVz2).

(2) Foranyz, y € L, y is said to be a complementof zif xVy =e
and z Ay =0.

If L is a distributive lattice, then every element x of L has at
most one complement. If z has the unique complement, then the

complement of x is denoted by z’.

DEFINITION 1.3. A distributive lattice L is called a Boolean algebra

if every element x in L has the complement z'.
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DEFINITION 1.4. A complete lattice L is called a frame (or com-
plete Heyting algebra) if for any a € L and S C L,

anN(VS)=V{aAns : seS}

EXAMPLE 1.5.
(1) Let X be a set and Q2(X) a topology on X. Then (2(X), C)
is a frame, where C is the inclusion relation.
(2) Every complete chain is a frame.

(3) Every complete Boolean algebra is a frame.

2. 6-Frames and Strong é-Frames
DEFINITION 2.1. A frame L is called a d-frame if for any a € L
and countable subset K of L,

aV(ANK)=N{aVEk:keK}.

REMARK 2.2.

(1) In a complete lattice L, aV (AK) < A{aVk:k € K}
holds for any K C L and a € L, because a < aVk forall k € K
imply a < AfaVk:k € K} and kK < aVkfor all £k € K imply
AK <A{aVk:ke K};henceaV (AK)<A{aVk:keK}.

(2) Every complete chain L is a d-frame. Because for any a € L

and K C L, we have :
i) If a <k for all k € K, then a < A K; hence

aV(NK)=ANK=A{aVEk:keK}.
ii) If there is kg € K with ko < a, then A K < ko < a ; hence

aV(AK)=a=aVko>NA{aVk:keK}.
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Thus by i), ii) and (1), L is a d-frame.

(3) Every complete Boolean algebra L is a d-frame. Thus the
frame of regular open subsets of R is a -frame. To show this, let L
be a complete Boolean algebra. Then for a € L and for any T C L
andxz €T,

z=0Vzr
=(and)Vz

=(avVz)A(dVz);
hence

AT =AN{(avz)A(a'Vz):zeT}
=(NMaVvz:zeT}HAN(A{d Vz:zeT}).
Thus
aV(AT)=(aV(A{avz:zeT}))A(aV(N{a'Ve:zeT})

={(aV(A{aVvz:zeT})ANe
=NaVvz:zeT}

Therefore, L is a é-frame by (1).

PROPOSITION 2.3. Every é-frame is a frame.

EXAMPLE 2.4. A frame need not be a d-frame. In fact, the open
set lattice C¢(N) is not a é-frame but a frame, where C¢(N) is the
cofinite topology on the set N of natural numbers. To show this, let

K = {N - {m} : m is a positive odd integer}, a = N — {2}.

Thena=aV(AK)# NaVk:ke K} =e, where A\ K =int((K)
and VK =K.
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DEFINITION 2.5. A frame L is called a strong -frame if for any
countable family (Ag)ken of subsets of L,
ANVA) =V (A f(n),

keN - fE n Ak neN
keEN

where f = (f(n))nen.

EXAMPLE 2.6. Let X be an infinite set endowed with the cocount-
able topology C.(X). Then L = C.(X) is a strong J-frame. We note
that C.(X) is closed under countable intersections. Indeed, take any
countable family (Ag)ken of subsets of L,

A (VA = N UA)

keN keN
= U (N fn)
fEkI;INAk neN
= V (A f(n)).

fe Tl Ax neN
kEN

PROPOSITION 2.7. Let L be a strong d-frame. If for each n € N,
A,, is cover of L, then { \ f(n): f € [] Ax} is the meet of (Ap)nen
neN keN
in (Cov(L), <).

Proof. Let B ={ A\ f(n): f € ]| Ax}, then B is a cover of L,

i neN keN
ecause VB=V{A f(n): fe I] Ax}
neN keN
= A (VA4z)
keN

Clearly B < A, for any n € N. Suppose there is C with C < A,, for
any n € N. For any c € C, there is a f € [[ Ax with f(n) € A,, and
kEN

c< f(n) (n€N);hencec< A f(n) € B. Thus one has C < B. O
neN ’
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PROPOSITION 2.8. Every strong §-frame L is a 6-frame.

Proof. For any countable K C L and a € L, put Ay = {a, k} (k€
K), then the equation in Definition 2.5 is precisely one in Definition
2.1. O

EXAMPLE 2.9. Let L = {G : G is a regular open subset of R}.
Then L is a d-frame but not a strong §-frame. Because, let Ay = {(p—
1/k, p+1/k) :p € Q} (k € N), then since Q C \/ Ag, \V A = (k €
N) ; hence A (V Ax) = R. Take any f € H Ay, then /\ f(n) =

N
Thus V' (A F(n) =0 Hence A (VA)Z V(A £(n).
sel et T el e

DEFINITION 2.10. Let L be a cbmplete lattice. L is said to be
completely distributive if for any family (A;)ier of subsets of L,

ANVA) = V(A FG):
el feil;IIAi Jel

PROPOSITION 2.11. A complete chain is completely distributive.

Proof. Since \/ A; is an upper bound for { A f(j): f € [] 4:i},
Jjel iel

VA; > A f(j) for all f € [] As ; hence
jeI i€l

VA;> V (A f(); and hence
feiI;[IAi JeI

ANVA) > V(A @),

el fG.I;IIAi Jel :

Putz= A(VAi)andy= "\ (A f(4)). If z > y, then we have
iel S H]Ai Jjel
i€
the following cases.

Case 1. If there is no element of L strictly between = and y, then
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since ¢ < \/ A; (i € I), there is a; € A; with z < a; (j € I) ; hence
there is a choice function f € [[ A; with f(j) >z (j € I). Thus
i€l

< A< V(A FG) =y
JeI fei];[IAi jelI

which contradicts to the fact that = > y.

Case 2. If there is z € L with z > 2z > y, then sirice z < A(VA),
i€l
\V A; > z for all ¢ € I and there is a; € A; with a; > z. Then there

is a choice function f € [[ A; with f(j) > z (j € I). Thus

iel
S A< V(A FG) =y,
jel fell Ai jel
i€l
which contradicts to the fact that y < z. Therefore z = y. O

PROPOSITION 2.12. If a complete lattice L is completely distribu-
tive, then L is a strong §-frame. '

The converse of Proposition 2.12 is not true.

ExAMPLE 2.13. Let L = C.(R) and A, = {R - {a}, R - {—a}}
(o € R*). Then

A VAa)=R#0= "\ (A f(B).
a€Rt fe 1-,[(+ BERT

Thus L = C.(R) is not completely distributive.

REFERENCES

1. B. Banaschewski, Frames and Compactifications, In Extension Theory of
Topological Structures and its Appl., Deutscher Verlag der Wissenschaften,
Berlin (1969), 29-33.

2. J. Bénabou, Treillis Locauz et Paratopologies, Séminaire Ehresmann (Topolo-
gie et Géométrie Différentielle), lre année (1957-8), exposé 2 (1958).



34

3.

4.

5.

10.
11.
12.
13.
14.
15.
16.
17.

18.

EUN Al CHOI

C. H. Dowker and D. Papert, Quotient Frames and Subspaces, Proc. Lond.
Math. Soc. 16 (1966), 275-296.

C. H. Dowker and D. Papert, Sums in the Category of Frames, Houston J.
Math. 8 (1977), 7-15.

C. Ehresmann, Cattungen von Lokalen Structuren, Jber. Deutsch. Math.
Verein 60 (1957), 59-77.

. G. Gierz, K. H. Hofmann, J. D. Lawson, M. Mislove and D. S. Scott, A

Compendium of Continuous Lattices, Springer, New York, 1980.

. G. Gratzer, General Lattice Theory, Academic Press, New York, 1978.
. A. Heyting, Die formalen Regeln der intuitionistischen Logik, Sitzungsberichte

der Preussichen Akademie der Wissenschaften, Phys. Mathem. Klasse (1930),
42-56.

. S. S. Hong, Convergence in Frames, Kyungpook Math. J. 835 (1995), 85-91.

J. R. Isbell, Atomless Parts of Spaces, Math. Scand. 31 (1972), 5-32.

P. T. Johnstone, Stone Space, Cambridge University Press, 1982.

Jorge Picado, Join-Countinuous Frames, Priestley’s Duality and

Biframes, Applied Categorical Structures 2 (1994), 331-350.

L. Lesieur, Les Treillis en Topologie, Séminaire Chételet-Dubreil (Algébre et
Théorie des Nombres), 7e année(1953-1954), exposés 3-4 (1954).

J. C. C. Mckinsey and A. Tarski, The Algebra of Topology, Ann. Math. (2)
45 (1944), 141-191.

G. Nobeling, Topologie der Vereine und Verbdnde, Arch. Math. (Basel) 1
(1948), 154-159.

A. Schauerte, Normality for Biframes, Applied Categorical Structures 3
(1995), 1-9.

H. Wallman, Lattices and Topological Spaces, Ann. Math. (2) 89 (1938),
112-126.

J. Wick Pelletier, Von Neumann Algebras and Hilbert Quantales, Applied
Categorical Structures 5 (1997), 249-264. '

DEPARTMENT OF MATHEMATICS
CHUNGBUK NATIONAL UNIVERSITY
CHEONGJU, 361-763, KOREA.





