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THE RELATIVE LUSTERNIK-SCHNIRELMANN 
CATEGORY OF A SUBSET IN A SPACE WITH 

RESPECT TO A MAP

Eun Ju Moon, Chang Kyu Hur and Yeon Soo Yoon

Abstract. In this paper we shall define a relative Lusternik-Schnirel- 
mann category of a subset in a space with respect to a map which 
generalizes the category of a space, the category of a map and the 
relative category of a subset in a space. We shall study some proper­
ties of the relative Lusternik-Schnirelmann category of a subset in a 
space with respect to a map and generalize many results of the above 
categories.

1. Introduction
The notion of category of a space was proposed by Lusternik and 

Schnirelmann[7] in 1934, and proved that, when X is a smooth man­
ifold, cat X gives a lower bound for the number of critical points of 
a smooth function on X. The definition adopted here is due to R. H. 
Fox[3]. He altered the origin definition by replacing closed by open cov­
erings as follows; The category, cat X, of a topological space X is the 
least integer n such that X can be covered by the n open subsets each of 
which is contractible in X; if there is no such integer, cat X = oo. The 
notion of category of a space can be generalized in a number of ways. 
One of these is the notion of the category of a map, due to Berstein 
and Ganeafl]. For a map / : X —> V, the category, cat f, of a map f 
is the least integer n>l with the property that X may be covered by 
n open subsets on each of which f is homotopic to a constant map; if
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no such integer exists, we put cat / = oo. Of course cat f reduces to 
cat X when X = Y and f is the identity. For a subset A of X and an 
inclusion i : A —> X, cat i is generally written as catxA and called the 
relative category, catxA, of a subset A in X. In this paper we shall 
define a Lusternik-Schnirelmann category of a subset with respect to a 
map which generalizes the above several Lusternik-Schnirelmann cate­
gories. We shall study some properties of the Lusternik-Schnirelmann 
category of a subset with respect to a map and generalize many results 
of the above categories.

2. The relative Lusternik-Schnirelmann Category of a subset 
in a space with respect to a map
Definition 2.1. Let A be a subset of X and f : X —> F a map. 

Then the relative Lusternik-Schnirelmann category, caty /a, of A in X 
with respect to f is the least integer n with the property that A can 
be covered by the n open subsets in A each of which f is homotopic 
to a constant map. If no such covering exists we say that the relative 
category of A in X with respect to f is infinite.

Remark 2.2. (1) If f = lx，난len catx (1%)a = catx A.
(2) In fact, caty /a = cat (Ji), where i : A X is the inclusion.
(3) If / 〜 우 : X —今 y ,then caty /a = caty w .
(4) caty /a = 1 if and only if / 仏 〜 米 : A —> K .
(5) If A = X, then caty /a = cat f.

The following Theorem 2.3 says that caty is subadditive.

Theorem 2.3. If f ： X —今 Y and A c X and A = AiU A2 and 
>li, A2 be open subsets of A, then caty Ja < caty /ai 十 caty /凶2 .

Proof. Let caty /서 = m and caty /a2 = % Then there exist cov­
erings {Ui | Ui : open in』4i, / 피 〜 米 : 頂 一> K, i = 1, • • • , m} of 

Ai and {Vj | Vj : open in A2, f \v. 〜 *: 匕 一> V, i = 1, • • • , n} of

Now we show that {仏, l시 頂, Vj are open in A\, respectively,
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f |囚 〜 * : 尿 一今 y, f\Vj 〜 * : 匕 一> y, i = 1, … , m, j = 1, • • • , n} 

is an open covering of A. Since Ui is open in A\ and is open in 
A, Ui is open in A. Similarly, Vj is open in A. Since A± = IJJ[甘 

凶2 = (Jj 匕 and A = A1{JA2i {Ui, Vj} is an open covering of A Hence 
caty 亡4 < catY /ai + catY /a2 • 日

Corollary 2.4. [1] If X = A(J B and A, B are open in X, then 
cat f 冬 cat f \A+cat f \B.

Theorem 2.5. If Ac B g X, then catY /a < caty fB.

Proof. Let {Va} be a covering of B such that each Va is open in B 
and on each / is null homotopic. Since B C \Ja Va and A is subset 
of B, A C LLC匕시)• Thus {Va Cl A} is a covering of A such that 
each 14 A A is open in A and on each VaQ A f is null homotopic. This 
proves the theorem. □

Taking B = X in Theorem 2.5, we have the following corollary.

Corollary 2.6. caty /a < cat f for any subset A of X.

Theorem 2.7. For any two maps f : X Y, g : Y Z and a 
subset A of X, catz (g o f)A < min {caty /a, catz 9f(A)}-

Proof. (1) We show that catz (g o f)人 < caty f& Let {Ua} be a 
covering of A such that for each a, Ua is open in A and foia 〜 氷 : Ua -스 

y. Then gofoia 〜 go* =(幻(*)： Ua -今 Z. Thus catz (으o/)a < caty fA. 
(2) We show that catz (g° f)a < catz 心就 04} be a covering of 
/(A) such that for each ct, Va is open in /(A) and g< 시 〜 * ： l셔 —> 匕. 

Then for each a, there exists an open Ua in Y such that Va = f(A)r\Ua. 
Since f is continuous, is open in X and /n A is open
in A. Moreover A C J*"1 o /(A) = /-1(|丄 匕J = Ua(/-1(히a) A A).
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Consider the following commutative diagram

y-i（까）nA—쓰dX 

d , P

Va -丄丄今 K

Then g〈〉f 石 ia = g Q ifa ° f 〜 氷 0 f = 어 : —今 Z. Thus catz {g o
/）a < catz gy（A）. From （1） and （2）, we know that catz （g ° f）A < min 
{catY /a, catz gy（A）}. □

From Theorem 2.7 and Corollary 2.6, we have the following corollary.

Corollary 2.8. [4] For any two maps f ： X -스 Y and g , Y —> Z 
we have cat （p o /） < min {cat /, cat g}. In particular cat f < cat X 
and cat f < cat Y.

Corollary 2.9. For any map f : X Y and any subset A of X, 
caty /a < min {caty /（A）, catx A}.

Proof. In Theorem 2.7, take g = i /（人）: /Q4） —느 Y• Since cat 幻（方）= 

caty /（A） and caty f人 < cat = catx 刀, we know, from Theorem 
2.7, that caty Ja < min {caty /（』4）, catx A}. □

Corollary 2.10. Let h : X1 — X has a left homotopy inverse 
k : X —今 Xf. Then for a subset A! of Xf, catx = catxf A'.

Proof. Since catx = cat hi! and catxf A' = cat i', we know, from 
Corollary 2.8, that catx < catx1Thus we show that catx1』4' < 
catx Ha'. Let {Va} be a covering of A! such that for each a, Va is open 
in A' and hia 〜 * : V& —> X. Thus ia 〜 khia 〜 야白）: Va -今 Xf, 
Therefore catx1 Af < catx 1匕잇. This proves the corollary. □

Theorem 2.11. For a map f : X Y, let h : X' —+ X be a 
homotopy equivalence with homotopy inverse k : X —今 X'. Let A! be a 
subset of X1 such that k아i（Af） C A!. Then caty （f 아i）a' = caty fh（Af）.
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Proof. From Theorem 2.7, we have that caty (f 아h)^ 冬 caty //i«. 
Thus we show that caty fh(Af)< caty (/o/z)四. Let {Va} be a covering 
of Af such that for each a, Va is open in A! and / o 九 o 이 〜 * : 

Va Y. Then for each a, there exists an open set Ua in X' such 
that Va = A' Q Ua. Since k is continuous, k?1 (Ua) is open in X and 
h(Af) Pl kr1 (Ua) is open in h(Af). Since {Va} is a covering of Af and 
ko A(A') c A', h(Af) C k-^A') C ^(U^K) C IL[즈-1(끼)]. Thus 
h(A') C IJa(h(Af)nk'~1(Ua)). Since fohoifa 〜 * : Va —> V, there exists 
a continuous function K : Va x I Y such that , 0) = f o h o i'a 
and 7<( , 1) = c*. Define H : h(Af) n 즈리 x I —今 K by H(x,t) = 
K(k(x),t). Then since K and k are continuous maps, H is continuous 
map. From the following commutative diagram

K 丄心 Xf

h h

. mmm 丄으->

H(x, 0) = K{k{x)^ 0) = f o h o ifa o k(x) = f oiao ho k(x). Since 1% 〜 
hk : X -今 X, there exists a continuous function R \ X y、I -斗 X such 
that R(,0) = 1% R(,l) = hok. Define G : h(Af} n 江) x I -弓 F 
by

G{x^ t) = f c〉R{x, 2i)
H(x, 2t — 1)

1
-
2
 1

<
-
 
<
-
 

<
-
 
<
-
 

o
 
1
-
2
 

if
if

For t = 느, / o R(x, 1) = f o h o g(x) = f oiao ho g{x) = H(x, 0). Thus 
G is well-defined and continuous. Since G(x^ 0) = f o R(x, 0) = f(x) = 

f o G(x, 1) = H(x, 1) = K(k(x), 1) = c*, / o 가 紀 c* ： h(Af) n 

―> 乂• Hence {h(Af) A /厂乂파)} is an open covering of h(Af) 
and f oia 〜 * : /z(A')nfc-1(C7Q) —> Y, Therefore cat fh(Af)< cat f oh a1- 
This proves the theorem. □
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In Theorem 2.11, taking / = 1% : X -> X and applying Corollary 
2.10 and Remark 2.2(1), we have the following corollary.

Corollary 2.12. [4] Let h : X' —스 X be a homotopy equivalence 
and A! a subset of X'. Then catxf A' = catx h(A'), In particular, 
cat Xf = cat X.

From now on we turn our attention to path connected spaces with 
base point *. If there is an open neighborhood of * which is contractible 
in a space, then we describe the space as categorically well based. In 
the 72-fold topological product H^X of a pointed space X with itself, 
let TnX be the subspace of IInX consisting of the n-tuples (^i, • • • , xn) 
such that a least one of the X{ equals *. Then we have the following 
theorem which is a generalized result of James[4].

Theorem 2.13. Suppose that A is a normal subspace of X and Y 
is a path-connected and categorically well based space, and f : X Y 
is a continuous map. Then caty /^ < n if and only if there exist a 
continuous function g : A TnY such that the following diagram is 
homotopy commutative ;

A —으—斗 TnY

fiA j

y —으스 nnY.

Proof, Since A o / o 채 and jog are homotopic , there exists a 
continuous function ht\ AHnY such that /z()= 八°/°匕4, 九i = j°g. 
Since Y is categorically well-based, there exist an open neighborhood 
N of * which N is contractible in Y, that is, i 〜 水 : N 으今 Y. For 
all fc & 1, • • • , n, let Uk = h^1 o 以己四), where pk : TlnY -今 F is the 
projection. Then Uk is open in A. Since i 〜 米 : — K , there exists
a continuous map Kt : N Y such that Kq = i and K\ = c*. Let 
羊 = Ktopkoh^.Uj쓰昌 N 쯔今 Y. Then : Uk — Y is continuous
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and

= Ko O pk O hi = i O Pk O hi = Pk O hi,

/yi = I〈i 0 Pk 0 九1 =(?* ° Pk 0 hi = c*.

Define 凡 :(4 K by

D (PkQh2t if 0 < i < I , 
Rt={ 그 그 2

if I < i < 1.

By the pasting lemma, Rt is continuous and

」比0(冗) = Pk 0 M시0 =Pfc o (A O / o U)(rr) = f(x) = / o ik(x),

Ri (^) = (^) = (x) = 米,

where 하 : [4 —今 X is the inclusion. Thus f o ik 〜 氷 : Uk —今 Y. 
Moreover, since (JUk = U[九己 "己⑷)] = 九rlUPf1 (지)I = 九f1 [(川 乂 

Xx—.xX)|J(Xx2V〉o..〉<X)|J..4J(XxXx … x』V)] =/丘1[II"X] = 
A, {Uk} is a covering of A. Hence caty /a < n. Conversely, suppose 
0시<4 is open in A, 1 < A: < n} is a covering of A each of which f is 
homotopic to a constant map. For each k = !,••• , n , there exists a 
continuous function g누 : V》x I -今 V such that

,0) =/04, 이人( ,1) = 仁아,

where 휴 : IQ -今 X is the in이usion. Since Y is path-connected, for 
each k = 1, • • • ,n ,there exists a path pk ： I Y such that 久(0) = 
Xk, Pk(l) = *• Let 사 : 14 x I •—今 V be given by

hk (:仏 t) =
< gk(財‘거;)

‘ pk(2t - 1)

1
=
2
 1

<
-
 
<
-

<
-
 
<
-
 

o
 
1
-
2
 

if
if

Then hk is continuous and hk( ,0) = gk( ,0) = /o^, hk( , 1) = pk(l) = 
c*. Since A is normal, there exists a covering {_Ai, • • • , | 八 is closed
in A, for all k} of A with the property that for each k = 1, • • • , n, there 
exists an open set Wk in A such that C Wk C Wk C 14. Since 
and A — Wk are disjoint sets, by the Urysohn’s lemma, there exists a
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map yt : A I such that M(Ak) = 1, 7人(』4 — = 0. Define a map
야 ： 刀人 乂 으 —+ 乂 by

시( m _ //(位) if aeA-Wk,
“ 스 仏⑵⑶化)) if a CH.

Then dk is well defined and continuous. Let d : A x I —으今 (』4 x 

I) x • • • x (A x /) dl^—^dn Y〉〈 • • • x Y\ Then d is continuous and 
d(a,0) = (허(a,()),••• ,dn(a,0)) = (/(a),… ,/(a)) = Ao/oix(a). Let 
a 三 丄4 = |J A人. Then there exists a subset』4人0 such that a G 丄4人0 and 
7koG# = 亡 Since a G A^Q C 1八0,

dk0(a,l) = hko(a,yko(a)) = hko(a, 1) = c*(a) = *.

Thus d(a, 1) = (di(a, 1), … , dn(a, 1)) e TnY. Let g『 = d( , 1) : A —> 
dTnY. Then A o / o 〜 j o g. This proves the theorem. □

Corollary 2.14. [4] Suppose that X is normal, and Y is a path- 
connected and categorically well based space, and f : X —> Y is a 
continuous map. Then cat f < n if and only if there exist a continuous 
function g : X —斗 TnY such that the following diagram is homotopy 
commutative ;

X —으弓 TnY

f j

y --스—> nny.

Theorem 2.15. Let F ―各 E —으今 B be a Gbration and Bf C B a 
path connected categorically well based such that E1 = is a
normal categorically well based path connected space. Then cats Ef < 
catEf i • cats' Pe^ In particular, catE Ef < cats'F - catB'.

Proof. Let cats' Pe1 = = Then by Theorem 2.13, there exists a 
map 0 : Ef -今 TnBf such that the following diagram is homotopy
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commutative ;

E' —어弓 TnBf

pi' 3b1

Bf 쓰丄 TTB',

where i' : E' -今 E is the inclusion. Thus there exists a continuous 
function H : Ef x I -今 IPB' such that

, 0) = AQ, o (p o i!) = n"(p o i')&,

H(、,0) = jBf Q(仏

Consider the following commutative diagram

Ef 쓰丄 E'〉〈 … x Ef

pir nn(pi)

Bf —% B' x … x B'.

Since p o : £이 一> B' is a fibration, IIn(p o if) : T[nEf —> IT%' is a 
fibration. For the commutative diagram

Ef x {0} —얘丄 IT%'

IIn (pif)

Ef X I -프—

there exists a continuous function G : Ef x I W Ef such that

G{ ,0) = &, ir(poi')oG = H.

Let(/)' = G( ,1) : Ef x {1} ―斗 HnEr, Then IIn(p o》') o(/>' = nn(p o i') o
G( , 1) = H( , 1) = jB> o(/>：£；' a Therefore

(1) nn(p o /)= jB, o。
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Let cats' ip = m. By Theorem 2.13, there exists a function 0 : F -스 

TmEf such that the following diagram is homotopy commutative;

F —브今 TmC'

i Je'

e1 ■쐐느 nm=

Thus there exists a continuous function K : F x I IImE' such that 
7<( ,0) = A肖 o , 1) = je' ° 0. Since (B',*) is a closed cofibred 
pair, by the Strum’s theorem [11], (Ef, F) is a cofibred pair. That is, 

F ―으弓 Ef is cofibration. Thus for a space EPE", a map g = Ag, o i and 
a continuous function K : F x I — HmE' such that」Ff ( , 0) = 이, there 
is a continuous function K : E' x I HmEf such that

R( ,0) = = K o (z x 1) = K.

Let r = R( , 1) : Ef -스 HmEf. Then roi = K |f〉<{i} = 2C( , 1) = Je1 
That is,

(2) T o i = jEf O 0

Since the following diagram is commutative

Ef -요丄 E1 乂 … x E'

i n"(A斷)

Ef 쐐丄 (乃' x … x 思') x … x (£；' x … x 月'),

文村 nn(A 깜,)oG
nn(r) O 0' 씨 nn(A%,) o(y - nn(A》,) O A急 = A對". That is,

nn(r)o0'-a 까".

Let x G E'. We know, by (1), that

nn(：p o i) o 折(:r) = jB, o W)= W) e TnBf.
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Thus there is an element Xf Q F such that d>f(x), = (:句,物, …，히/, … ,G), 
where F is subset of Ef. From (2), we know that r o i = o 0. Thus

II"(T)oq/(：r) = n"(r)(:z：i,:z：2,•••，幻,… ,G)

= (r(⑦i),r(G), … , r(xf), … , t(g))

= (r(:ri), T(:z：2), … , 0(xf), … , r(xn))

= (7■(:Z：1),T(:成),… ,T(G)),

where 0 : F -斗 TmEf and (• … ,*,•••) € TmE". Therefore at least one 
coordinates of nn(r) o(/八x) is the base point of Ef. That is, there is a 
map nn(r) o 巾 : Ef -今 TmnEf such that

jir(r)o0'스 a臥.

Hence by Theorem 2.13, cats Ef < mn = cats' ip • catB' Pe' •
In particular, we have, from Corollary 2.9, that

catE' ip < cats' z(F) = cat田 F

cats' Pe' < catBf P(Ef) = cats' Bl = cat Bf.

Thus cats Ef < catE'F - cat Bf. □

In Theorem 2.15, taking B' = B, we have the following corollary.

Corollary 2.16. [4] Let F —丄弓 E -으今 B be a tibration, and B a 
path connected categorically well based space and E a normal categor­
ically well based path connected space. Then cat E < cat i • cat p. In 
particular, cat E < cat F • cat B.
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