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A Third-order Simulation Model
of a Vuilleumier Cycle Heat Pump
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Abstract

A third-order simulation model of a Vuilleumier(VM) heat pump has been developed.
This model takes into account the major losses such as the heat conduction losses
through regenerators and displacers, the pumping losses and the wall-to-gas heat
transfer losses in active volumes, in addition to the heat exchanger and regenerator
losses. The working volume was divided into 12 control volumes and the conservation
equations of mass and energy were applied to each control volume. Pressure drops were
considered in regenerators only. Thermodynamic behavior of the working gas in a VM
heat pump was investigated and effects of the major losses and operating conditions on
the performance of a VM heat pump were shown.
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: Cross sectional area

: Heat transfer area

: Specific heat for constant pressure
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: Reynolds friction factor
: Heat transfer coefficient
: Enthalpy flow into control volume

(i) from appendix gap

: Thermal conductivity

: Length

: Mass

: Mass flow rate from control volume

(i) to control volume (j)

: Pressure

: Prandtl number

! Heat transfer rate

! Net heat transfer rate
: Gas constant
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Re;, ! Reynolds number

T . Temperature

T : Time-averaged temperature
t : Time

l/_ ! Volume

Wiap * Net shaft work rate

Greek letters

Y : Specific heat ratio

@ : Porosity of a regenerator
@ : Angular velocity

U . Viscosity

Subscripts

AH : Hot-side warm heat exchanger
ah : Hot-side warm active volume

AHRH : From hot-side warm heat exchanger
to hot regenerator

AK . Cold-side warm heat exchanger
ak : Cold-side warm active volume
app : Appendix gap

cond : Heat conduction
disp : Displacer

f : Interface between control volumes

H . Hot heat exchanger

h ! Hot active volume

) ! Number of a control volume

K : Cold heat exchanger

k : Cold active volume

KRK ! From cold heat exchanger to cold
regenerator

pump : Pumping loss

RHH : From hot regenerator to hot heat
exchanger

RH]1  : Hot regenerator 1

RHY2 : Hot regenerator 1 and 2

RH2  : Hot regenerator 2

RKAK : From cold regenerator to cold-side
warm heat exchanger

RK1 : Cold regenerator 1

RK12 : Cold regenerator 1 and 2

RK2  : Cold regenerator 2
w : Wall

1. Introduction

Vuilleumier (VM) heat pumps are heat-
driven devices which can be used for both
cooling and heating. VM heat pumps are dri-
ven by natural gas or waste heat instead of
electricity so that they can reduce the electric
peak load during the summer. Also, VM heat
pumps can avoid the CFC regulations since
they use helium gas as a working fluid. Other
attractive features of VM heat pumps are
high theoretical COP’s, low noise, long life
and less dependence of heating capacity on
outdoor temperature than vapor compression
heat pumps. The VM cycle has been used for
small;-“ci'yocoolers in the past due to its high
reliability. Recently, efforts to develop VM
heat pumps for residential use are being done.
(Kang, 1992; Yoo and Kang, 1992; Kuehl et
al., 1986; Carlsen, 1989)

Performance analysis models of VM heat
pumps can be categorized into three types;
first-order models such as the isothermal
analysis and the adiabatic analysis, second
-order models which correct the results of
first-order models by considering the effects
of various heat losses and pressure drops,
and third-order models which directly calcu-
late the effects of the limited heat transfer
rates and the flow friction in heat exchangers
and regenerators on the performance of VM
heat pumps (Sekiya and Terada, 1991). The
isothermal analysis, in which the temperature
of each active volume is assumed to be equal
to that of an adjacent heat exchanger, gives
the highest COP’s of VM heat pumps, but its
results show large difference from those of
actual VM heat pumps. Yo00(1989) proposed
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an approximate solution for the adiabatic mo-
del of VM heat pumps assuming that the
volume of each active volume varies linearly
during arbitrary thermodynamic processes.
Using this approximate solution Yoo and Kang
(1992) proposed the preliminary design condi-
tions of a VM refrigerator. Choi and Jeong
(1996) proposed a second-order simulation mo-
del of VM heat pumps, in which the results
of the adiabatic analysis were corrected by
considering the various losses such as the
enthalpy dump, the reheat loss, the pumping
loss, the conduction loss and the shuttle heat
transfer loss. Sherman(1971) and Kuehl et al.
(1990) proposed simplified third-order analy -
sis models of VM refrigerators and heat pumps,
respectively, in which heat exchangers were
included into adjacent active volumes. Sekiya
and Terada(1991) applied a third-order analy -
sis model of Stirling engines/refrigerators to
VM heat pumps and compared the predictions
with experimental results.

Since heating capacity, cooling capacity and
COP’s are considerably affected by various
losses, first-order analysis models cannot pre-
dict the performance of a VM heat pump
precisely (Kuehl et al, 1986). Second-order
analysis models are suitable for use in para-
metric sensitivity analysis as required for de-
sign optimization due to their short simulation
time. But, a third-order analysis model should
be used to predict the performance of a VM
heat pump accurately, although they require
considerable computer time.

Existing third-order models considered only
the losses due to the limited heat transfer
rates and the pressure drops within heat ex-
changers and regenerators. In this study a
third-order simulation model of a VM heat
pump was proposed which takes the major
losses into account. The losses due to the

heat transfer between the working fluid and
the wall of active volumes, the heat conduc-
tions through regenerators and displacers and
the pumping losses are included in this mo-
del. Using this model, the effects of various
losses and the operating conditions on the
performance of a VM heat purhp were inves-
tigated.

2. Mathematical Model

Figure 1 shows the schematic diagram of a
VM heat pump. The working volume occu-
pied by the working gas was divided into 12
control volumes as shown in Fig.l. A control
volume was alloted to each active volume and
heat exchanger, but each regenerator was di-
vided into two control volumes because the
axial temperature gradient was large within a
regenerator. The appendix gap volumes in the
hot and cold active volumes were considered
to calculate the pumping losses.

Major assumptions used in the model are
as follows:

1) The working gas is an ideal gas and

Drive Mechanism

Fig.1 Schematic of a VM heat pump
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the total mass of the working gas in a VM
heat pump is constant.

2) Kinetic energy of the working gas is
negligible.

3) The working gases within heat exchan -
gers and active volumes can exchange heat
externally, but the working gases within re-
generators exchange heat with regenerator
matrices only.

4) Cyclic steady state is established.

5) The temperature and pressure distribu -
tions within regenerators are linear.

6) Pressure drop occurs only in regenera-
tors, and the pressure drops in heat exchan-
gers and active volumes are negligible.

Control volume (i) in Fig.2 stands for any
control volume in Fig.l. The energy conser-
vation equation for the control volume (i) can
be written as follows.

d(M;C,T;) . ,
& Qu.it Hyump, it Qcongi'/‘
+ rh,-C,Tf_,-—' mi‘f‘lcﬁTf.i'Fl—Pi—_dt_t
1

T,;; denotes the working gas temperature
at the interface between the control volumes
and takes the temperature of the upstream
control volume. But, the working gas tempe-
rature at the interface between the regenera-
tor control volumes is obtained by linear in-
terpolation of the working gas temperature of
adjacent control volumes since the axial tem-
perature gradient is assumed to be linear wi-
thin the regenerators. Substituting ideal gas
equation into Eq. (1) gives the following equ-

ation.
C dP
7 ait + Hpump t+ Qcondz
+ m- C,Tf,‘_ m,-HC,T,_,-H
_ C”P av; @

R "7 dt

Fig.2 Control Volume (i)

H,mp,: denotes the enthalpy flow from an
appendix gap into an adjacent active volume
and considered only in the hot and cold active
volumes. It can be expressed as:

Hpump,i = Mg, i Cy Tapp,; (3)

The mass flow rate and temperature of the
working gas flowing into the hot active volume
from the appendix gap can be ob-tained from
the following equations (Choi et al.,, 1994).

_ Vapn( T,/ To) dPyy
R( Ty— Tu) dt
(4.2)

Mapp, h=

"MX,;(I — sinw?)

Tajzp, = 7‘h 5L
(4.b)

Here, X, denotes a half of the piston stroke.
Qw,; is the heat transfer rate from the wall
of an active volume or heat exchanger to the
working gas, but it is the heat transfer rate
from a regenerator matrix to the working gas
in a regenerator. The heat transfer rate from
the wall of an active volume to the working
gas is obtained from the heat transfer relation
proposed by Jeong and Smith.(1992)

Qui= A, % +[Ks(Tui=Tu2)

H* dP;
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Here, H denotes the radius of a cylinder.
The heat transfer rates within heat exchan-
gers and regenerators can be expressed as
follows.

Qw.i= hz‘Awg(Tw,i_ T;) 6)

Heat transfer coefficients for heat exchangers
are calculated from the heat transfer relation
by Urieli and Berchowitz (1984), and heat tran-
sfer coefficients for regenerators are calcu-
lated from the heat transfer relation by Ta-
naka et al. (1989)

Qw,,d‘; is the heat transfer rate flowing into
control volume (i) by heat conduction. It is
considered in heat exchangers and active
volumes since the axial temperature gradient
in regenerators and displacers are large. The
heat conduction loss through the hot regene-
rator can be expressed as follows.

QW,H=—(_kITA‘)RH( Tu— Tan) (7N

The heat conduction loss through the hot
displacer can be given as:

kA

Qoond,h=_( L (TW—Tw (8

) bon

According to assumption (6), pressure drop
occurs in regenerators only. Hence, the cold
active volume and the cold heat exchanger
have the same pressure, P, From the energy
conservation equations for cold active volume
and cold heat exchanger we can get the time
rate of the pressure variation within the cold
active volume as follows.

dap, r—1

dt - A(t) [Qw,k+ QW.K+ Qcand,k

+ Qoomd,x — Murx Cy Tkr

av,
- —YET Pk"dt‘_k ] (9.a)

Yoy n( Tyl Tr)

A()= Vit Vg+-= 7 Toe Ty Topp

(1))

The warm active volumes and the warm
heat exchangers have the same pressure, P,
The time rate of the pressure variation within
the warm active volumes and the warm heat
exchangers can be obtained from the energy
conservation equations for the warm active
volumes and the warm heat exchangers.

dP, - R , X v
"';t—='%_(t'])"[ Quakt Quat Qua

+ Quan+ Qomdatt Qoomd skt Qoomdah

+ Qomd,an + MaxaxCyTrrax

. dav,
- P A LYak
manriCo T anry 7—1 {Pa at
dv,
+P,,-—df"~}] (10.2)
B(t)‘: VAK+ Va/,“l" Vah+ VAH (10.b)

Time rate of the pressure variation within
the hot active volume and the hot heat ex-
changer can be obtained similarly.

dP, - . ,
_B?L=Jé(_t])h[ Qu.at Quat Qoondn
+ Qeona,n + MeanCyT rum
2t p 9V
Vapsin( T/ Tun)

D= Vg+ Vit =4
a) H h 7( Th__ Tal.)

Tapﬁ.h
(11.b)

Out of twelve energy conservation equa-
tions for twelve control volumes shown in
Fig.1, three equations are used to obtain P,
P, and P, Remaining nine energy conser-
vation equations and two pressure drop equ-
ations through regenerators are used to ob-
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tain eleven mass flow rates through the in-
terfaces between control volumes

Pressure drops through regenerators are
calculated by the relation proposed by Tanaka
et al.(1989) According to Tanaka et al.(1989),
the pressure drop through a regenerator can
be expressed as follows.

(12.a)

_5 _ 1 /175
f,=7Rey=1 (Reh +1.6)Re,, (12.b)

(12.c)

Here, ¢ is the porosity of a regenerator. The
mass flow rates flowing through the middle
sections of hot regenerator and cold regener -
ator are obtained from the following rela-
tions, respectively.

A Priy di” Mawy
24f, Lpgs®

N
2uf, L

MRHLZ": (14)

Time rate of the mass variation within
each control volume can be obtained from the
mass conservation equation for each control
volume,

a, ..
7= m;— M;+1 (15)

Equation (15) is applied to the control vo-
lumes other than the hot active volume to
calculate the masses of control volumes. The
mass of the hot active volume is calculated
from the following relation, which ensures that
the total mass of the working gas within a
VM heat pump is constant.

My=Mupur— (Mp+ Mg+ ... +M pary+ My)
(16)

Since the pressure and the mass of each
control volume can be determined from Eq.
(9), (10), (11), (15) and (16), the working gas
temperature within each control volume is ob-
tained from the ideal gas relation.

P, V;

The temperature of a matrix within a re-
generator can be obtained from the energy
conservation equation for each matrix.

dTw,i Qw j

dt T (Mw) i‘Cw (18)

Heating and cooling coefficients of perfor -
mance which take the shaft work into account
are expressed as:

Qw,AK - Ewﬁﬂ

COP,=——224K : (19)
Quut Quit Wi
Bw K
Qw,H + Qw.h + Wcha/f
_'VKM=—[ 6“},“ + _Q—w.ak + —Q-w,ah
+ 5w,AH+ Bw,k + EW,K + 6&0,11
+ Ew.h] (21)

3. Results and Discussion

Table 1 shows the specification and the re-
ference operating conditions of the VM heat
pump simulated in this work. The wall tem-
peratures of the hot heat exchanger, hot-side
warm heat exchanger, cold-side warm heat
exchanger and cold heat exchanger are 873K,
328K, 323K and 278K, respectively. Mean ope-
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rating pressure is 40bar and operating fre-
quency is 700rpm. The volumes of the cold
active volume and the hot active volume vary
with the phase shift of 90°.

Table 2 shows the simulated results at the
reference operating conditions. The heat con-
duction losses through the hot regenerator
and the hot displacer are larger than those
through the cold regenerator and the cold dis-
placer since the temperature difference bet-
ween the hot heat exchanger and the warm
heat exchanger is larger than that between
the warm heat exchanger and the cold heat
exchanger. Also, the pumping loss within the
hot active volume is larger than that within
the cold active volume since the temperature
fluctuation within the hot active volume is
larger than that within the cold active volume.
But, the wall-to-gas heat transfers are larger
in the cold active volume and the cold-side

warm active volume than those in the hot
active volume and the hot-side warm active
volume.

Heat input to the hot heat exchanger is
934W and the net work done by the hot
active volume to the hot displacer is 715W. It
shows that only 715W out of 934W is con-
verted from heat to work and is transferred
to the hot displacer, and the remaining 219W
is transferred to the hot-side warm active
volume and the hot-side warm heat exchan-
ger via heat conduction and the shuttle heat
transfer. Since the cold active volume and the
cold heat exchanger receive net heat from the
cold-side warm active volume and the cold-
side warm heat exchanger via heat conduc-
tion and the shuttle heat transfer, the net
work done to the cold displacer by the cold
active volume, 1736W, is larger than the net
heat received by the cold heat exchanger,
1474W.

Table 1 Specification and reference operating conditions

Unit Hot Side Warmh Side Warmc Side Cold Side
Working Volume i
Bore [cm] 8.0 100
Stroke [eml 4.2 42
Appendix Gap [cm] 01 01
Speed {rpm] 700
Mean Pressure [bar] 40
Phase Angle [deg] 90
Displacer Length [cm] 12 16
Heat Exchanger
Wall Temperature (K] 873 328 323 278
Inner Tube Diameter [em]) 0.6 0.2 0.2 0.2
Tube Length [cm]- 20 15 11 1
Number of Tubes 24 120 150 150
Regenerator
Porosity 0.7 0.7
Length [cm] 4 15
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Table 2 Simulation results at reference operating condition
Unit Hot Side | Warm, Side | Warm. Side | Cold Side
HX Heat Transfer (W] 934 -525 -1939 1474
P-V Work W} 715 =757 -1793 1736
Wall to Gas Heat
Transfer at Working (W] 125 -35 -41.4 31.8
Volume
Pumping Loss (W] -427 188
Displacer Conduction wl 537 7.4
Regenerator Conduction [W] 65.3 9.1
Heat Pump COP 240
Refrigerator COP 1.44
Table 3 Effects of various losses on performance
Heat Exchanger Heat Transfer Rate [W] COP coP
Hot Warm, | Warme Cold " ¢
Basic Model 852 ~-497 -2135 1678 2.76 1.76
W t T £ t
all to Gas Heat Transfer at | g/ 489 | -2000 | 1647 | 273 | 174
Working Volume
Regenerator Conduction 915 -558 -2129 1668 2.64 164
Displacer Conduction 902 -527 ~-2150 1669 2.66 1.66
Pumping loss 788 -415 -1919 1494 2.70 1.72
Internal losses 934 -525 -1939 1474 2.40 1.44
Internal losses+Shuttle
17 - - . .
+Wall Conduction 73 1358 1824 1359 171 0.73

Effects of various losses on the perfor-
mance of a VM heat pump are shown in
Table 3. In basic model only limited heat
transfer rates and the pressure drops within
heat exchangers and regenerators are consi-
dered. Effects of the wall-to-gas heat tran-
sfer losses within the active volumes, regene -
rator conduction losses, displacer conduction
losses and pumping losses, respectively, on the
performance are also shown. Internal losses
include all the losses listed above.

Net heat transfer rate for each heat ex-
changer, which is obtained when the pumping

losses are added to the basic model, is smaller
than that of the basic model. In basic model
the appendix gaps between the cylinders and
the displacers are not considered, whereas the
appendix gaps are considered when the pum-
ping losses are included. The amplitudes of
the pressure fluctuations within the active
volumes decrease since the volumes which
are occupied by the working gases increase
when the pumping losses are included. The
decrease of the pressure fluctuation explains
the decrease of net heat transfer rate for each
heat exchanger. This result also shows that
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the pumping loss within the hot active vo-
lume should be subtracted from the heat load
of the hot heat exchanger rather than be
added to the heat load of the hot heat ex-
changer as in the second-order analysis of a
VM heat pump.

When the wall-to-gas heat transfer losses
are added to the basic model the net heat
transfer rate for each heat exchanger is smaller
than that of the basic model since the walls
of the active volumes behave like heat ex-
changers. It can be seen that the wall-to-gas
heat transfer losses reduce the cooling and
heating coefficients of performance.

The heat conduction losses through the re-
generators and the displacers increase the net
heat transfer rates of the hot heat exchanger
and the warm heat exchangers, but decrease
the net heat transfer rate of the cold heat ex-
changer.

When all internal losses are added into the
basic model, the net heat input into the hot
heat exchanger increases, but the heat input
into the cold heat exchanger and the heat ex-
tracted from the warm heat exchangers de-
crease compared with those of the basic mo-
del. Hence, the internal losses reduce the per-
formance of a VM heat pump. The internal
losses reduce the heating and cooling coeffi-
clents of performance by 0.36 and 0.33, res-
pectively. When external losses, such as the
shuttle heat transfer losses and the conduc-

tion losses through the walls of the cylinders
and regenerators, and the internal losses are
added to the basic model, the heating and
cooling coefficients of performance reduce by
1.05 and 1.03, respectively.

Table 4 compares the simulated results of
the adiabatic analysis, the second-order ana-
lysis model(Choi and Jeong, 1996) and the
third-order model of this study. In the adia-
batic analysis only the losses generated by
mixing are considered since the heat exchan-
gers and the regenerators are assumed to be
ideal. Predicted coefficients of performance of
the second-order model and those of the third
-order model are significantly lower than those
of the adiabatic analysis, which shows that
the performance of a VM heat pump is affec -
ted considerably by the losses. Predicted coe-
fficients of the third-order model are slightly
higher than those of the second-order model.

Figure 3 shows the volume change of the
active volumes during a cycle. The pressure
variations in the active volumes and the pre-
ssure difference between the active volumes
during a cycle are shown in Fig.4 and Fig.h,
respectively. The maximum pressure differ-
ence between the active volumes is about
10kPa, which is negligible compared with the
mean pressure of 4,100kPa.

The mass flow rates through the interfaces
between the control volumes are shown in
Fig6. The mass flow rates from the cold

Table 4 Comparison of 3rd-order analysis results with the results of 2nd-order analysis and

adiabatic analysis

Heat Exchanger Heat Transfer Rate {W] COP, COP,
Hot Warmp Warm, Cold
Adiabatic Analysis 956 -511 -1952 1548 2.58 1.62
2nd-Order Analysis 1926 -1509 -1655 1041 164 0.54
3rd-Order Analysis 1773 -1358 -1824 1359 1.71 0.73
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Working volume
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Crank anglelDegree]

Fig.3 Working Volumes vs. crank angle

Pressure dropl[kPa])

Crank angle[Degree)

Fig.5 Pressure drops vs. crank angle

active volume to the warm active volume
reach their maxima when the crank angle is
near 90°, at which the velocity of the cold
displacer is maximum, while the mass flow
rates from the warm active volume to the hot
active volume reach their maxima when the
crank angle is near 180° at which the velo-
city of the hot displacer is maximum. Com-
paring with Fig5 it can be seen that the
mass flow rates from the cold active volume
to the warm active volume have the same
phase with that of the pressure difference
between the cold active volume and the warm
active volume, while the mass flow rates from
the warm active volume to the hot active
volume have the same phase with that of the
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0 90 180 270 360
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Fig.4 Working Volume Pressures vs. crank
angle
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Fig.6 Mass flow rates vs. crank angle

pressure difference between the warm active
volume and the hot active volume. Since the
temperature of the cold active volume is lo-
wer than that of the hot active volume, the
mass flow rates through the cold heat ex-
changer and the cold regenerator are larger
than those through the hot heat, exchanger
and the hot regenerator.

Figure 7 shows the temperature variations
during a cycle within the active volumes and
the heat exchangers. It can be seen that the
amplitudes of the temperature fluctuations wi-
thin the active volumes are larger than those
of adjacent heat exchangers.

The temperatures of the working g.ases
and the matrices within the regenerators are
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shown in Fig.8. The temperature differences
between the matrices and the working gases
are very small. Heat is transferred form the
matrices to the working gases within the cold
regenerator from 0° to 180° during which the
mass flows from the cold active volume to
the warm active volume as can be seen in
Fig.6, since the temperatures of the working
gases are lower than those of the matrices.
Heat is transferred form the working gases
to the matrices from 180° to 360°, during
which the mass flows from the warm active
volume to the cold active volume, since the
temperatures of the working gases are higher
than those of the matrices.

Figure 9 and 10 show the effect of rota-
tional speed of the displacers on the heating
capacity, cooling capacity and COP’s when
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Fig.7 Gas and wall temperatures vs. crank

angle

the mean pressure is 30bar, 40bar and 50bar,
respectively. As mean pressure increases the
heating and cooling capacities increase since
the total mass of the working gas within a
VM heat pump increases as mean pressure
increases. COP’s for cooling and heating in-
crease because the effectivenesses of the heat
exchangers and the regenerators increase due
to the density increase of the working gas as
mean pressure increases. For the same mean
pressure cooling and heating capacities in-
crease linearly as rotational speed increases,
but COP's increase first and then decrease.
Experimental results and the predictions of
the third-order analysis by Kuehl et al.(1986)
showed the same behavior. The rotational speed
at which COP’s are maxima decreases as
mean pressure increases.
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Fig.8 Regenerator matrix and gas
temperatures vs. crank angle
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4. Conclusions

A third-order simulation model of a VM heat
pump was presented. In this model the wall-
to-gas heat transfer losses within the active
volumes, the conduction losses through the
regenerators and the displacers and the pum-
ping losses were included in addition to the
flow friction losses and the limited heat tran-
sfer losses, which have been considered in exi-
sting third-order models. Using the model ther-
modynamic behavior of the working gas was
investigated and the effects of the various lo-
sses and operating parameters on the perfor -

mance of a VM heat pump were shown.

The wall-to-gas heat transfer losses wi-
thin the active volumes and the pumping lo-
sses reduce the cooling and heating capa-
cities. The conduction losses through regene-
rators and the displacers increase the heating
capacity and reduce the cooling capacity, but
reduce the COP’s for cooling and heating
since they increase the heat input to the hot
heat exchanger. Heating and cooling capaci -
ties and COP’s increase as mean pressure
increases. For the same mean pressure, hea-
ting and cooling capacities increase linearly
as rotational speed increases, but COP’s in-
crease first and then decrease. The rotational
speed at which COP’'s are maxima decrease
as mean pressure increases.
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