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ABSTRACT
We study some properties of fuzzy strong continuities. And we introduce the concept of a fuzzy mid-

ly normal space and investigate its properties.

1. Introduction

In 1960, N. Levine introduced the concept of
strong continuity in ordinary topological spaces and
investigated their some properties. Arya and Gupta
studied various properties about strong continuities in
[2]. In 1961, HF. Cullen introduced the concept of
complete continuity on ordinary topological spaces
and investigated their some properties.

The study of fuzzy sets was initiated with the
famous paper of Zadeh [15] in 1965, and many
[1,3,4,6,7,9-14]
structures in the view of fuzzy set theory.

In particular, Mukherjea and Ghosh introduced
the concepts of strong continuity and complete
continuity in the view of fuzzy set theory, and
investigated their
another properties about them. Also, we introduce
the concept of fuzzy midly normal space and
inverstigate some properties.

authors investigated topological

some properties. We study

2. Preliminaries

Throughout this paper X, Y, Z --- etc. will denote
fuzzy topological spaces and for a set X, F¥ the
collection of all fuzzy sets in X, where I=[0, 1]. The
definition of fuzzy sets, fuzzy topological spaces and
other concepts can be found in [3,4,6,7,9-14]. In
particular the standard definition of a fuzzy
topological space (fts) is defined by Chang [4].

Now we will list a concept, some notations, and
some results used next sections.

*This paper was supported by Wonkwang University in 1997.

Lemma 1.A[6]. Let X and Y be fts's and let f X —
Y be any mapping. Then f is f-open if and only if f
(int A)CintfA) for each ASF

Lemma 1.B[6]. Let £ X — Y be any mapping. Then
fis f-closed if and only if cf{A)YCfclA) for each AcF.

Definition 1.1[12]. Let X be a fuzzy topological
space and let AGF. Then

(1) A is said to be a fuzzy regular open set in X if
A=int(clA).

(2) A is said to be a fuzzy regular closed set in X if
A=cl(intA).

Notation. For a fts X, we denote the family of all

fuzzy open (resp. closed, regular open, regular closed)
sets in X as FO(X) (resp. FC(X), FRO(X), FRC(X).

Lemma 1.C[13]. Let (X, I) be the product fts of
the family of fis's {(X ,J »): = A}.

(1) For each o< A, the projection n, is f-
continuous.

(2) The product fuzzy topology is the smallest
topology for X such that (1) is true.

(3) Let (¥, U) be a fts and let f be a function from
Y to X. Then f is f-continuous iff for every a& A, n,
o f is f-continuous.

2. Fuzzy Strongly Continuous Mappings

Definition 2.1[9]. A mapping f X — Y is said to
be fuzzy strongly continuous if for each ASF, flclA)
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CAA) ie., ficlA)=RA).

It is clear that every fuzzy strongly continuous
mapping is f-continuous. However the converse is
not true, as shown by Example 2.2.

Example 2.2. Let X be a set and let I be the
fuzzy indiscrete topology on X. Consider the identity
mapping idy: (X, 9) — (X, ¥). Then idy is f-
continuous but not fuzzy strongly continuous.

Remark 2.3. Example 2.2 provides also that even
a f-homeomorphism may fail to be fuzzy strongly
continuous.

Theorem 2.4. A mapping f:X — Y is fuzzy
strongly continuous if and only if for each BEF,
fBEFCERNFOX).

Proof.=) Suppose f is fuzzy strongly continuous and
let BEF. Then, by the hypothesis, Aclf *B)CAf 'B)
B. Thus clf 'BYCf"(B), and hence f(B)Y=FC(X). By
the hypothesis, flclf 'CENCAT BNCE". Thus cff '®B)
Cf'(®), and hence f(BYSFC(X). But ' B)=[f"B)I.
So [f'B'€EFCX) and thus f(BYSFOX). Therefore
FiBEFCX)NFOX).

(=): Suppose f(BYSEFC(X)NFO(X) for each BE
I'. Let AEF. Then clearly f (RA))EFCX). But AC
£ (fA)). So clACf™(f(A)) and thus f(clA)Cf(A).
Hence fis fuzzy strongly continuous.

Corollary 2.4.1. A mapping f: X — Y is fuzzy
strongly continuous if and only if f(y JEFOX)N
FC(X) for each y ;= F,(Y).

Corollary 2.4.2. For any fts (X, 9), the identity
mapping id: (X, J) — (X, 9) is fuzzy strongly
continuous if and only if I is the fuzzy discrete
topology on X.

Theorem 2.5, Restriction of a fuzzy strongly
continuous mapping f: X — Y to any subset of X is
fuzzy strongly continuous.

Proof. Let A be any subset of X and let y ;& FLY).
Since f is fuzzy strongly continuous, by Corollary
25.1, f 1y JEFCENFOR). But (flAY'(y D=0 DNA.
So (flA)'(y )JEFC(A)NFO(A). Hence fl|A is fuzzy

strongly continuous.
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Theorem 2.A[9]). If f: X — Y is fuzzy strongly
continuous and g:Y — Z any mapping, then gof: X
— Z is fuzzy strongly continuous and hence the
composite of two fuzzy
mappings is fuzzy strongly continuous.

strongly continuous

Corollary 2.A.1. Let f X — TaeuX, be fuzzy
strongly continuous. For each aE A, let fo: X — X,
be defined as f(x)=x , if Ax)=(xy). Then f, is fuzzy
strongly continuous for each o A.

Proof. Let r, denoted the projection of TTaesX o
onto X, Then, obviously f,=m,-f for each o E A,
and, by Lemma 1.C.(1), 7, is f-continuous for each
o< A. Therefore, by Theorem 2.A, f, is fuzzy
strongly continuous for each a& A.

Corollary 2A2. Letfi: X, > Yiand fn X, — 1>
be fuzzy strongly continuous mappings. Let X=X; X X;
and Y=Y, XY, Let f: X — Y be defined as fix;, x,)=
(fi(x1), f2(x2)). Then fis fuzzy strongly continuous.

The following example shows that the result of
Theorem 2.A is not necessarily true for f-continuous
mappings.

Example 2.6. Let X be any set and let I and J*
be the fuzzy indiscrete topology, and the fuzzy
discrete topology on X, respectively. Consider the
identity mapping f: (X, 9) — (X, ¥) and g: (X, T) —
(X, I*). Then clearly f is f-continuous. But gof is
not f-continuous.

Definition 2.7[1,3]. A mapping f: X — Y is said to
be fuzzy weakly continuous if for each x ;=F,(X) and
each HEFO(X) containing fix ;), there exists a G&
FO(X) containing x ; such that {G)CclH.

Lemma 2.Bf1]. A mapping f:X — Y is fuzzy
weakly continuous if and only if for each VEFO(Y),

FAVICinif YeIv).

Theorem 2.8, Every fuzzy weakly continuous
mapping into a fuzzy discrete space is fuzzy strongly
continuous.

Proof. Let f: X — Y be fuzzy weakly continuous
and let Y a fuzzy discrete space. Let BEF. Since Y
is a fuzzy discrete space, BEFCY)NFO(Y). Since f
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is fuzzy weakly continuous, by Lemma 2.B, f(B)C
intf (cIB). So f'(B)Cintf'(B), and hence f(B)E
FO(X). Similarly, we have f (B)< FC(X). Therefore f
is fuzzy strongly continuous.

Theorem 29.If f:X — Y is fuzzy weakly
is fuzzy strongly
continuous, then g-f is fuzzy strongly continuous.

Proof. Let ASF. Since g is fuzzy strongly
continuous, by Theorem 2.5, g”(AYSFOY)NFC(Y).
Since f is fuzzy weakly continuous, by Lemma 2. B,
g ANCinf (clg @)=intf "(g"(A)). So f'(g"(A)
EFOX) and thus (g-f) "(A)SFOX). Similarly, by
Lemma 2.B, we have (g f)' (A)SFC(X). Hence gof
is fuzzy strongly continuous.

continuous and g:Y — Z

Corollary 2.9.1. If f: X — Y is f-continuous and g:
Y — Z fuzzy strongly continuous, then gof: X — Z
is fuzzy strongly continuous.

Definition 2.10[9]. A mapping f: X — Y is said to
be fuzzy completely continuous if for each O FO(Y),
f {OYEFROX).

Obviously, every fuzzy strongly continuous mapping
is fuzzy completely continious and every fuzzy
completely continuous mapping is f-continuous. The
converse implications do not hold (See Example 3.16
and Example 3.3 in {9]). We can see some properties
of fuzzy complete continuities in [9].

The restriction of a fuzzy completely continuous
mapping may fail to be fuzzy completely continuous
as shown by the following example.

Example 2.11. Let (X, 9) be the fuzzy topological
space. Let X={a, b, ¢, d}, Y={p, g, r} and let I={X,
@, Oy, 0y, 05, O} and let U={Y, @, Os}, where O;=
{(a, 0.3), (b, 0.6), (c, 0.2), (d, 0.6)}, O,={(a, 0.6), (b,
0.5), (c, 0.7), (d, 0.5)}, Os={(a, 0.3), (b, 0.5), (c, 0.2),
(d, 0.5)}, Os={(a, 0.6), (b, 0.6), (¢, 0.7), (4, 0.6)}, O;s
={(p, 0.6), (g, 0.5), (r, 0.7)}.

Let f: (X, I9) — (¥, u) be the mapping defined by
fa)=p, Ab)=Rd)=q, fc)=r. Then f is fuzzy completely
continuous. But the restriction of f to the set {b, c} is
not fuzzy completely continuous.

55

3. Fuzzy Midly Normal Spaces

We miroduce the concept of a fuzzy midly normai
space and study its properties.

Definition 3.1[10]. A mapping f: X — Y is said to
be fuzzy almost open if for each A& FROX), fA)=
FO®).

Theorem 3.2. Let a mapping f: X — Y be fuzzy
almost open,
surjective. if G:Y — Z is the mapping such that gof
is fuzzy completely continuous, then g is f-continuous.

Proof. Let GEFO(Z). Since g-f is fuzzy completely
continuous, (g - fy (G)EFRO(X). Since f is fuzzy almost
open, fig /) (GNEFOW). But (g-/)'(G)=f "(&"(G).
Since f is surjective, (g (G))=g"(G). So g'(G)&
FO(Y). Hence g is f-continuous.

fuzzy completely continuous and

Definition 3.3. A fts X is said to be fuzzy mildly
normal if for each F, F,&FRC(X) such that FiQOF,=
@, there exist U, VEFO(X) such that UQ V=0, F,C
U and F,CV, where (AOB)(x)=max[0, A(x)+B(x)-1]
for each x&X.

It is clear that AOB=0 if and only if ACB". Hence
Definition 3.8 is equivalent to Definition 6.1 in [12].

Definition 3.4[7]. A fts X is said to be fuzzy
normal if for each FEFC(X) and each USFO(X)
such that FCU, there exists a VEF such that FC
intVCclVCU.

Theorem 3.5. Let X be a fuzzy mildly normal space
and let Y be a fis. If f: X — Y is fuzzy completely
continuous, fuzzy closed, open and surjective, then Y is
fuzzy normal.

Proof. 1et FEFC(Y) and each USFO(Y) such
that FCU. Then, by the hypothesis, f(F)&FRC(X),
FUEFROX) and f(F)Cf(U). Also, there exist
VEFROX) such that f (FYcVCcvVct ' (U). But F
CAV)CRcV)CU. By Lemma 1.A and Lemma 1.B,
FCintlV)C cIfV)CU. Then Y is fuzzy normal.

Definition 3.6. A mapping f: X — Y is said to be
fuzzy almost continuous at a fuzzy point x, in X if
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for each fuzzy open set V in Y containing f{ix ,), there
exists a fuzzy open set U in X containing x ; such that
AU)CinKclV). The mapping f is said to be fuzzy
almost continuous on X if it is fuzzy almost continuous
at each fuzzy point x ; in X.

It is clear that every f-continuous mapping is fuzzy
almost continuous. But the converse is not true (See [6]).

Lemma 3.A[6]. For a fsts X, the followings are
equivalent;

(1) fis fuzzy almost continuous.

(2) For each VEFRO(Y), f (V)EFOX).

(3) For each CEFRC(Y), f (C)SFCX).

Theorem 3.7. Let f:X — Y be fuzzy almost
continuous, f-closed, f-open and surjective. If X is
fuzzy normal, then Y is fuzzy midly normal.

Proof. Let AEFRC(Y) let BEFRO(Y)
containing A. Since f is fuzzy almost continuous, by
lemma 3.A, f{A)SFC(X), f(B)Y=FO(X). Moreover
£ (A)CSf (B). By the hypothesis, there exists VEF
such that f'(A)CintVCcIlVCf(B). Thus ACRintV)
CflclV)CB. Since f is F-closed and F-open. flintV)&
FO®Y) and RcIV)SFC(Y). Let Us=f(intV). Then
clearly clU=clf(cIV)=f(clV). So ACUCclUCB and U
&FO(Y). Hence Y is fuzzy midly normal.

and

From the fact that if f: X — Y is f-continuous, then
f is fuzzy almost continuous, we obtain the following
result:

Corollary 3.7.1. Let f: X — Y be f-continuous, f-
closed, f-open and sugjective. If X is fuzzy normal,
then Y is fuzzy midly normal.
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