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A MODULUS OF CONTINUITY ON THE INCREMENTS
OF A TWO-PARAMETER GAUSSIAN PROCESS

Kyo-SuHiN HwaNGg AND YoONG-KAB CHOI

ABSTRACT. A modulus of continuity on the increments of a two-
parameter Gaussian process is obtained via estimating large deviation
probability inequalities on the suprema of the Gaussian process.

1. Introduction and results

Let {X(z,y), 0 <z <1, 0 <y <1} be an almost surely continuous,
centered two-parameter Gaussian process with X(0,0) = 0. For two
distinct points (z1,y1), (2,¥2) in [0,1] x [0,1], we always assume that
X(z,y) has

(i) B{X(z1,51) — X(22,92)}’ = 0*(v/(z1 — 22)2 + (41 — 42)?),

where o(t),t > 0, is a nondecreasing continuous, regularly varying func-
tion with exponent v at zero for some 0 < v < 1, that is, o(t) = 7 L(t)
for some 0 < v < 1, where L(-) is a slowly varying function at zero (i.e.,
it is measurable, positive and lim;_,o L(At)/L(t) = 1 for all A > 0). Note
that the process { X (z,y)} is a generalization of the two-parameter Lévy
Brownian motion. For our purpose, we assume that, for any ¢ > 0, there
exist constants ¢y, ce > 0 such that

(i)

do¥(t) . o2(t) Po¥(t)  o2()
< < .
i -9 and ez 2T
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For example, for some ¢y > 0, let o(t) = cot”, 0 < v < 1. Then
{X(t1,t2), 0 <t1 <1, 0 <ty <1} is a two-dimensional time param-
eter fractional Brownian motion of order 2v, and our assumptions are
satisfied.

QOur main result is as follows:

THEOREM 1 (Modulus of Continuity). Assume that the above Gauss-
ian process {X(z,y)} satisfies conditions (i) and (ii). Let 0 < h < 1.
Then we have

[ X(z +5,y) — X(z,9)|

lim sup sup sup =1 a.s.
h—=0 0<s<h0<e<1—s0<y<1 ﬁa"’(h) log { (12 v1) 1)
and
X h,y)— X
lim sup sup (X(z+hy) @yl _ 1 a.s.,

h—0 0<z<1-h0<y<1 \/202(h) log{(l%fi v 1) %} =

where m V n = max{m,n}.

2. Proofs

The proof of Theorem 1 is mainly based on the following Lemma 1,
due to Fernique [2]: Let D = {t : t = (t1,...,tn),a; < t; < byt =

1,2,...,N} be a real N-dimensional parameter space. We assume that
the space D has the usual Euclidean norm || - || such that
N
It —s|® =t —s:)>
=1

Let {X(t), t € D} be a real-valued separable Gaussian process with
EX(t) = 0. Suppose that

O<supE(X(t))2 =:T? < o0, r>o0,
teD

and
E{X(t) - X(s)}* < ¢*(|It - sl)),
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where ¢(-) is a nondecreasing continuous function such that

/ cp(e_yz)dy < 00.
0

LEMMA 1. Let {X(t), t € D} be given as the above statements.
Then, for A >0, z > 1 and A > 2v/N log 2, we have

P{supX(t) >2{T + (2v2+ 2)4 / ” (VI )y} |
teD 0

bi—ai, 1)e~*"/2,

N
<@ +9) [«

i=1

where ¢ = 0, exp{% — 2”(—‘%3 — 2N log 2)} < 0.

Let us estimate an upper bound of the following large deviation prob-
abilities by using the above Lemma 1:

LEMMA 2. For any € > 0, there exists a positive constant C¢ depend-
ing on € such that the inequality

P{ sup sup sup IX(iL'+ S’y) _X(l',y)l > U}

0<s<h0<z<1—50<y<1 o(h)

< (v e

holds for allu>0and 0 < h < 1.
PROOF. For 0 < h < 1, let

Dn={(s,2,y) 1 0<s<h,0<z<1l-50<y<L1}
be a three dimensional space. In order to apply Lemma 1, we set

X(z+5,y) — X(z,y)

Z(s,z,y) = = ,

(s,m,y) € Dh)

and (\/§ )
20 z
w(z) = *m)—‘,
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Clearly, EZ(s,z,y) = 0 for all (s,z,y) € Dy. Since o(-) is nondecreasing,
it follows from the assumption (i) that

I?:= sup E(Z(s,alc,y))2 =1
(s,z,y)EDh
Using the elementary inequality (a & b)? < 2(a? + b?), we have
E{Z(s1,x1,y1) — Z(s2,%2,12)}?
2

< W{E{X(wl +51,51) — X (@2 + s2,2)}

+ E{X(z1,41) — X(xz,yz)}2}
4
<

= 52(h) o’ (\/2((1‘1 —29)%2+ (51 — 82)%2 + (y1 — y2)2)) .

Thus we get
E{Z(s1,21,91) — Z(s2,22,y2)}*
< @?(V2((s1 = 52) + (1 — 22)2 + (y1 — ¥2)?))-

Since o(+) is a regularly varying function, we can show that for any ¢ > 0,
there exists a small ¢ = ¢(¢) > 0 such that

(2v2 + 2).A/oo go(\/gchQ_y2) dy < €/8
0

(cf. Lemma 4.5 in Choi [1]). Let u = w(1 + (¢/8)), w > 1, then we have,
by Lemma 1,

X - X
P{ sup sup sup | (II? + Say) (:L',y)l > U}
0<s<h0<z<1-50<y<1 o(h)

<2P{ sup  Z(s,z,y)
(3,$,y)€Dh

> w(l +(2v2 + 2)A/0oo o(vV3ch2™¥") dy) }

<o (L5 vi) (B)erre,

where C; is a positive constant depending on € > 0. In case 0 < u < 1,
the result is obvious if we take C, large enough. |
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The following lemma is easily obtained by a combined modification of
Corollary 4.2.4 in Leadbetter et al. ([3], p. 84) and Lemma 4.4 in Choi

([1], p. 199):
LEmMMA 3. Let {Y;;,%,7 =1,2,...,n} be jointly standardized normal

random variables with covariance (Yza’ Yij) = Afjj " such that

0:= Ai;jll <L

max
CRECRD)
Let the subsequences {l;;¢ = 1,2,---,k} and {l;;5 = 1,2,--- ,h} of

integers be such thatlgll<lz<--~<lk<nand1§l1<l2<-~-<

. i’ Lol
I, <n with h, k <n. Denote réj = l’l 7" Assume that

ril <l i~ 5T <1, A, GA T

for some v > 0, and let u = {(2—n) log(hk)}'/2, where 0 < n < (1 — 8)v/
(14 v+ 6). Then for any real number v we have

P{ima e, Yiu, <o} < 2@ ol
where 6o = {v(1=6) —n(1+d+v)}/{(1+v)(1+6)} >0 and c = c((S) is

a constant independent of n,u,k and h, and ®(u) = fu \/é;e —v*/2 dy.

The next lemma is easily verified by the same techniques as in the
proof of Lemma 4.6 in Choi ([1], p. 204):

LEMMA 4. Let h bein 0 < hpy1 < h < hy, <1, n € N, where N
denotes the set of positive integers and h,, is decreasing. Then we have

i i | X(z + h,y) — X(z,y)|
imin sup  sup
h=0  0<z<1-h0<y<1 \ﬁ(ﬂ(h )log { (12 v 1) 1}
X (@ + hn,y) — X(z,9)]

> liminf  sup sup a.s.
n—=00  g<p<]- hn0<y<1 \[202 )log{ (2= v 1)1}

Now we are ready to prove Theorem 1:
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Proor oF THEOREM 1. We first prove that
(2.1)
X —
limsup sup sup sup Xz +5y) — X(zy)l

h—0 0<s<hO0<z<1-s0<y<1 \/202(11) log { (&2 v1) 1}

<1 as.

Let h be in hpy1 < h < hy, n € N, where h,, is decreasing and will be
specified later on. Note that

| X(z+s,y) — X(z,y)|
sup sup  sup
0<s<h0<z<1-50<y<1 \/Eoz(h) log { (12 v 1) 1}
(2.2)

X —_
S sup sup sup ‘ ($+S,y) X(.’L’,y)l Oi(lhn) .
0<s<hn 0<z<1—50<y<1 \/272(’171) log{(l;,f Vl)ﬁ}o( )

For any small € > 0, take T > (1 + €)/(2¢), and set h, = (n +1)77,
n € N. Then we have

o(hn+1) _

(2.3) lim =1.

n—00 o'(h,n)

Indeed, since o(-) is regularly varying,

o(hny1) _ o((1~ 725)" hn)

12 alhn) o(hy)
_ 1oy D((1= 55) ha)
= (-7 L(h:z) — 1

as n — o0o. On the other hand, it follows from Lemma 2 that, for any
>0,

P{ sup  sup  sup | X(z +5,9) — X(z,y)| >\/1+e}
0<s<hn 0<2<1—50<y<1 \/202(hn) log{ (352 v 1) 1L}

Ce(lh—ns v 1)}%{(1 ;nhn y 1)}%}—2(1%)/(2“)

—2¢/(1+¢
sce(hl—) M9 _ 6 4 1)-Te/ o)),

IA

Il
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Since T'(2¢/(1+ €)) > 1 for given € > 0, the series

ZP{ sup  sup sup | X(z + s,9) — X(=,9)| >14+ e}

0<s<hy, 0<e<1—s0<y<1 \/202(hn) log{ (X52a v 1) 1 }
is convergent. The Borel-Cantelli lemma implies that

(2.4)
X y)— X
limsup sup sup sup (X(z+5y) (z,9)] <1 as.

n—0o 0<s<h, 0<z<1-s0<y<l \/202(hn) log{ (L2a v 1)L}

Combining (2.2), (2.3) and (2.4), we obtain (2.1).
Next we prove that

X h,y) — X
(2.5)  liminf sup sup X(@+hy) (2,9 >1 as.

h—=0 0<z<1-h0<y<1 \/202(h) log{ (42 v 1)1}

It is obvious that there exists 8 > 0 big enough such that

1—h 1 1\A8
- > Z
( R Vl)h = (10gh>
for h > 0 sufficiently small. For such h, one can choose large integer N
such that
(l ! )ﬁ > N?
og — .
£h
Define nonnegative integers V1(h) and Va(h) by

=[]

for h > 0 sufficiently small. Then there exists a constant ¢ > 0 such that

l—h}

Vi(h) = [7\/'—}1—

(2.6) Vi(h)Va(h) > c(1og %)6

provided A > 0 is small enough. For ¢ = 0,1,2,.-- ,V;(h) and j =
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0,1,2,---, Va(h), we also define
Z(i,7) = X(Nhi+ h,Nhj) — X(Nhi, Nhj).

Then Z(%,j)/o(h) are standard normal random variables. It follows that,
for any 0 < €’ < € < 1 and small h,

2.7
| P){ su su X(z+h,y) = X(2,9)
ogzglz—h ogyrg)1 a(h)
< \/2(1 —€) log{(}—;;—h Vv 1)%}}
A%
< P{o<?<l%}f(h)o<y<%}§ wy o(h) < V2(1 - ¢)log (V1(h)Va(h ))}

Let r(i,7',3,5') = correlation(Z(1,3), Z(',3')), i # 4, j#j', and set
I=1i—4|>1, m=|j—j| > 1 Using the relation ab = %(a? + b* —
(a — b)?), it follows from the condition (ii) that

[ 11

|covariance(Z (1, 5), Z(¢', i) = |E{Z(3,5) Z(i', 5")}|
= |E{X ((Ni + 1)h, Njh) X ((Ni' + 1)k, Nj'h)
— X((Ni 4+ 1)k, Njh) X (Ni'h, Nj'h)
— X(Nih, NjR)X ((Ni' + 1)h, Nj'h)
+ X(Nih,Njh) X (Ni'h,Nj'h)}|

= 3[o? (VINTF 1252+ (Nm)2h?) — o (v/(NDZRZ + (Nm)?h?

— (*(VINDPRT + (Nm)2h2) — 02 (v (N1 = 1)2R2 + (Nm)?h?) )|
V/(NI+1)2h2+(Nm)2h? V(N1)2h24+(Nm)2h2
/ do?(z) —/

V/(N1)2h2+(Nm)2h2

do?(x)

1
2

V/(NI—1)2h24+(Nm)2h2

o2 (\/(TVI T12R% 1 (Nm)2h2) h?

<
ST (NI—1)%R2 + (Nm)2hZ
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where ¢ > 0 is a constant. Hence we have, for any small h,

o (h\/Nl+l2+(Nm))
Ir(4,5,i', 3 < ¢ o2(h) (N1 - 1) Nm) )
2
e
((Nl N 1 2) ( m2)“(1—’)‘)

< (2lm)~0M < (lm) v
where N is sufficiently large and 0 < v = 1 — 4. To estimate the upper
bound for the last inequality of (2.7), let us now apply Lemma 3 for
Z(i,3)
Y., = ,
ok

ri? | =Gy, 0 < m) ™, I=li—d| > 1, m= |- §| 2 1,

i:0,1,2,"',V1(h); j:0,1)2""av2(h)7

u = u(h) = {(2 - ) log (V1(h)V2(h))}!/* and n=2¢ < %%%

Then the last inequality of (2.7) is less than or equal to
{B(u(R))y DT 4 (1) Va(R)
for some dg > 0. Thus we have
P{ sup sup X(zthy -X@y) _ /——1_6}
0<o21—h0Zy21 \/202 Jlog{ (=2 v 1)1}
(2.8) < exp(—c(Vi(h)V2(h))) + ¢(V1(R)Va (k) ™"
< c(Vi(h)Va(h) ™%,

where ¢ is a constant, which may different in lines. Let h,, = exp(—n?),
0 < a <1, n € N. Note that the § in (2.6) can be taken sufficiently
large so that 3 > 1/(adp). Thus (2.8) implies that

P{ sup sup X(@thny —X@y /——1_6}
0<z<1~h, 0<y<1 \[202 log{(l—;ia Vl)hi}

—B36
< c(log ;Ll—) * = en—aPdo

n
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and
ZP{ sup  sup Xt hny) —Xlz0) ”1—6} < oo
” 0<z<1—hy, 0<y<1 \/202(hn) log{(l—;;’,l“ v l)ﬁ}

By the Borel-Cantelli lemma, we obtain

liminf sup  sup X(@ £ hnyy) =~ X(2,9) >vV1—€¢ as.
P o2 o o e (v 1))

Let A bein A1 < h < Ay. It follows from Lemma 4 that the result (2.5)
holds. The inequalities (2.1) and (2.5) complete the proof of Theorem
1. (]
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