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PACKING MEASURE AND DIMENSION
OF LOOSELY SELF-SIMILAR SETS

TAE HEE KiMm, M1 RYEONG LEE,
SANG HuN LEE AND HUNG HWAN LEE

ABSTRACT. Let K be a loosely self-similar set. Then a-dimensional

packing measure of K is the same as that of a Borel subset K(r§,- -+ ,75,)
of K. And packing dimension of K is equal to that of K\K (r{,--- ,75,)
and K(r§, -+ ,r%).

1. Introduction

To explain fractal sets, we sometimes use Hausdorff or packing mea-
sure and dimension. In general cases, packing dimension of a given
fractal set is greater than Hausdorff dimension, however in many cases,
two dimensions are equal.

In [1], S. Ikeda introduced a loosely self-similar set K and proved that
Hausdorff measure and a Borel probability measure are absolutely con-
tinuous to each other on K. Moreover, S. Ikeda investigated Hausdorff
measure and dimension for K and a subset of K.

In this paper, we show that packing measure and a Borel probability
measure on K are absolutely continuous to each other on K (see Theo-
rem 3.6) and then show that a-dimensional packing measures of K and
K(rg,---,r2) are equal (see Theorem 3.7). We also show that packing
dimension of K is equal to that of K\ K(rg,--- ,r%) and K(rg,--- ,1%)
(see Theorem 3.9).

2. Preliminaries and definitions

Throughout this paper, we denote |I| for the diameter of I. We define
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a 0-packing of A C R? to be a finite or countable collection of disjoint
balls {B;(z;)} of radii at most § and with centres z; in A. For a > 0,
define

P*(A) = limsup{z |Bi(z;)|* : {Bi(z:)} is a 6- packing of A}.
§—0

However P is not countably subadditive, so in order to get an outer
measure out of P, we define the a-dimensional packing measure of A,

p*(A4) = inf{z P%(A,) : A, is bounded and A C UAn}.

We recall that a (outer) measure u on R? is a Borel (outer) measure if
the Borel subsets of R? are u-measurable. It is well-known that p* is a
Borel measure on R%. Also we can define the packing dimension of A,

Dim(A) = sup{a > 0: p*(A) = oo}
= inf{a > 0: p*(A) = 0}.

Now we recall the notion of a loosely self-similar set [1].
Suppose that {p;, i, 4 : (61,42, ,ik) € {1,2,--- ,m}*, k=1,2,---}
(m > 2) is a sequence of contraction mappings on a compact subset X
of R? with d-dimensional Lebesgue measure of X, Az(X) > 0 such that
iy g, i - X — X satisfies

l‘Pil,'" ,ik(w) = Pig,ee ,ik(y)‘ = Tik"'n - y| forallz,y € X,0<r;, <1

and ’
Py, sih—1,ik (X) N Py, Jik—1yih (X) =0 (ik #* ’ik).
Put
[il’ e ’in] = Piy OPiyip 00000 (Pil---i,,(X)
and

K= U i1, yn].

n=1 (il’... ,in)e{l’gy... ,m}"
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We call above K a loosely self-similar set generated by {@s, iy, i }-

Since (Voo ;[1,%2, -+ ,%n] consists of a single point for any w = (41,22, --)
€ {1,2,--- ,m}YN, we can define a bijection map ¢ from {1,2,--- ,m}N
to K by

pLw= (ilai2>”') € {1a2, am}N - QO(’U)) = ﬂ%o=1[i17’" 7in]'

Through the whole paper, we assume that {g;}7; satisfies .=, ¢; =
1 and 0<¢q; <1(:=1,2,---,m) and set

Ni(w,n)
n

K, qm) = {so<w> :

where N;(w,n) denotes the cardinal number of the set {k : 1 < k <
n,ix = i} for w = (i1,4,---) € {1,2,--- ,m}N. It is well-known that
K (g1, ,qm) is a Borel set but not compact set.

Let v(4;,qo, ,gm) Pe the Borel probability measure on R? such that
Yy, am) (157 -+ 5in]) = [T} @i, for any n and any (i1, - ,4n) € {1,2,

- ,m}. Since V(g ... .q..)(K) = (g, gy (E(g1, -+ ,@m)) = 1, the prob-
ability measure v(g, q,.... .q,.) is called the (g1, g, - - - , gm) -Bernoulli mea-
sure on K [1].

—>qz-asn—>00},

3. Main results

Now we introduce some Lemmas, which have an important role in the
proof of our main results.

LeEMMA 3.1 [2]. For any F C R? we have H*(F) < p®(F), where
H°(F) is the a-dimensional Hausdorff measure of F'.

LEMMA 3.2 [1]. Assume that p is a probability Borel measure on R?
such that u([iy,--- ,in)) > 0 for any n and any (i1,--- ,in) € {1,2,---,
m}". If

a< liminfM < limsupM <b
n—0oo Hzla"' ,Zn][ n—00 |[217"' ,Z'fl:“
hold for any NS i1, -+ ,in] € E C K, then there exists a positive
constant L depending only on d, X, )\ = Eml—,r,(> 1) such that

b= 'AT°L N (E) < HY(E) < a”'u*(E),
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where p*(E) = inf{>_ u(E;) : E C UE;, for Borel set E;}.

From now on, we write
Ry for {[i1,%2, -+ ,in] : (41,82, ,in) € {1,2,--+ ,m}"}, Ru(z) for z €
R, € R, and R for U3, Rp.

LEMMA 3.3. With the same hypothesis in Lemma 3.2, we have

bINTOLTIW(E) < p°(E) < Ma~lu*(E).

PROOF. The first inequality is obtained by Lemma 3.1 and 3.2.
We only need to show the right side inequality.
For p > 0,e > 0, set
Bpe ={z € B : (a - €)|Ral’ < pu(Ra) < (b+ )| Ral’ or [Ral > M
for any R,, € R such that z € R,, }

For v > 0,(0 <)p' < p, let {B;(z;)} be a p/-packing of E, . such
that for each ¢ and for some n;, A™™ < |B;(z;)| < A™™11. Then we
can find {Rn;(2:)} C R such that A™™ < |Rn(z:)| < A™™1, and so
A Bi(@:)] < | Ry (:)] < A Bi(;)] for any i.

Therefore

P%(Bpe) < 3 B’ +7

<AY [Ruy (@) +
< NS (@ ) (R (22)) +
< XN(a—€) 7 i (Bpe(p) +
where E(p') is a closed p/-neighborhood of E.
By letting p’ | 0, we have P*(E, ) < X(a —€)~'u*(E, ) + 7. Since

E,. 1 E as pl0, we have P°(E) < M(a —€)~'u*(E) + 7. Therefore we
have p’(E) < Xa~'u*(E). O

LEMMA 3.4 [1]. Assume that u is a positive finite Borel measure on
RY satisfying p([iy, -+ ,in]) > 0 for any n and any (i1,-- - ,in) € {1,2,
- ,m}*. If E C K with u*(E) > 0 satisfies

)
T Togliz, - viall) = oe? og(fin, s iall)
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for any N2, [i1,- -+ ,in] € E, then
a <dimg(F) <b

where dimpy (F) is the Hausdorff dimension of E.

LEMMA 3.5. With the same hypothesis in Lemma, 3.4, we have

a < Dim(FE) <b.

Proor. Using Lemma 3.1 and Lemma 3.4, we have a < Dim(E).

To show Dim(E) < b, it is sufficient to show that p**t¢(E) < oo for
any € > 0. Set

Ep,e = {.’L’ eE: |}B’n]b+6 < N(Rn) or |Rn| > p for any R, € R

such that ze R, }.

Now we can proceed with an argument similar to the proof of Lemma, 3.3.
That is, for d-packing {B;(z;)} of E, . with A™™ < |B;(z;)| < A~mit!
for some n, (§ < p), we can get {Ry(z:)} C R such that A7} By(z;)| <
| Rn; (2:)| < A|Bi(z;)| for any i.

So,
P*(Ey ) <Y |Bi(x)|**e, |Bi| <6
< N sup 3 | Ry ()

<A sup > p(Ry (1))
< Xep(RY).

Since E, 1 E as'p | 0, P**¢(E, ) < 0o, therefore p**¢(E) < oo for any
e>0. (]

For simplicity of notation, we write ry = r;, for contraction rate of
Wiy ig, e ,ike

THEOREM 3.6. Assume that (qi,q2, - ,qm) satisfles > v g = 1
and 0 < ¢; <1 (i = 1,2,---,m). Let a be the unique solution of
ZZ;I rx® = 1. Then a probability measure V(r o rya,.. r o) and o-

dimensional packing measure p® are absolutely continuous to each other
on K.
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PROOF. Assume ¢; = r¢& for each i, 1 = 1,2,--- ,m. Then for all
w = (i1,%2, " »in, -+) € {1,2,--- ,m}N and n € N,
V(rf,rg,---,rg,)([il,"‘ ,in]) B Hzn T?Ni(w,n) _ -

Hil’ e ,in”a B Hm ’I‘O‘Ni(w’n) . IXla

i=1"'14

Since V(re ra ... ra)([i1,° - ,in]) > 0 for any 21,--- ,%n,n, by Lemma
3.3, we have

IX[*A™ L™ e . ra ) (B) < p*(E) < XX (rg,... ra)(E)
for any Borel set E C K. This achieves the proof. (]

The following Theorem shows that a-dimensional packing measure on
K\ K(rg,---,r2) is 0. That is, a-dimensional packing measure on K
concentrates on K(r{, - ,r%).

THEOREM 3.7. Let a be as in Theorem 3.6. Then
(]) pa(K \ K(Ttll7 e )""gn)) =0
(i) p*(K) = p*(K(rf, -~ 7))
(iii) 0 < p*(K) < oo.
Proor. (i) K(q1, - ,qm) is a Borel set for any (g1, - ,qm) and
Vira,... ra) (K \ K(rf, -~ ,7%)) = 0, so by using Lemma 3.3,
pa(K \ K(T?’ e arfrlz)) =0.

(ii) Since p® is an outer measure,

p*(K(rf, - ,mm)) < p*(K)
< pa(K(r(lx’ T ’7'7?1‘1)) +pa(K \\ K(T?a T ’rfrlr.))
= pa(K(r(lla T aTSv,))'

(iii) Noting that v(ya ... ra)(K(rf, -+ ,7,)) = 1 we have, by Lemma
3.3,

XL g ey (K (T o)) S PHE(ES -5 m)
<IXIE X, ) (K (T, 5rm)). O
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REMARK 3.8. Noting Theorem 3.7 (ii) and the fact v(q, 45, ,q,n) (K)
= V(g1,q2,am) (K (1,92, - -+ ;qm)), We see by Theorem 3.6 that a Borel
probability measure v(g, g, ... ¢..) and 8(q1, 92, -+, ¢m )-dimensional pack-
ing measure are absolutely continuous to each other on K (q1,92, - , ¢m)
if and only if (QI»Qz, Tt ,Qm) = (Tla? T%?' o 77'%)-

The next Theorem shows that K\ K (r{,--- ,r%) and K are equivalent
in the view of packing dimension.

THEOREM 3.9. Let o be as in Theorem 3.6. Then
(i) Dim(K) = Dim(K(r1%,-- ,rm%)) =
=Dim(K \ K(r1%,- -+ ,Tm®))
(ii) for any (q1,q2, - ,qm) satisfying > .o, ¢ = 1, for 0 < ¢ < 1,
Dim(K (g1, -+ ,qm)) = Doieq qilogqi/ > iviqilogr; < « and the
equality is attained only in the case of (g1, ,qm) = (1%, ,Tm%).

PROOF. (ii) ; By the definition of K(qi, - ,qm) and all (i1,42,--+)
€ {1,2,--- ,m}" such that N2, fi1, - ,in] € K(q1,"** 1 Gm)s

lim 10g U(q17"';?m)([i17: o 7?:’"-]) — lim ZZ%I Nz(w,n) long
n—00 log [[i1, -+ - »inl| nso00 Y . Ni(w,n)logr;
_ Y1 alogg
>y gilogrs

Since v(g, .. q)(K(q1,-** ,@m)) = 1, by Lemma 3.2,

DimK (g1, - q) = SizL %108
A >oisigilogr;

for any (g1, ,Gm)-
Hence >.0° gilogq:/> 1r; gilogr; < a and the equality holds if and
onlyifg;=r%, i=1,2,---,m.

For (i), let’s show that & = Dim(K \ K(r1%,--- ,™m®)).
Suppose that {g; x}7%,, kK =1,2,-- -, is a sequence of probability vectors
such that 0 < gix <1, Y10; ik = 1, Jm g =7y and (g1, @2,k1° " s

Qm,k) # (rlaa'r2a7 T ’r?n)'
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Then by Theorem 3.9-(ii), we see

a > Dim(K \ K(r{,-- ,mm))
> Dim(K(q1,k, q2,ks" " ,Qm,k))

Y dikloggik

= for any k.
> ey ik logT;

Letting k — oo, we have @ = Dim(K \ K(r{, -+ ,7%))- O

4. Example

EXAMPLE 4.1. Define two sequences of contraction maps {i, i, in }
and {¢i1,12,"' ,'in} for (’il,ig, v ,in) S {1, 2}", n= 1, 2, rec.
Put X = [0,1]%. Suppose that

pi, i X — X, 1=1,2

4 4
o1 =11 (2, y) — ( 9% ¥ )
Y2 (T, Y 9 9’ Yy

1 8 1 8
¢2:(x>y)_'( T+, §y+§ )

9 9
Then we define
(pilvi2a"' yin = (p'in
1/)1};) n=1
¢i1,i2,---,in = 2 11=1,n> 2

'gbin, i1:2,n22.

Put

o0
KQO = ﬂ U (’Dil © "pilﬂ:? 0---0 (pilin:"' ain (X)
n=1 (i17i2,"' ain)€{172}n
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and

oo}

Ky=) U Viy 0 Pinia ° “e 0Py i in (X)-

n=1 (ilyi2:"' 77:71)6{172}"

Then DimK, = DimKy, = % = o (by Theorem 3.6). In fact, for any
Borel set B,

3

p*(BNK,) / dl/zl
3

where I A is the indicator function of A, [1]y = ¥1(X), [2]¢ = 12(X) and
( 1ys (2 1 denote (3, 3) -Bernoulli measures on K, Ky, respectively.
313

Hence, a-dimensional packing measure and the probability measure

V(3 1, are coincident on K, but a-dimensional packing measure and

’

€omS
el

V(2 1, are absolutely continuous to each other on K.
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