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Abstract

It is an undecidable problem to determine whether a given equation logically follows
from a given set of equations. However, it is possible to give the answer to many
instances of the problem, even though impossible to answer all the instances, by using
rewrite systems and completion procedures.

Rewrite systems and completion procedures can be implemented as computer
programs. The new equations such a computer program generates are theorems that
hold in the given equational theory. For example, a completion procedure applied on
the group axioms generates simple theorems about groups.

Mathematics students’ learning to know the existence and mechanisms of computer
prdgrams that prove simple theorems can be a significant help to promote the interests

in abstract algebra and logic, and the motivation for studying.
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Ao giaets A4S w$e M EL vhF(semigroup)©] #H35 Aeft identity)S 7FA 1
B2E A7t F9U0eft inverse)E 7FAH F(group)el HTE AFEAE EA4 B o
TAE 7 ARCR FTHste AFE Z2 P e AE L 22 FAENA Fvize F
A Holrt,

22 4oz TEHE AAE Bol dEY. SAAAN B N Festn ZEFHQ
A F9 shvE oW Foz Fae] 1 %ﬂﬂ]ﬂ]i—r‘ﬂ d949 + Jdests dHse A
olt}y. o] FAE word problemoletil F2th oA T o] B EAE ol A A
of 502 o]0z AAZREH T4 *(X,e) =X *(X,i(X))=e7t =84 AHf=
A AYES FHste Aol
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(1) *(e,X)=X
(2) *((X),X)=-¢
(3) *(x(X,Y),Z) = »(X,*(Y,2))

obale) At Hde SHE Adsn A4 FAS dVFORA (X, o) = X7t 4
3 B}
*(X,e) = x(x(e, X),e) 541
= x(x(*({({(X)), X)), X), e T2(2)
= *+(*({({( X)), *({(X), X)), e) Z2(3)
= *(x(d(i X)), e, e 524(2)
= *(1(«X)),*(e, e)) 54(3)
= *(#({X)), e 54D
= * (X)), *(i(X), X)) S4(2)
= *(*(i(( X)), (X)), X) 52(3)
= *(e, X) 54(2)
=X S24(1)
A9 deld wEol, sk AE 27 Astel AeHokRE AT £A% M5B
=78 o8 SHAA

28 z7ke dolur)|E= 42 ¥o] oflyrl Rewrite system®| &=
ZHE FojaA F2o] AYEertE BAsle Y A¥EY

1. Rewrite systems

Rewrite ruleo)& F M9 3 (term)d Hoz s—tZ F AT Rewrite systemo] &

rewrite ruleE9 ZF&olt} oW term Mo| rewrite rule s =t &3 O E term N&
TR

2 rewrite(reduce & simplify)dttE AL s7F M9 oWl HE3(subterm)@} matchd
SRERC oY

o (FA] ZEA, o' 23 ol it ()7t 2 FEFH X W) 2 FEFE op)
2 283 o] Noltk olmeo) M=No=z E7)dt A =9 reflexive-transitive

closure® ="2 7|3t Rewrite system ¢k & ol® rewrite rule® term (&

reduced 2 & o 2 irreduciblec]gt Fr}h t="uolT w7} irreduciblec]d, uE t9]

A 7+ 8 (normal form)elet g},
& EwW, rewrite system R={h(a)—b, f(b,X)—g(X, XD} &N o

derivation®] 7sstth K(f(h(a), f(a, V), AX, ) = Kf(bfla, Y)), (X, 80) =
ke(f(a, Y), f(a, 1)), f(X, b))

Rewrite system©] % & (terminate)¥th= AL infinite derivation®] @rte Solth
O

Rewrite system®] &3 (confluent)el&te AL M='N°lz M="N,d # ou Pr}



A

gttt &F AL Church-Rosser A&olgta%
THol TS omisit} F5

2 2] rewrite systeme €3 (complete)sttiy R 2o}
AR FAAAY 4 F2o W R3] rewrite ruleZ WA rewrite systemS
t}. o] rewrite systemo] WFeF 943l word problem® decision procedure® A&
T Atk Foz FA 9 AL 2+ rewrite systemol ¢F ATEH O E reducedtd F
Al Btdel dalstd FAo] AYse AHolx, 4X3x Fow AHYHsA FE Aot
o] rewrite system®] AJA] R Ao SHIA W= AxNE SHF Az
(completion procedure)2t ¥, B8 443 Hxe 4 AT Eio sy,
Thof sl A 34 AJF YU word problem©l decidable problemol&ts A& o]
29%. 23y word problem< undecidable problemo]t},

HEZQl 43t AA+= Knuth-Bendix completion procedureo]t}. o] €A3 Axjeo] o
T AYS Adtd 9A T FFRAC TS Fd AAF =<7t s

A N;="P%t N,="PE W&
TIH1] Fa8E ATHo] EA)
}.
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2. T8

A2l 9] rewrite system©] FHZ3t=7t obd7bE BAIE AL 2 A E 75 (undecidable) §F
AoltH2]. 18 FEEE rewrite systemo] W3l FEITE AL BE AL (BE
$-ol daiMe ErtsstAT 808 § e PEse] &

g9 HF ToA A" R E<$M(partial ordering) > 7} ©Z(monotone)dtthE A
EE® twdd Al tduold fLt)> w7t AEEE 3T BE 8 ¢y
o Xg ool AAM tducld o) > o(w)7t A-IA > 7F A H (stable)ol Bt Tatr),
dzsta A AQA well-founded partial orderingg reduction ordering©] @} 3§t} Rewrite
system R EE rule a—pd Wisld adpold RE& FRIT ol dFHAA

reduction orderingE< polynomial ordering[3], recursive path ordering[4], paths of

oX M

o

subterms ordering[5], recursive decomposition ordering[6], KNS ordering(7], Knuth-
Bendix ordering[8] S olt}h. 71 d8] 20+ recursive path orderingg o}l A7) stc}.

ot

> & ¥F7]&(function symbo) &S] HF Fol Aoy RESAMZGL a1, F=9o g
Toll recursive path ordering >ppo © &3 o] Heoldth

e

frgeli BE i=1,2,...,n° st s>

ki
rr
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f=g o] 3L {Sl, ---asm}>>RPO{t1, veey tn}

t
e

o'ltﬂ z'=1,2,...,m°ﬂ I:H‘(S]-Oq S,’ZRpol‘o]‘a,

S =f(slr S92y eees sm) >RPO g(tl! t29 ey tn) = tO] q_

A7 D rpoT Y reo 9 multiset extension©] .

g2 59, 7> A>V Y 4, oldl9 rewrite systeme recursive path orderingo] 23}
Zg3,

"X - X

(XVY) - XATY
(XANY) > T"XVTY
XAN(YVZ) > (XANY)V(XAZ)
(YVZIANX - (YAX)V(ZAX)

3. w4

o9l e] rewrite systemel] thatd FHAJA ol dx] BAsE A A 2AH BT A
olty, 2 FH83E rewrite systemEC Hstds FHRALS BAE A Aok

EE M,N,Po "8l P=Meclx P=Nold ojd Q7 &Astd M="Qs%
N="Q%& wZAZ 9 rewrite systemo] FA2Zo2 ¥FH(locally confluent)o]etz &3t
t}. Rewrite system©] £83'H confluent® locally confluent® % X o] t}H9l.

F e & s tol distd o(s) =o(t) & FFde A@ o7 EAEE, s 7}
unifiablee}gt &ti, ¢& unifierst R 2t & s o] Yol unifier o] thald
=70 & UEFE o] AT ¢F most general unifier(mgu)st 2t}

A—pst A —p'olAM, A9 AW X prt EAA, A9 polAe BEF A, Al
unifiabled}t} 2 7}A4 843, mgugs o A A FEA, o(Al,)=0o(). old o) E F
M G2 termO Z reduce® + UTh

A—pol 23 o(p) 2 reduce® L, A'—p ol WA (Ao’ ]p) E reducedTt. Alo'lp
T A9 A pelAMe REFS o o2 g Aont olwdl (a(Alo]p),a(0)>E
critical pairgt 223, A—pt A’ —p 7} superpose¥ Rt gt
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dg oM, AX, s(X,KY))) > KX, VS gla,2) > K2)& AL 23 A HA
rule®] left hand side®] F ®A FEIFH F WUA rule®] left hand side’} mgu
o=[X—a, Z->KY)]Z unifydc}. o} do] f(a, gla, (V) A HA ruled] oA
ka, V)2 reduces 1, ¥ WA ruled] 93lA fla, LA(Y)))E reduceE 2 &, critical pair
{fla, LKD), ka, Y)>7F Ao}

Rewrite system©] locally confluent®2 EE critical paird] w3t oj® & 7} =435
of ¥wio] ¢tZ reduced T o|tH10l. 2B B Z rewrite system Ro] £83% w Ro] 3
FHYH EE critical pair®] ¥We FFFHo] X o] FXojtH8l EE critical paire]
Fo AF¥ol AR ohdAE BAHFE AL AA /T EAolmg wax £8
8l rewrite system® ¥HFAE B Ax: A 7t Aot

Knuth-Bendix completion procedure®] T&2<¢ H8L $Ho] HFYPo] Adx)stx &
critical pairg rewrite rule2 H&3te] FF AR rewrite systemS W=E Aolth, o]u
€ critical pairE€ rewrite rule2 A#{Y v WA F HASFAA, JZ 2 rewrite ruleS 3

L

.y
=
=

L

7}8 rewrite system® | W3] FEIEE FAFof .

4. Knuth-Bendix ¢33 A}

q: - SHAAA E

- reduction ordering >

£€9: - complete irreducible rewrite system REZA s=jzto s=gto] TX 4.

while £ = © do
EdA T2& st gl s= e} 3}
s¢t t& R 93A Z}Z normal form& 2 reducedts] s I ¢ o) dA}
if s'=¢ then {s'is identical to ¢}
E = E—{s=t}
else
if s>¢ then
a=5; B=Ff

else if f)>s then
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s AN AEST

= (98" | 7> € RAIZ §¢ RU {a—Bl 98 89 A7)

Re BEE ruled} a—pAFoldll A71E EE critical pairgS A4ste] o] 59
A%e CP #A.

E=FE — {s=t} U{r>68]| y>8 & Rolz y7} a—p 9 934
reduce®tt} U CP

R=RU {a—p — {r=8| >3 € RoliL y7} a—p ° 934
reduce ¥l t}}
fi
od;

SUucCcess

oA AFF 5ol Knuth-Bendix completion procedure™= @4 A FstA|= &3}, ojw
ol = critical pair® o= ¥ ZE o E Z3 1t} reduction orderingol &dtd F A golA
At al8], | A $ole 783 &L critical pairg ©EO W FA A Fevi11]

Rewriting®] 71%3% 3 %9 word problem®| decision procedure® 19513 Evansol] <]3t
o AHATHIZ] YutR oz AAs HAs FF FAFTAE RIe olvE trFEith of
H ZAAAE finitely based7} otUtH13]. 54 A A7} finitely basedgte R-2 %
Aol Ayste 28 At of® §& /e 5228 =28 F USS BTG =3
ZE finitely based equational theory7} 25 AA 7lsd AX ofytt. o]d i3t =
19473 Markov®} Postoll 98iA Hz=2 B4, 151 o1& wAE T HEA
A& 1958 Curry?t Al¢tst Combinatory LogiceltH16]. 22y} 19543 Ackermanne =
= ground equational theorye 274 7FedS R A TH17]. Ground equation©] & variable®
¢l°] constant function symbolE &% 0] F ]2 equationd =T},

MENA B F(abstract group)S AHsl= S A Knuth-Bendix completion

procedure® A3t o} o] complete rewrite system< AT
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e) — e

x(g, X) > X

*(X,e) > X

(X)) - X

*((X),X) — e

(X, (X)) = e
*({(X),*x(X,Y)—> Y

*( X, *((X),Y) - Y
i(x(X,Y)) = =(i(Y),{X))
*(#(X,Y),Z2) - »(X,*(Y,2Z))

9 rewrite system? Tol #g ol R kA 7124 A7t AHES FH A
o

1) #E
@ H954
3 9

ETE

[
©
(5) XY9 d9e v lx o,

gEolt
o diged AE HJote F8E o #F 7124
AN FHE F due AS A He AL FAE9] dF

a9 s 988 AFANE o AN
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