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A NOTE ON GENERALIZATIONS OF PREECE’S
IDENTITY AND OTHER CONTIGUOUS RESULTS

ARJUN K. RATHIE* AND JUNESANG CHOI

ABSTRACT. The aim of this paper is to establish generalizations
of the well known Preece’s identity and other identities involving
product of generalized hypergeometric series by using new and very
short method.

1. Introduction and results required

The generalized hypergeometric function with p numerator and ¢
denominator parameters is defined by '

Qi ... ,0p; | . S — (al)n"‘(ap)ﬂf:
qu [ﬂla--- ;ﬁq;z] ——qu[C!l,‘.. 1ap,ﬂ1,--- y,Bl,hz]— ;0 (ﬂl)n"'(ﬁq)n ey

where (o), denotes the Pochhammer symbol (or the shifted factorial,
since (1), = n!) defined by

(a)o=1 and (@)n=ala+1)...(a+n-1) (n=1,2,3,...),

for any complex number a.

From the theory of differential equations, Professor Preece (3] es-
tablished the following very interesting identity involving product of
generalized hypergeometric series:

1Fi(a;20; ) x 1F1(1 — ;2 — 2a; )

(1.1) . 1 1 3 z?
=€ 1F2 (§,a+§, 5—0, Z)
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Very recently the first author [4] has given a very short proof of (1.1).
In another paper the first author [5] has also obtained the following two
results contiguous to (1.1):

tFi(a;2a+1;2) x 1F1(1 — ;2 - 205 x)

=e® ¢ 1 F: l’c'z+l EJ;-—a'iz-
(12) - 12 97 2" 9 '3

x 3 3 3 z?
—_— o F3 | =, 1; = — -, 2 =
2(2a+1)2 3(2’ ) 2 a)a+ 2)27 4)}
and
1Fi(e;2a0-1; 2) x 1 (1 — ;2 - 2¢; 7)

e mf(t, 13 2
(1.3) R O L A T

i m(L% g e T
22 -1 2\2°2 5T

The well-known Kummer’s first and second theorems [2] are

(1.4) 1Fi(a; v; 2) = €° x 1 Fi(y — a5 7; —2),

1 2
(1.5) e /2 x 1Fy(o; 205 ©) = o F} (— sat o %) :

Recently the first author and Nagar [6] have obtained the following
two interesting results contiguous to (1.5):

e %% x 1 Fi(a; 20+ 1; )

(1.6) 1 z? z 3 2?
—oFl(—,CH’E, E) —moFl(—,a+§, 1_6)

and

e /% x 1 Fy(e; 2a — 1; x)

(1.7) N _1.:c2 4 T ml—. +lz_2
TN T YT I8) T2\ T YT 216 )
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The following is an interesting result due to Bailey [1]:
oFi(—; p; ) X oF1( ~; 05 )

1.8 1
(18) =2F3<2(p+0), slp+o— 1);p,0,p+a—1;4w).

We also recall the following interesting formula (see Srivastava et al.
7, p. 322, Eq.(186)]):

1Fi(o; 20; ) x 1 F1(6; 26; —x)

2
(1.9) =2F3(%(a+ﬂ), “(a+B8+1);a+ ,/3+ ,a+ﬂ;%—).

The aim of this paper is to establish a generalization of the well-
known Preece’s identity (1.1) by a similar method given by the first
author {4]. In the last, two interesting results are also given.

2. Main results

In this section, we shall establish the following generalization of the
well-known Preece’s identity (1.1) and other results:

1Fi(a;2a; ) x 1F1(8;26; x)

1) =e® o F; ( (a+ B), —(a+ﬂ+1) o+ ,ﬂ+ o+ B3 i:-)

(2.2)
1F1(a;2a+4 1; ) x 1F1(8;26; =)

2
—e® {2F3 (-;—(a+ﬁ+ D, 5@+ fiat s, B+ 5, ath; “—;—) -

_*
2(2a + 1)

1 1 3 1 z2
x 2F3 (§(a+ﬂ+2), §(a+ﬁ+1);a+ 5,,34- §,a+/3+1; T)}

(2.3)
1F1(a;2a -1 z) x 1F1(8;26; z)

2
e LaR (3t p-1). o+ M B+ Jamfoats-1 D)

2 Py (i@t B+1), (et B Bt oot 2)}
+—2Ea_—1)2 3(5(0‘*' + )’201"' ) B+ = 701+ ,a+ﬂ, .
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3. Proofs
Using (1.4) and (1.9), we immediately reach at (2.1). Indeed,

1Fi(a;2a; ) x 1F1(6;20; x)
=e” 1 Fi(a;20; ) x 1F1(6;206; —x)

. 1 1 1 1 2
=€ 2F3 (-2-(C¥+ﬂ), §(a+ﬁ+1),a+§,ﬂ+§,a+ﬁ, I)

In order to prove (2.2), it is sufficient to show that
(3.1)
e *1A(a;2a+1; .’l:) X 1F1(ﬁ;2,3; .’L‘)

1 1 1 1 z2
= - 1), - . - - . —
2F3<2(a+ﬂ+ ),2(a+ﬂ),a+2,ﬂ+2,a+ﬁ, 4)

x

F (1(a+ﬁ+2) Lt r1yat S g+t atpr "”2)
- = (o ; =B+, i — -
2@a+1) 2 %\ 2 ' 2 2 2

4
Now, start with the left-hand side of (3.1): Using (1.4), we have
LHS.=e*1Fi(a;2a+1; z) x 1F1(6;26; z)
= {6“1/21F1(a ;2 + 15 w)} {e‘z/21F1(ﬁ;2ﬁ; x)}

= {e‘”/lel(a;Qa +1; x)} {em/21F1(,3;2ﬂ; —m)}

using (1.5) and (1.6) in the first expression and (1.8) in the second
expression, we get

1 g2 1 z?
=oF1| - S Fi{ - =i =
01< ﬁ+2 16)X{01( a+2 16)
T 3 z2
—_— R —; Z. =
2@a+1)° 1( 3 16)}
1 1 1 1 z?
=oF3 ( = 1), = Cad4 = = ;=
2Fo (F@+0+D, JatPat s, Bt Fa+s T)

1 1 3 1 z?
F3 -2—(a+ﬂ+2), §(a+ﬁ+1);a+ 3 At -2-,a+ﬁ+1; —

xr
202a+1)’ 4

=R.H.S.
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Similarly the result (2.3) can be deduced. So there is no need to give
the proof of (2.3).

Note that the results (2.2) and (2.3) are new and contiguous to (2.1).
The results (2.2) and (2.3) are in fact the generalizations of the results
(1.2) and (1.3) respectively.

4. Special cases

If we take # =1 — a in (2.1), we get the well-known identity due to
Preece.

On the other hand, if we take § =2 —a and f =2 — a in (2.1), we
get the following results:

1Fi(a;20; z) x 1F1(2 — ;4 — 205 x)

(4.1) . 3 15 22
=€ 2F3 (1, §7a+'2" 5'—&, 21 _4_
and
1Fi(a;20; ) x 1F1(3— a; 6 — 205 x)
(4.2) . 3 17 1, z?
=€ 2F3 5,2,0-{- 5, ‘2-—(1‘{—5,3, z)

Clearly the results (4.1) and (4.2) are closely related to the well-
known Preece’s identity (1.1).
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