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DERIVED CUP PRODUCT AND
(STRICTLY) DERIVED GROUPS

DAE-WOONG LEE

ABSTRACT. The purpose of this paper is to construct a ring with
unity under the derived cup product on the cochain groups of the
inverse system and an isomorphism which is useful as the computa-
tion of a derived group by deleting the suitable terms in the directed
set D. Moreover we apply these results to the K-theory.

1. Introduction

Noveling [11] introduced the n-th derived functor liin(m)( -),m=>0

on the category of inverse systems and morphisms of systems. Mathe-
maticians have studied the properties of this functor and found the de-
sirable exact sequences with respect to several functors ([4], [5]). Araki
and Yoshimura [1] showed that if H is an additive (reduced) cohomol-
ogy theory on arbitrary CW-complexes, then E3*" = h;I_n('") (H™(Xa))-

Huber and Meier [4] proved that ker(§ : H*(X) — liin(o)(H "(Xa))) is

isomorphic to the group Pext(F,_1(X),A), where F, is a homology
theory of finite type and liin(m)(H"(Xa)) = 0 for all m > 2. In 1993

Mdzinarishvili and Spanier [10] established the long exact sequence for
the derived functor lgn(m)(—), m > 0 with respect to a cohomology
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module H*(X; A). The author [7] also found the 4-term exact sequence
using the derived functor, stable homotopy group {X,, M¢(A,n)} from
the pointed 0-connected CW -space X, to the co-Moore space M°(A,n)
of type (A,n) and stable cohomotopy group 77 (Xe).

The main goal of this paper is to construct a ring Z C™(Hm; R)

m>0

with unity ey under the derived cup product Uy and a ring homomor-
phism between them. And we also construct an isomorphism between

derived group lgn(m)(’){;A) and strictly derived group li}_n(m)(s?-l;A)

which is useful as the computation of a derived group by deleting the
suitable terms in the directed set D.

2. The construction of a ring Z C™(Hm; R)
m>0

Let X = (X4, 900, D) be a direct system of topological spaces X,
and continuous maps Guo : Xo — Xo, a < o, over a directed
set D. Let D™,m > 0, be the set of all increasing m-sequences

(ag, 1, ,am), ap < a1 £ -+ L ap,a; € Dand A bg an abelian
group. If (ap,a1, - ,0m) € D™, let d(ag,a1, -+ ,00m)’ be an ele-
ment of D™~ ! m > 1, obtained from (ap,a1, - ,an) by deleting

the j-th term «;,0 < j < m. We are easily able to obtain an in-
verse system H = (Hom(Cr(Xa), A); Gaa’, D), via chain maps gaap :
Cy(Xa) — Cy(Xa),a < o, of abelian groups and group homomor-
phisms oo : Hom(Cr(Xo), A) — Hom(Cr(Xs),A),a < o over the
directed set D, where k is fixed in the set of all non-negative integers.

For each m-sequence (ag, a1, ,am) € D™, we associate a topo-
logical space X (4,,... ,a,,) by the topological space X, of the first index
Qp, i.e., X(ao,~~-,am) = XQO.

For 0 < i < s, we define continuous maps F?, Bf : A* — A® by

Ff(to,--- »t;) = (to, -+ ,ti,0,---,0)

and
Bf(t(),"' ’t’L) = (07 70at0,"' 1ti)-



Derived cup product and (strictly) derived groups

We call F} a front face and B; a back face ([3],[12],[13]) and easily
check the following;

l+m+n l+m l+m+n
(1)B++OBI+ :Bl++

i l
+m+n I+m __ +m+n
(2) le+m ol =F
+m-+n l4+m _ pl+m+n l+n
(3) Blm "o K =k o B

Let R be a commutative ring with unity 1 and let
Hm = (Hmn(cm(X(ao,m ,am))’ R), qaoz” Dm)

be an inverse system which is different from the inverse system H in that
the dimension m of the chain group Cpn(X (4, - ,a,,)) depends only on
m-sequences (g, + ,am) € D™, m > 0, whereas the dimension k(> 0)
of the chain group Ci(X(qae,.. ,a,,)) in H is fixed.

Define a group C™(H,; R) of the inverse system H,,, with coefficients
in R by

C™(Hm; R) = 11 Hom(Con(X(ap,-.. .am))» R)ym > 0.
(QOV":am)GDm

Let p(ag,--- @) be the projection of C™(H,,; R) onto the group Hom
(Cm(X(ag, am))» R) for each (ao,- - ,am) € D™. If ¢ is an element
of C™(Hm; R), then we denote the element (c)(a,,- a.) of Hom(Cm

(X(ao, - am))s B) By
() (a0, em) = Ploos- yam)(C)-
DEFINITION 2.1. Define a map
Ug: C™(Hm; R) x C™(Hn; R) = C™ ™ (Humin; R)
by

((€™UdC™) (vo, - yymin)s Tmtn)
= (™) (vor - yym) Tt © ™)
’ <(cn)('yo,7m+1,--~ Amin)r Lmtn © By
for each (Yo, " , Ym+n) € D™, and m,n =0,1,2,---, where T4,

A" — X0 yman) = Xy, I8 & singular (m + n)-simplex in X, and
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{, ) denotes the evaluation map. The element ¢™Ugc™ of C™ " (H pin;
R) is called the derived cup product of ¢™ € C™(Hy,; R) and ¢” €
C"(Hn; R).

LEMMA 2.2. The map Uy is bilinear.

Proof. Let ¢™ € C™(Hm; R) and cf,c§ € C*(H,; R). Then we have

((€™Ualel + €3)) (yo,+ rmen)» Tmetn)
= {(c™) (vor ym)> Lrmtn © Fotm)
(el + ) (vormers tmyn)s Tman © BT
= {(™)v0,+ yym)s Trmtn © Fp ™)
D) vorvmps - rman)s Tmtn 0 BR™™)
+ <(cg)(10,7m+1,-~ Amtn)? Tmino B:zn+n)]
= [{(€™) ¢voy+- sym)> Tt © F ™)
(D) (rorvm 1+ ¥mam)s T © B T™)]
+ (™) v0,++ vm)» Tt © Fi ™)
(€2 ) (Yorvmi 1y Ymin)s Tmtn © Byt
= (™ Ud €T) (vo,+ yyman)> Imtn)
+ {(€™ Ud €3) (4o, rmsn)s Tmtn)
= {((c™ Ua eT) 4+ (™ Ud €3)) (r0,- 1ymsn)s Tmtn)-

for each (Y0, -+ , Ym+n) € D™™. The right distributive law is obtained
by the similar calculation. u

THEOREM 2.3. Z C™(Hm; R) is a ring with unity ey under the
m>0
derived cup product.

Proof. If ¢! € CY(H; R), ¢™ € C™(Hm; R) and ¢™ € C™(H,; R),
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then we obtain

((Cl Ua (€™ Ug cn))('yor'- 7‘/z+m+n)’Tl+m+"‘)
= <(Cl)(‘707 y’Yl)’ n+m+n ° F}l+m+n>
° Bl+m+n>

m n
: <(c Ug )(70y71+1,"' 7’71+m+n)’Tl+m+" m+n

= <(cl)(’yo,-~- L) Tl+m+n © F’Ll+m+n>

l
) [<(cm)(’¥o,71+1,"' y’71+m)’Tl+m+ﬂ ° Brr-:_—itr:z+n 0 Fr:zn+n>

1
) ((cn)(’m7’\/z+m+1y-~ Vitman)? Titm4no© BJ::;HL °© B:ln+n>]

= [((Cl)(fyo,... ) Tl-‘f-m—f-n o Ipll+m+n>

I
: <(cm)(“/o,’n+1y-~ Yitm)? Tl+m+n © BrrT—iT»':z+n © F:nn+n>]

3 l+m+n m-+n
’ <(C )(’Yo,’n+m+1,'~' VitmAn)? Tiymin o Bm+n o By, )

= K(cl)(’ro,-'- ,’71)’Tl+m+” 0 Fll+m+n>

1 l
’ <(Cm)(°/o,’n+1,~~~ Aem)s Ltmetn © Fl::rrzwn © B":m”

A" l+m+n m+n
{(c )(70:’7H-m+1:"‘ m+m+n)yTl+m+n o B, "o By )

1 !
= ((C Ud Cm)(%,--~ Agm)? Tiymano© in:nn+n)

!
() o mamir, - Mpman)s Thbmin © B ™F7)

= <((cl Ud cm) Ud cn)(’yo’-.. y’n+m+'n)’ T'H-m-f-n)

for each (Yo, ,Vi4men) € DT™F™ and I,m,n = 0,1,2,---. Define
en € C%(Ho; R) by
{(e#) (r0)s To) = 1
for all singular O-simplex Tp : A? — X, for each vp € D°. Then we
check that ey is a unity on Z C™(Hm; R). It follows from the derived
m>0
cup product and Lemma 2.2 that Z C™(Hm; R) is a ring with unity
m>0

en. - O

Let Y = (Y3,78p, E) be a direct system of topological spaces Y3 and
continuous maps rga : Yg — Yg, 8 < 8" in another directed set E. We
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also have the inverse system Hy,, = (Hom(Cn(Y(g,, 8,.)): A)Tap
E™) of abelian groups and dual homomorphisms 7gg over the directed
set E.

DEFINITION 2.4. (Compare [9]) A map of direct systemsh: X — Y
consists of an increasing function ¢ : £ — D and of continuous maps
hg : Xﬂp(ﬁ) — Yg such that

Tgp © hg = hg 0 4upyp(s)

for <@ in E.
DEFINITION 2.5. For each (fg, - ,0m) € E™, we define the map
h*: > C™(Hy,; R) = Y C™(Hm; R) by
m>0 m>0

(P Y) (0(Bo), 10(Bum))1 T) = Y(Bo, - Bm)» P8t (),

where o is an m-chain of X,(5,) and hgyy 1 Cy(Xp(8,)) — Cy(Y3,) is a
chain map induced by hg, : X, (5,) — Y5,- ‘

In particular, if o is an m-simplex T;, of X,s,), then

(A" Y) (0(Bo)s-- o (Bm))s Tm) = (Y(Bo,--- ,Brm)» P30 © Trm)-

THEOREM 2.6. The map of direct systems h : X — Y induces a ring
homomorphism h* : Z C™(Hy,,;R) — Z C™(Hm; R).

m>0 m>0
Proof. Let y™ € C™(Hy,,; R) and y™ € C*(Hy,; R). Then we ob-
tain
(R (W™ Ua y™))(p(a0), o(amin)) Tmtn)
= ((ym Ug yn)(ao,~~ Qmtn)? hao © m+n>
= <(ym)(ao,-~ ,0tm )9 hag © Tmyn© F:,ln-}»n)
. <(yn)(ao,am+1,--- Emen ) hao 0 Tnin o B:zn+n>
= {(M"Y™) (p(@0), - p(@m))» Tman 0 F ™)
AR Y™ (o) p(@m 1)y w9 (@min))s Tmtn © Br ™)
= ((R*Y™ Ua B"Y") (p(a0), e(amen))r Tmtn)
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and

((R"(Y1" + Y3 N (p(ao), wolam))> Tm)

((y{n + y;n)(ao, 1am)7h°‘0 © Tm>

(11" (0, sam)» Paxo © Tm) + (3" (axo,-- otm)s Prcrg © Tom)
((B™ YT ) (p(a0)s o(am))s Tm) + ((R*Y5") (w(00) - sp(cm))s Tm)
(R*Y1" + P*Y3") (o(a0), - sw(am)) Tm)-

fl

il

Il

If ey, and ey, are unities of Z C™(Hnm; R) and Z C™(Hy,,; R)
m>0 m2>0
respectively, then we see that

{(R*(erty))p(ao) T0) = {(€3ty )(an)s Paro © To)
=1

for all singular O-simplex Ty. Thus h*(ex, ) = ex- 0

3. The strictly derived group lij_n(m)(s’}-t; A)

Following Araki, Yoshimura [1] and Nobeling [11], we define an m-
cochain group C™(H; A) of the inverse system H with coefficients in A
by

C™(H; A) = II Hom(Cr(X(ap, - am))s A), m >0,
(ao,--',am)ED"’

where k is fixed in the set of all non-negative integers. The coboundary
operator 6™ : C™ Y(H; A) — C™(H;A), m > 1, which is slightly
different from the previous papers, is defined by

(5mc)(ao,~--,am) = (~1)"[Gages (€ )d(ao, - ,am)°+2 d(Oto, ",am)j]’
j=1

where c is an element of C™~1(#; A). For m =0, we put °=0:0 —
CO(H; A).
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Then we have a cochain complex (C*(H; A), )
& A0y Ay O Ay 4y O 2
0 — C°'(H;A) — C(H; A) — C*(H; A) —
o O A) 2D O A) — -
The m-th derived group 13111('")(7{; A) of the inverse system H with coef-

ficients in A is defined by the cohomology group of this cochain complex
(C*(#; A), 8).

Let D™, m > 0 denote the set of all strictly increasing m-sequences
(ag,"** y0m), 0 < a1 < -+ < @y, in D and let

sH = (Hom(Cr(X (ap,.. .am))s A)s Gaoar, D), (a0, ++ yam) € D™
be a subinverse system of H. We now construct a new m-cochain group

C™(sH; A) which is a subgroup of C™(H; A) of the inverse system sH,
ie.,

C™(sH; A) = 11 Hom(Cr(X(ap, - am))s A)ym > 0,
(cpy-+ ,am)eﬁm
and the coboundary operator 6™ : C™~1(sH; A) — C™(sH; A) is given
by the restriction map 6™ = 5m|ém—1(s1{;A) for m > 1 and 6° = 0.

DEFINITION 3.1. The m-th strictly derived group hirl(m)(sH;A) of

the inverse system sH with coefficients in A is defined by

liin(m)(s?{; A) = kerd™ ! /imé™, m > 0.

o

If we define two maps f™ : C™(H;A) — C™(sH; A) and g™ :
C™(sH; A) — C™(H; A) by
(F™d™) a0, am) = (@™ (@, o) 0T (Q0,++ ,m) € D™
and
(gmem) _ (em)(ﬁo,"*,ﬁm) for (ﬂOv v 7,3m) e D™
(160,' me) 0 for (ﬂo,- .. ,ﬂm) E (I‘)m)c

for all d™ € C™(H; A) and e™ € C™(sH; A), then we have the following
Lemma;
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LEMMA 3.2. The maps f = {f™} : C*(H;A) — C*(sH; A) and
g={g™}:C*(sH;A) — C*(H; A) are cochain maps.

Proof. For any element d™~! of C™ 1(H; A) and (ap,- - ,am) €
D™, we obtain that d(ag, -+ ,am)’, 0 < j < m, is an element of
D™1 and

G5 (a0, am)

= (_l)m[daoal (fdm_l)d(ao,u- ;0 )0 + Z(_l)j(fdm_l)d(ao,m ,am)j]

i=1

= (_l)m[qaoal (drn’_l)d(007 1am)0 + Z(—l)](dm‘—l)d(a(): :am)j]
Ji=1

= (6™ (g, - rm)

= (fédm_l)(ao,--',am)‘

To show that g is a cochain map, we have to show

for any element €™~ of C™~1(sH; A) and for each (S, - - - ,Bm) € D™.
(CaASE 1) Let (By,-- - , Bm) be an element of D™. Then we compute

(69€™ 1) (8o, ,m)

= (=1)™ (G808, (9€™ (B0, 810 + (9™ VVat(Bior 8]
i=1

Il

(=1)™ (@808 (€™ Ma(Bo, 80 T D_€™ VB0, )]
=1

= (=1)™[(-1)™(6e™ Y g0, ,8.m)]
= (36"1‘1)(30’... Bm) ((5 =4
= (0™ Y (8o, - Bm)-

ok (s’H;A))
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(CASE 2) Let (Bo,--- ,0m) be an element of (D™)¢. Since the m-
sequence (Bp, -+ , Bm) isin (Dm)c, there exists an index 7,0 <1 < m-—1
such that 8; = Bit1, ie., (Bo,*+ , B Bi = Bit1, -+ »Bm) € (D™)C.

(a) If Bp = By and By < B2 < --- < fB,, then the (m — 1)-sequence
d(Bo," -+ ,8m)® = (Bo,B2,+-- ,Bm), for s = 0,1 is an element of D™!
and d(Bo, - , Bm)?, 2 < j < m, is an element of (Dm“l)c. We compute

-1
(09€™77) (80,8082 1Bm)
= (=1)"[48080 (9€™ 1) a(Bo, 50,82, )

+ Z(-—]‘)](gem—l)d(ﬁ01ﬁ0’ﬁ2y th)j]

= (—l)m[id(gem_l)(ﬁo,ﬂ2,-~- ) — (9€™ ) (80,8, -+ 1Bm)

+ Z em‘ d(ﬁo:ﬁ(hﬂZ, . yﬁm)j]
Jj=
( 1)m[(em )(ﬂOnB'.’y"' 76m) - (em—l)(ﬁo,ﬂg,"' :,Bm) + 0]
=0,

where id is the identity on C*(#; A). Since (fo, Bo, B2, ,Bm) is the
element of (D™)¢, we have (g0e™1)(3,,60,62, ,8..) = 0 Which is equal

to (Jgem-_l)(ﬁOvﬁO’B21'” 7ﬁm)'
) B=0+,1<i<m-lie,Bo <P <--<PBi=py1<

ﬂi+2 < e < Bm, then d(ﬁO,"'ﬂ'i7ﬁiaﬁi+2"" )ﬁm)] € (Dm-—l)c, for
0<5<1—-1,14+2<j<mand

-1
(5gem )(BOyﬁly"' 7/3i1ﬂi1ﬁ1}+2:"' 7ﬁm)
~ ~1
= (ﬁl)m[qﬁoﬂl (gem )d(lB()! 7ﬁi7ﬁi 7:Bi+2)"' 7ﬁm)0

m

-1
+ 1)J )d(ﬂOy“'yﬁivﬁi1ﬁi+2y"' n@m)j]
J=1

= (—l)m[Qﬁoﬁl (0) +0+ (—l)i(em—l)d(ﬁor“ WBirBi,Bi4250 ,0m )
+ (_1)1+1(em—-l)d(ﬁ07 aﬁiyﬁivﬁi+27"’ 7ﬂm)i+1 + 0]
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= (—1)m[0 + (_1)1(em—1)(ﬁ0) 1«Bi|ﬁi+2a"' 7ﬂm)

+ (_1)i+1(em_1)(ﬁor“ BiBiga, aﬂm)]
=0

= (gSEm_l)(go’..,,ﬁi,ﬂhgﬂzy...,gm) ( by the definition of g).
(Cask 3) If the number of equal terms of the m-sequence (8o, - ,

Bm) € (D™)¢ is greater than 2, then we have the result from the defi-
nition of the map g. a

Let f* : h;r_n("‘)(’H;A) — 1iin(m)(s'H;A) be a homomorphism in-

duced by the cochain map f = {f™} : C*(H; A) — C*(sH; A) and let

a(ag, -+ ,0um)’ be an element of D™*! obtained from (ap, - - - ,am.) €
D™ by adding the j-th term a;,0 < j < m, ie., a(ag, - ,om) =
(Qoy @y Ay Qjs1, -+ ,Cm) € D™FL Define a map u : (D™)¢ —

{0,1,--- ,m —1} by
u(ao"" y Oy Q) = QU4 1, (442, 7am) :u(z), 1 S'Lsm_L

where u(?) is the unique index i such that ap < o1 < -+ < oy = @;41.
Then we have the following Theorem;

THEOREM 3.3. The map f* : li(_r_n(m)(H;A) — lij_n(m)(s’H; A) is an

isomorphism.

Proof. Define a map H : C™V1(H; A) — C™(H; A) by

(Hd’n+1)(a0)"‘1am)
— 0 for (ao, v ,am) [= ﬁm
= (*1)m+U(i)(d’m+1)a(ao’,,, ) for (ao’ cen 7am) € (D'ni)c,

where d™t1 € C™*}(H; A). We now show that H is a cochain homo-
topy between g o f and identity idc- (34 4)-
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(CAsE 1) Let (ag,:-- ,am) be an element of D™. We compute
(H6d™)(ag, ,am) T (6HA™ ) (ag, \am)

=0+ (““1)m[q'aga1 (Hdm)d(ao,--- 0t )0 + Z(“l)j(Hd'm)d(ao,“' 7am)j]
i=1

= (.
On the other hand,
(9Fd™) (o, yam)—(E@ A ) (a0, ,am)
= (fd™) (a0, am) = (A ) (a0, sam)
= (d") (a0, am) — (@ Va0, am)
= 0.

(CASE 2) Let (g, - , ) be an element of (D™)e.
(a) If ap = a1,a1 < a2 < -+ < am, then we have

(1) w(ap, - ,am) =u(0) =0 )
(2) dlag, -+ ,am)® = (ap,ag, -+ ,am) € D™ for s =0,1
(3) d(ag,- - ,am)? € (D™ 1), for 2< j <m.
and
(OHA™)(ag,a0,a2,+ am)
= (—1)m[60000(Hdm)d(ao,ao,ag,n-,am)o

m

+ Z(—I)J (Hdm)d(a(),a01a27"' 7am)j]
i=1
= (~1)"[:d(0) — (Hdm)(ao’az,“.,am)
m
+ Z(—l)] (Hdm)(a01a01a2y"' 1 XG—1,Q5 41y 70“"1)]
i=2
— (~)™[0 -0
+ Z(_l)j(—1)m_1(dm)a(ao,ao,az,--- YA —1 QG415 1am)o]
i=2
m .
= Z(_1)2m+]—1(dm)(a07a0va01a27"' 7aj—17aj+1:'“am)'

=2
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On the other hand,

(Hddm)(a(haOya?v"' 7am)
= (_l)m(édm)a(a()yaOyQZv"'7am)0
= (——l)m(ddm)(QOya07a01a2y"' »am)

= (_l)m(“l)m+1 [qaoao (d‘m)d(ao,ao,ao,az,"' 20 )0
m+1

+ Z (—1)J (dﬂl)d(007001007a2)‘“ 7am)j]

=1

= (——1)2m+1[(Jn)(aﬂya(haz,'" )O‘m) - (dyn)(a07a07a27"' ?am)

+ (dm)(ao,ao,dzr" 1Qrm,)
m+1

+ Z (_1)j (dm)(ao,aoyao,azw-- YO 1,541, yam)]

=3

= (‘_1)2m+1(drn)(a07a0aa2)”' ,a'm)
m+1

+ Z (_1)2m+j+1(dm)(ao,ao,ao,az,“' s X —1,0541,5° Qm)*
j=3

Thus

((SHdTH)(aOy ,C!m) + (Hadm)(a(‘" :am)

= (—1)2m+1(drn)(00ya0ya2)"'7am)
- (gfdm)(ao,ao,az,v-- m) (iddm)(aoyﬂmazr“ Qm)

so that H is a cochain homotopy between g o f and identity map
idcu (H;A)-

(b) Ifa,-:a,-.H forl<i<m-l,gg<a < - <a; =041 <
aipe < <+ < Qm, then we can compute the following;
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(6Hdm)(a07a17"' 3O, Qg e 7am)
= (_l)m[qaoal (Hdm)d(ao,"~ TN PO

m

+ 3 (1 HA™) g, sas,00,0 am)]
Jj=1
= (_1)m[qaoal(*1)m+i—2(dm)(a1,'" NN PR TN
i—1

+ Z(-’l)j("1)m+i—2(dm)(ao,"' 10— 1504150 500 O Ol
Jj=1

m

+ Z (_l)j('—l)m-‘-i—‘l(dm)(ao,"' Lo 2R 7o TRELEN o TS BT 7 N BAL yam)]
ji=i+2

and
(HOd™ ) (ag,a1, i s0ti,-- y0m)
= (—1)m+i(5dm)(ao,... (41Ot 3 Cm)
= ("1)m+i("1)m+1[‘jaoal(dm)d(ao,--- Y03y 10, )O

m+1 )
+ (_-1)J (d”n)d(ao, 3O Qg 4Oy 7a‘m)j]
=1 ’
= (—1)2m+1+1[6a0a1 (dm)(aly'” 308G O, gy ram)
i—1
+ Z(_l)](({’n)(a07 YOG — 15 Q 1y QG O Qg oo aam)
=1
+(=1)Fd™) (ao, an,an@isar om)
m+1
+ Z (_1)J (dm)(a()y"‘ et pie s Slo RN SR RIL T FS Kot 7am)]'
F=i+3

Therefore, we have
(6Hd1n)(¢10:017"' 3 QG s Qg e 7am) + (H(Sdm)(QOaaly'” Lo 2872 TR0d 7am)

- -_(dm)(aoyaly"' $QUg s QG G4 2,00 )am)

= (gfdm)(ao,alv"' a2 TR )am) - (iddrn)(a01al1"' [leTR1e T AN 7a‘m)'
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(CASE 3) Let the number of equal terms of the m-sequence (ag, 1,

- yam) € (d™)° be greater than 2. Since the computation of §Hd™ +
Héd™ depends only on the first two equal terms a; = a;41,0 < ¢ <
m — 1, we obtain the same result so that H is a cochain homotopy
between g o f and identity map idc-(3;4)-

Clearly, if e" € C™(sH; A), then

(f9€™) (a0, am) = (9€™) (00, yam)
= (e")(am... ’Qm)
= (ide")(ao,...,am)'

Thus, we complete the proof. 0

(APPLICATION TO THE K-THEORY) Let saa’ : Xy — Xor, a <o’
be a continuous map. Then the map Vectp(saa’) : Vectr(Xo) —
Vectp(Xa) between the set of all isomorphism classes of vector bundles
on X, and X, respectively is defined by Vectr(saa)([€]) = st (€)),
where [£] means the isomorphism class of £ over X,,» and F is a field over
R or C and suaa, (&) is the induced bundle of £ under s,o. Moreover
we obtain the group homomorphism s¥ ., : K(Xo) — K(X,) of K-
groups([2],[6],(8]) and take the m-cochain group C™(K) of the inverse
system K = (K(Xq), ko, D), instead of the inverse system #, of K-
groups K (X,) and group homomorphisms s}, . over the directed set D
by

Cc™(K) = 1T K(X(ag, am))s ™ > 0.

(a()y"' ,am)EDm

Let D™, m > 0 be the set of all strictly increasing non-negative integral
m-sequence (70,71, ,¥m) and let K = (K(X(yp,71, ym))s 83071> D)
(Y0,71,"** »¥m) € D™ be a subinverse system of K. Now we also con-
struct a cochain group C™(sK) by
é’m(S’C') = H K(X(,,o,... ,,Ym)), m > 0.
(¥0,-+ y'Ym)EDm

The coboundary operator 6™ : C™ 1(sK) — C™(sK) is given by the
corresponding 6™ in section 2.
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DEFINITION 3.4. The m-th strictly integral derived group li}n(m)(sla)
—

Oft,.he inverse SyStem SK: = (K(X('Yoﬁh“' v'Ym))’ S’;;o’h’ D), (’YO: Yy ,7m)
€ D™ is given by

+_ (m)(sIC) kerd™ ! /imé™, m > 0.

COROLLARY 3.5. Iig_n(m)(lC) o lij_n(m)(sIC) o h@(m)(slﬁ), where sK

is an inverse system indexed by Dm.

P'r:oof. By Theorem 3.3 , we can also construct two cochain maps
f1:C*(sK) — C*(sK) and g; : C*(sK) — C*(sK) defined by the same
method of f and g. Therefore we have the proof. 0
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