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THE IMAGE OF DERIVATIONS ON
CERTAIN BANACH ALGEBRAS

ByunG-Do Kim

ABSTRACT. Let A be the non-commutative Banach algebra with iden-
tity satisfying certain conditions. We show that if D is a derivation
on A, then D(A) is contained in the radical of A.

1. Introduction

Throughout, R will represent an associative ring. Let A be a com-
plex Banach algebra. A linear map D from A to A is called a deriva-
tion if D(xy) = D(z)y + zD(y) holds for all z,y € A. An addi-
tive mapping D from R to R is called a Jordan derivation on R if
D(z?) = (Dz)z+ z(Dz) holds for all z € R. A linear map D from A to
A is called a linear Jordan derivation on A if D(z?) = (Dz)z + z(Dx)
holds for all z € A. We will denote by Q(A) the set of all quasinilpotent
elements in a Banach algebra A.

In 1955, Singer and Wermer [6] proved that a continuous derivation on a
commutative Banach algebra maps into the (Jacobson) radical, and they
conjectured that this result holds even if the derivation is discontinuous.
In 1988, Thomas [7] solved the long standing problem by showing that
the conjecture is true.

In 1991, Kim and Jun [3] proved that if D : A — A is a deriva-
tion on a noncommutative Banach algebra A satisfying the condition
14, 4], A] = {0} then D(4) C Q(A).

In 1992, Vukman (8] proved that if D : A — A is a linear Jordan
derivation on a noncommutative Banach algebra such that the map
F(z) = [[Dz,z],z] is commuting on A, that is [F(z),z] = 0 for all

Received September 9, 1997. Revised March 26, 1998.

1991 Mathematics Subject Classification: 46H40.

Key words and phrases: radical, quasinilpotent, derivation, linear Jordan deriva-
tion, Banach algebra, spectral radius.

The author was supported by Kangnung National University Research Fund, 1996.



490 Byung-Do Kim

z € A, then D =0.

In 1992, Mathieu and Runde [5] proved that if D is a centralizing deriva-
tion on a Banach algebra A, then D(A4) C rad(A).

In 1994, Bregar [2] showed that if D is a bounded derivation of a Banach
algebra such that [D(z), z] € Q(A) for every z € A, then D(A) C rad(A)
where rad(A4) denotes the Jacobson radical of A. In this paper, we are
to prove that if D : A — A is a linear Jordan derivation on A where
A denotes the noncommutative Banach algebra satisfying the following:
for some u,v € A, and ) € C,

u—v=2Al, z(ut+v)y—ylu+v)r=0, [zu,z2v]ly—ylve,uz] =0 for all
z,y, and z € A, then D(A) C Q(A4).

And also, we show that if D : A — A is a derivation on A where A de-
notes the noncommutative Banach algebra satisfying the following: for
some u,v € A, and A\ € C,

u—v=2AL, z(u+v)y—ylu+v)z =0, [zu,z2v]y—ylvze,uz] =0 for all
z,y, and z € A, then D(A) C rad(4).

2. Preliminaries

We need the following theorem, which is due to Thomas [7].

THEOREM 2.1. Let D be any derivation on a commutative Banach
algebra A. Then D(A) is in the radical of A.

The following theorem is due to Mathieu and Runde [5].

THEOREM 2.2. Let D be a centralizing derivation on a Banach alge-
bra A. Then D{A) is in the radical of A.

Let 7 denote the spectral radius in a normed algebra (A4,|| - [|). An
operator T on A is said to be spectrally bounded if there exists an M > 0
such that r(T(z)) < M||z|| for all z € A. In particular, if M = 0, then
we say that T is spectrally infinitesimal.

Mathieu [4] proved that the following two results hold.

THEOREM 2.3. Each spectrally bounded derivation fixes the radical.

THEOREM 2.4. Let D be a derivation on a Banach algebra A. Then
the following three conditions are equivalent:

(i) [z,d(z)] € rad(A) for all z € A.
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(i) D is spectrally bounded;
(i) D(A) C rad(A).

3. Main results

THEOREM 3.1. Let A be a noncommutative Banach algebra with
identity 1 and rad(A), and let D : A — A be a linear Jordan derivation.
Suppose there exist a nonzero A € C and the elements u,v € A such that

u—v=2Al, z(u+v)y—ylu+v)z=0, [zu,zv)y—ylve,uz]=0

for all z,y, and z € A. Then we have D(A) C Q(A).

PROOF. We define a new algebra multiplication by zxy = zuy — yvx
for all z,y € A. Then since [zu, zv]y—y[vz,uz] = 0 for all z,y and z € A,
we have

(xxy) *z—x*x(y*2z) = (zuy — yvz)uz — 2v(Tuy — Yvx)
— (zu(yuz — 2vy) — (yuz — zvy)ve)
= TUYUZ — YUTUZ — ZUTUY + 2VYvT
— TUYUZ + TUVY + Yuvr — 20YVT
= —YvTUZ — ZVITUY + TUZVY + YULVL
= yluz,vz| — [2v, zuly
=0

for every z,y, and z € A. Thus (4, *) is associative. And also, we get
zxy—y*x = zuy — yox — (yuz — zvy) = 2(z(u+v)y —y(u+v)z) =0
for every z,y € A. Consequently, (A, ) is an associative commutative
Banach algebra under the new algebra multiplication * and a new norm
on (A,x) is ||| - |lll = (lu|| + |[v[DI] - {|. On the other hand, since D is a
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linear Jordan derivation and u — v = Al,

D(z x z) = D(zuz — zvx)

= D(z(u — v)z)

= M(D(z?))

= M D{z)z + xD(x))

= D(z)(M)z + (A1) D(z)

= D(z)(u — v)z + z(u — v)D(x)

= D(z)uz — D(z)vz + zuD(z) — zvD(x)

= (D(z)uzx — zvD(z)) + (zuD(z) — D(z)vz)

= D(z) *z + z * D(x).
Hence D : (A,*x) — (A, *) becomes a linear Jordan derivation on a
commutative Banach algebra. And also, a simple calculation shows that
Dz xy) = D(z) xy + z x D(y) for all z,y € A. It is obvious that

D : (A,*x) — (A, *) is a derivation on a commutative Banach alge-
bra. Hence by Theorem 2.1 we have D(A,*) C rad(A, «). But since

ro(@) = lim [|Z% 2|7 = lim (|[ull+ [[ol)) A ]|
= |A|r(z), we have
rad(A, %, 1] - [Il) = @A, % Il - I1)
={z € A|r.(z) =0}
={z e Alr(x) =0} = Q(4)

where 1, denotes the spectral radius in (A4, *, |||-|]]). And clearly, D(A, %)
= D(A). Therefore D(A) C Q(A). d

THEOREM 3.2. Let A be a noncommutative Banach algebra with the
identity 1 and the radical rad(A), and let D : A — A be a derivation.
Suppose there exist a nonzero A € C and the elements u,v € A such that

u—v=2Al, z(u+v)y—ylut+v)z =0, [zu,2v]y—ylve,uz]=0
for all z,y, and z € A. Then we have D(A) C rad(A).
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PROOF. Asin Theorem 3.1, (A, *) is an associative commutative Ba-
nach algebra under the algebra multiplication * and the norm on (A4, )
is |||+l = (Jlull + ||l - ||. On the other hand, since D is a derivation,
and by the assumption u — v = Al, and z(u + v)y — y(u + v)z = 0 for
all z,y € A, we have the following: D(u) — D(v) = 0, and

0 = D(z(u+v)y — y(u+v)z)

= D(z)(u + v)y + zD(u + v)y + z(u + v)D(y) — D(y)(u +v)z
—yD(u + v)z — y(u + v)D(z)
= D(z)(u +v)y — y(u + v)D(z) + z(u + v)D(y) — D(y)(u + v)z
+zD(u+v)y —yD(u +v)z
=zD(u+v)y — yD(u+v)z
= z(D(u) + D(v))y — y(D(u) + D(v))
=2(zD(u)y — yD(v)x).
Hence we get zD(u)y — yD(v)z = 0 for all z,y € A. And so, using the
relations, we have
D(z *y) = D(zuy — yvz)
= D(zu)y + zuD(y) — D(yv)z — yvD(x)
= D(z)uy + zD(u)y + zuD(y) — D(y)ve — yD(v)z — yvD(x)
= D(z)uy — yvD(z) + zD(u)y — yD(v)z + zuD(y) — D(y)vz
= D(z) *y + = * D(y) + zD(u)y — yD(v)x
= D(z) xy + z x D(y).

Hence D : (A,*) — (A, *) becomes a derivation on a commutative Ba-
nach algebra. Hence by Theorem 2.1 we have D(A, *) C rad(A, x). But

since r.(a) = Jim |Z5- 52 1% = Jim (lull + 1ol * N 12”1
= |Ajr(z), we have
rad(A,*, Hl : HI) = Q(A’*’ ||| : ”l)
= {z € Alr.(z) =0}
= {z € A lr(z) = 0} = Q(A)
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where r. denotes the spectral radius in (4, *,]||-||]). On the other hand,
D(A,*) = DA. And so, D(A) C Q(A). Then by Theorem 2.3 a deriva-
tion D is spectrally infinitesimal, so it is spectrally bounded, hence by
Theorem 2.4 we have D(A) C rad(4). O

COROLLARY 3.3. Let A be the noncommutative Banach algebra sat-
isfying the condition [[A, A], A] = {0}. Suppose that there exists a
derivation on A. Then we have D(A) C rad(A).

ExXAMPLE 3.3. Let

and let
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0 zz 0 O
I 0 ’ Y= Y2 T2 0 )
w I Zy w2 T2
I3 0 0 0 0 O
Yz T3 0 ’ E=X10 0 0
23 W3 I3 1 00

for some nonzero A € C. And we define a norm || - || : 2 — [0,00) by
[|X|| = 3max{|wy|, |z1], |y1],]21]}- Some calculations show that || - || is
an algebra norm on the algebra (%, product of matrices, || - ||) over C.
By some calculations we can conclude that (2, product of matrices, ||-||)
is an associative noncommutative Banach algebra with identity I where
[lI]| = 3. Now we define the multiplication *x by X *Y = XUY - YVX
for all X,Y € . And we need the following relations:

Sa
It
e e L B
=X
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for all X,Y, and Z € ¥,

(1) U-V=M, XE=EX=x,E, YE=EY =,E,
ZE = EZ = z3E,

XU=UX=%X+%E, XV:VX:—%X+%E,
YU =UY =2y + 2B, yv=vy = -2v+ 225,
2° T2 27 T2
ZU=UZ = —;‘-Z+ %E ZV =VZ= %Z—i— %EE
(X,Y] = (yow1 ;ylw2)E’ X, 2] = (yswy ;y1w3)E,

XU, ZV] = [VX,UZ] = _/\(y3w14— yws) o

Using (1), we have

X+Y-Y+sX=XU+V)Y -Y({U+V)X
= X(2U — AI)Y — Y(2U — AD)X
=2(XUY - YUX) - MXY -YX)

- 2((%){ + %E)Y - Y(%X + %E)) ~ MXY - YX)
= MXY = YX) +2,EY —2,YE - A\(XY - YX)
=0
for all X,Y € 2. And also, according to (1), we get
(X*Y)xZ-X*x(Y x2Z)
= (XUY —~YVX)*Z - X x(YUZ — ZVY)
=XUYUZ-YVXUZ—-ZVXUY +ZVYVX
- XUYUZ+XUZVY +YUZVX - ZVYVX
= [XU,ZV]Y - Y[VX,UZ]
_AMyzwr —yiws) o v(- Alyswi — y1ws) \E

4 4

— A(:’/37'01 - y1w3) [E Y] =0
4 I




496 Byung-Do Kim

Hence we see that (2, ) is commutative and associative. Moreover, let
NIXN = (I + IVIDIXT = 3IA[[IX]] for all X € 2 where ||U]| =

V]| = gl)\| Then it is obvious that

11X =Y = ([0 + IVIDIX * Y
= (Ul +IVIDIIXUY - YV X]|
< (Wi + 1vVIDAX T HY I+ Y IIVTIX D
= (U1 + IVIDIX AU+ HVIDIY
= [IIXIHYIL X, Y e 2L

Thus ||| - ||| is also an algebra norrn on the algebra (2, *) over C.
In consequence, we can conclude that (2, *,|||-|||) is an associative com-
mutative Banach algebra with identity 11 over C where |||$I]|| = 9. On

the other hand, we see that

and

0 0 O 0 0 O
Ity O O)l={w O O}LI
z7 wy O z1 wy O

And so, by the basic result that r(z+y) < r(x)+r(y) whenever vy = yz
in [1, Corollary 3, p.19], and from the fact that there exist polynomials
Py, 1(w1, 1,1, 21), Pr2(w1, 1,91, 21), Pa,3(w1, 1,1, 21) such that

z7 0 0
X"=| P,y =z 0],
Pn,2 Pn,3 CL‘{L
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it follows that

. npyd
|z1] = lim (3[z7])
< lim (3max{|?], |Pasl, |Pasl, [Pasl}) s
n—o0

= lim || X"||» = r(X)

0 0 0
<r(fyr 0 0))+r(xd)
21wy 0

= |z1].
Hence we get r(X) = |z1|. But, for a product of matrices it follows that

Q) = {X e Ajr(X) = 0}
= {X el|z:| = 0}

0 0 O
= u1 0 0 |w17y1)z1 eCy,.
21 w; O

And also, a simple calculation shows that 2 has a unique maximal mod-
ular left ideal of . In fact, the ideal is the following:

0 0 O
rad(2) = 1 0 0] fjwi,y2,21€Cp.
zz wy O

Thus we can conclude that rad() = Q(2). On the other hand, if r, is
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the spectral radius in a Banach algebra (2, x, [{| - [||), then it follows that
m
e e, 1
ro(X) = lim ||| X *---x X |||7"
n—o0
2n-1

= lim [[[(X *X) %% (Xx X)|[|

= lim [|A?"1X%"|||
n—o0
= lim (3|A) A 77 || X 27|
n—00
EETVIRT o5 2" ||
= | lim (3)7" lim ||X*||z
= A\lr(X).

Hence, using the above relation and the fact that rad(A) = Q(4) in a
commutative Banach algebra, we obtain

rad(®, , [|] - |]]) = Q(, %, || - ]I})
= {X € 2pr.(X) = 0}
= {X e 2Ar(X) =0}
= {X € 2r(X) = |z1| = 0}

0 0 O

={(y1 0 0) lwhyl,zlec}
z1 wa O

= Q) = rad().

In particular, we define a mapping D on a given noncommutative Banach
algebra 2 = (2, product of matrices, || - ||) as follows:
Define D : % — 2 by

zy 0 O /0 0 O
D({yr =1 0 |)=|% 0 0] (crad(¥))
21 w1 I3 \ 21 %‘* 0

for all w1,z1,y2,21 € C. Then D is a derivation on 2. Hence we see
that all the conditions of Theorem 3.2 are fulfilled. Therefore we have
D(2) C rad(2).
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