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THE CURVATURE TENSORS IN THE
EINSTEIN’S *¢-UNIFIED FIELD THEORY
II. THE CONTRACTED
SE-CURVATURE TENSORS OF *g¢-SEX,

KyunG TAE CHUNG, PHIL UNG CHUNG AND IN HO HWANG

ABSTRACT. Chung and et al. ([2], 1991) introduced a new con-
cept of a manifold, denoted by *¢g-SEX,, in Einstein’s n-dimensional
*g-unified field theory. The manifold *g¢-SEX, is a generalized n-
dimensional Riemannian manifold on which the differential geomet-
ric structure is imposed by the unified field tensor *g*¥ through
the SE-connection which is both Einstein and semi-symmetric. In
this paper, they proved a necessary and sufficient condition for the
unique existence of SE-connection and presented a beautiful and sur-
veyable tensorial representation of the SE-connection in terms of the
tensor *g*¥. Recently, Chung and et al. ([3], 1998) obtained a con-
cise tensorial representation of SE-curvature tensor defined by the
SE-connection of *g-SEX,, and proved several identities involving it.

This paper is a direct continuation of {3]. In this paper we derive
surveyable tensorial representations of contracted curvature tensors
of *g-SEX,, and prove several generalized identities involving them.
In particular, the first variation of the generalized Bianchi’s identity
in *g-SEX,, proved in Theorem (2.10a), has a great deal of useful
physical applications.

1. Preliminaries

This paper is a direct continuation of our previous paper (3], which
will be denoted by I in the present paper. All considerations in this
paper are based on the results and symbolism of I. Whenever necessary,
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these results will be quoted in the text. In this section, we introduce a
brief collection of basic concepts, notations, and results of I, which are
frequently used in the present paper.

Let X,, be an n-dimensional generalized Riemannian manifold re-
ferred to a real coordinate system x¥. In the Einstein’s usual n-dimen-
sional unified field theory, the manifold X, is endowed with a real non-
symmetric tensor g,,, which may be decomposed into its symmetric
part hy, and skew-symmetric part ky,:

(1.18.) D = hop + kg,
where
(1.1b) det(gru) # 0, det(hau) # 0.

In our n-dimensional *g-unified field theory (n-*g-UFT hereafter), how-
ever, the algebraic structure on X,, is imposed by the basic real tensor
*g* . defined by

* def * def
(1.23.) Irp g)‘” = Gux g"’\ = 6“:

It may be also decomposed into its symmetric part *h* and skew-
symmetric part *k*:

(12b) *g)w —* h,\u +* k/\u.

Since det(*h*¥) # 0, we may define a unique tensor *hy, by
* * def

(1.2¢) Bau pv = &

In n-*g-UFT we use both *h* and *hau as tensors for raising and/or
lowering indices of all tensors defined in X,, in the usual manner.

On the other hand, the differential geometric structure on X, is
imposed by the tensor *¢*” by means of a connection F')’\# defined by a
system of equations

(13) Dw*g/\u — _2Swau *g)\a'
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Here D, denotes the symbol of the covariant derivative with respect
to I';,, and S,,” is the torsion tensor of I'{,. Under certain conditions
the system (1.3) admits a unique solutions I'j,- A connection is said
to be Einstein if it satisfies (1.3).

A connection I’} , is said to be semi-symmetric if its torsion tensor
Sxu” is of the form

(1.4) Sau” = 285X,

for an arbitrary vector X, # 0, which is not a gradient vector. A
connection which is both semi-symmetric and Einstein is called a SE-
connection. An n-dimensional generalized Riemannian manifold X,,,
on which the differential geometric structure is imposed by the tensor
*¢*¥ by means of a SE-connection, is called an n-dimensional *g-SE-
manifold. We denote this manifold by *¢-SEX,, in our further consid-
erations.

In the present paper, we frequently use the following abbreviations
for an arbitrary vector Y,, for p=1,2,3,---:

(1.5a) Oy v — g¥ P g,V = & (P=Drp v

(1.5b) Pyv = (P-Drpr yo = *pv, (P-Dye,

THEOREM 1.1. The SE-connection I'j,, of *g-SEX,, may be given
by

(1.6a) S ="{a} + 5w + U,

where *{ ,\'L} is the Christoffel symbols defined by *h,,,, and

(1.6b) S = 204X, U¥su=—"hy, D X",
Let
(17) S)‘ q—if S)\Ota) U)\ d=ef Ua/\a.
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THEOREM 1.2. In *¢-SEX,, under the presént conditions!, the vec-
tors X, S», and Uy are involved in the following identities, for p,q =
1,2,3,.--:

(1.8a) Sy = (1 —n)Xy

1 det(*gau)
= _(2 = __ * * d=ef 9
(1.8b) U X 5 Ox\ln*g, where *g —_————det(*h)\“)

(1.8¢) PG, = (1 —n) PHIX, = (n-1) P,
(1.8d) Py, @ xe = (—1)Pt1 (”+‘1‘1)*k37 xXBx~
(1.8¢) Py, Dxe=0, ifp+q—1isodd

(1.8f) DX, =V X,

(1.8¢) DXy = Va Xy = 0p Xy

(1.8h) ViU, =0, DpU, =2UpX, =-2®0X,X,

where V, is the symbolic vector of the covariant derivative with respect
to*{y.}.
I

I'The situation that the conditions in Agreement 1.2.5 are imposed on our *g-
SEX,, are described in this paper by the words “present conditions”.
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THEOREM 1.3. Under the present conditions, the SE-curvature ten-
sor R,,)" of *g-SEX,, may be given by

(19) pr.)\u =" wu)\u + Mwu)\u + pr./\u3

where

(1.10a) “How’ =20, {0} + a0

(110b) My’ = 2(8K0uXu) + 8,V Xa — "hap VP X),
(1.10c) Nopr” = 2(6}, Xy Xx + *hap P X, P XY).

THEOREM 1.4 (Generalized Bianchi’s identity in *¢-SEX,,). Under
the present conditions, the SE-curvature tensor R,.)\" of *9-SEX, sat-
isfies the following identity:

(1.11a) DigRopn” = —4X(e "Houp” + Zigwu)n”s

where
1 v v v
(lllb) §Z£WH/\ - {(5}\X€ anﬂ + X{ 5w V#X)\

— Xe Vo ("hux @ XYY}~ *hye X, DX, B XY

2. The contracted SE-curvature tensors

This section is devoted to the study of the contracted n-dimensional
SE-curvature tensors, defined by the SE-connection in *¢g-UFT under
the present conditions, and of some useful identities involving them.

The tensors
e a ef
(21) Ru)\ d‘_“f Rau)\ ’ un d= praa

are called the first and the second contracted SE-curvature tensors of the
SE-connection I'§ , respectively. We see in the following two theorems
that they appear as functions of the vectors X, Sy, Uy, and hence also
as functions of *g,, and its first two derivatives in virtue of (1.8a, b)

and I (2.25).
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THEOREM 2.1. The second contracted SE-curvature tensor V,,, in
*g-SEX,, under the present conditions is a curl of the vector Sy. That
is,

(2.2) Vop = 28[“,5“].

Proof. Putting A = v = a in (1.9), we have
(2.3) Vou = "Hopa®™ + Mupa™ + Nopa®.
In virtue of I{3.12) and (1.8a, b, h), the relations (1.10a, b, c) give
*Hopa® = Nupa® =0
Mupe® = —2n8, X, + 2V, Xy = 2(1 - 'n)a[wX”] = 201,Sy),
which together with (2.3) proves our assertion. O

THEOREM 2.2. The first contracted SE-curvature tensor R, in *g-
SEX,, under the present conditions may be given by

Ryx="Hyux + 28, X5 + VuTx — *hua(VaU® + UsU®)

2.4

(24) + (1~ n)X, Xy +U,U,,
where

(253’) * 75 dZEf *Hap)\a

(2.5b) Tau” def '’ F U, T E e® = Sy + Un.

Proof. Putting w = v = a in (1.9) and making use of (2.5a), we have

(26) Ru)\ = *H,u/\ + Mau)\a + Nay.)\a'
In virtue of (1.8a, b), it follows from (1.10b) that

(2.7a)

Maun® =28, X5 + (1 = )V, X + "hun Vo DX - v, B X,
= 23[“X)\] + V”T,\ - *huA VU<
On the other hand, in virtue of (1.8b) the relation (1.10c) gives
Nopn® = (1 —n) X, Xy + (2)Xu (2)X,\ —*hux (2)Xa (2) xa
=(1- n)XuX)\ + U#U)\ — *h;M UvUue.
Our assertion follows immediately from (2.6) and (2.7a, b). O

(2.7b)
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THEOREM 2.3. The tensor R, is symmetric when n = 3.

Proof. The relation (2.4) may be written as

Ruy="Hpu) + (3— n)VHX)\ — 2V(#X)\) +V,.Ux

2.8
( ) —*hu,\(VaU‘*+UaU°‘)+ (l—n)XuX)\+U”U)\,

where use has been made of (1.8a, g) and (2.5b). Hence, in virtue of
(1.8g, h) we have

Ry =0 ifand only if (3 -n)V[, Xy =(3-n)f,Xy=0
from which our assertion follows. O

REMARK 2.4. In the proof of the Theorem (2.3), we excluded the
case that g, X, = 0, because we assumed that X) is not a gradient
vector in the definition of semi-symmetric connection in (1.4). In fact,
the assumption that X) is not a gradient vector is essential in the
discussions of the field equations in *g-SEX,,.

THEOREM 2.5. The contracted SE-curvature tensors in *g-SEX,, un-
der the present conditions are related by

(2.9) 2R[#,\] = 43[“X)\] + V#)\.

Proof. In virtue of (1.8a, g, h), the relation (2.9) may be proved from
(2.8) as in the following way:

2R3 = 2(3 — n)0j X
=2(1 —n)0, Xy +40,Xy
=20,85\+40,Xy
= Vux + 40, Xy
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REMARK 2.6. An alternative proof of the Theorem (2.5) may be
obtained as follows: Putting A = v = a in the identity I (4.6)

R[w“)\]u = 45[")‘3“)(“,]
and using (1.8a), we have
wa. - Rp,u + pr, = 46[‘”5“] + 48[WX”],

from which the relation (2.9) follows.

Our next task is to obtain a generalization of the classical identity

(2.10) VoE,* =0,
where
(211) *H (_i_Ef *haﬁ *Haﬁ, E“l/ d:ef *Huu _ léu *H.

2/‘

REMARK 2.7. The tensor E,” is called the FEinstein tensor. This
tensor has a great deal of applications in physics. It is of fundamental
importance since its divergence vanishes identically as we see in (2.10).

In our further considerations, the quantities
e e 1
(212) REh® Rop, G,** R,” - Z8/R

will be referred to SE-curvature invariant and SE-Einstein tensor of *g-
SEX.,, respectively. The tensor G,” is the generalized concept of E,".
First of all, we need the following two theorems in order to generalize
the identity (2.10) in *g-SEX,, under the present conditions.

THEOREM 2.8. In *¢-SEX,, under the present conditions, we have
(2.13a) D = 2*h M X, — 26XV + B X)),
In particular,

(2.13b) Dy*h?* = $* + (n 4+ 1)U,
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Proof. Substituting (1.4) into (1.3) for S,.” and making use of
(1.2b) and (1.5b), the relation (2.13a) follows as in the following way:

D, *hAV
=D, *g(Av) = =9 Swa(u *g)\)a
= (81X — BX)(RA 4B 4 (32X, — EKa)(H + 7K
= 2" X, — 26M(XY) + @ X)),

In virtue of (1.8a, b), the relation (2.13b) is a direct consequence of
(2.13a). O

THEOREM 2.9. In *¢-SEX,, under the present conditions, we have

(2.14a) R="H+1-n)(VaX*+VoU*+U +X),

2.14b) Do R,* = V4 R,® + (Us — nX,)R,* + RX, — U*R.,,,
u © u B m

where
(2.14c) X ¥ x,. x>, v¥y,ve.

Proof. In virtue of (2.11), (2.12), and (1.8a, g), the representation
(2.14a) follows from (2.4). On the other hand, the representation
(2.14b) may be proved as in the following way in virtue of (1.6a, b),
(1.7), (1.8a, b), and (2.12):

D.R,”
= 8, R,* + T, R,” — T4, Rg®
=Va R, + (S + Up)R,? ~ Suo® Rg® — UP o R
= Vo R+ {(1 -~ n)Xo +Ua}R,* + 25[‘; X, Rg® — "hua UPRs®
= Vo R,® + (Us — nXs)Ru® + RX,, — U® Ry, O

Now we are ready to prove the following generalization of (2.10).
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THEOREM 2.10a (First variation of the generalized Bianchi’s iden-
tity in *g-SEXy). The SE-Einstein tensor G," satisfies the following
identity in *g-SEX,, under the present conditions:

(2.15a) DoG,* =P, — %&M ,

where
(2.15b)
P,=V.(R,*—-"H,*)+ (Ua — nXo)R,* + RX, —U® R,,,

1-—-

(2.15¢) M= 2”(V,,Xa+vaUa+U+X).

Proof. The relation (2.12) gives
1
(2.16) D.G,* =D, R,” — §BMR.

The proof of the identity (2.15a) immediately follows by substituting
(2.14a, b) into (2.16) and making use of (2.15b, c) and the following
classical identity:

» 1, .
Vo'H,* = ;0,"H. -

THEOREM 2.10b (Second variation of the generalized Bianchi’s iden-
tity in *g-SEX,,). The SE-Einstein tensor G," satisfies the following
identity in *¢-SEX,, under the present conditions:

2D G,® =X*Clo + UDpyoe — 2RX,, + O, R

2.17a) .o . .
( — 3"h“> Ziguun® + 2*h** Dg(Rypuira) *h*P),

where Zg,,)" is given by (1.11b), and

(217b)  Cua = (4 — n)Ryua + Rap — Vau — 8Eue — Rpuve *hP,

(2.17c) Dyo = —Rop + N Ryua + Vau + Rguya "h7.
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Proof. The proof of this theorem is based on the generalized Bianchi’s
identity (1.11). It may be written in the form

_Dﬁ(Rw#az\ *h¥*) + D, RMEAV + Du REwAV
= =12 X1 "Hupn" + 3 Zigopn” — 2 De(Rup(aa) ")

If we contract for v and £ and multiply *h“* to both sides of the above
equation, we have

(2.18)
_ *hw)\ Dﬁ(Rwy.a/\ *haﬁ) . *hw)\ Dw Rp.)\ + *hw)\ D# Rw)\

= —12"h“* X[ "Houp® + 3"h* Ziguup” =272 Dg (Rypira) "hP)

In virtue of (1.8b), (2.1), (2.12), and (2.13a), the terms on the left-hand
side of (2.18) are the ones to be rewritten as

(2.19a)
the first term

— _Dﬂ(Rwy.a)\ *haﬁ *th) + Rwua)\ *haﬂ Dﬁ *hw)\
= —Dp R,P + 2Rupar "hP*h* X — 657 (XN + B XN)
= —Dg Ry* + 2Ru0 X* — Vg (X* — U®) — Rppra "h"P(X* - U?),

(2.19b)

the second term

=-D, R,* + Ry D, *pwA

=—-DoR,*+ (1 -n)Rua X*+ (n+1)R,o U,
(2.19¢)

the third term

= D,R— R, D, *h**

= D,R— Rux (2"h** X, — 25(°(X™) + B XV)
=Du,R—2RX, + Ruo X® + Rap X® — Rua U® — Ry, U®.
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On the other hand, the relations (2.5a) and (2.11) allow the first term
on the right-hand side of (2.18) to be expressed in the form

(2.19d) —12*h** X5 " Houp” = 8X, B,

We now substitute (2.19a, b, ¢, d) into (2.18) to complete the proof of
(2.17). O

REMARK 2.11. Several earlier authors, such as Bose (1953), Ein-
stein (1955), Lichnerowicz (1955), Schrodinger (1949), and Winorgrad-
ski (1956) tried to generalize (2.10) on a manifold X,, to which Ein-
stein’s connection is connected, but their results are cumbersome. Note
that our result (2.15) in Theorem (2.10), which holds on the manifold
*g-SEX,, under the present conditions, is very handy and surveyable
tensorial form. On the other hand, comparing the expressions (2.15)
and (2.17), we note that the former is more refined. The identity (2.17)
contains the last two terms which are too complicated.
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