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Abstract

This study presents a method of realizing the theoretical results of Demyanov in
practice on a computer in order to produce a kind of constructive evidence for his
theory and a practical method of getting numerical results for quasi-diffefentiable
optimization problems which may arise in industry and science.

A practical result for a restricted nondifferentiable optimization problem is
experimented with a simle example. '
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steepest descent®8 A Aol & o7t JEPgEL AA S %13, Pallaschke and
Urbanski $(8][9]1 o] g $8Ek2Y HEE 98 BEYLY AT72HE HAF
1 91t} quasi-differential® 32 A o2 gE& 2 AnFAHA AT A%z &
4 QoH2l[4]. o] AFoAE Aol A& HUENAFTHANJGEAN AP AN dngdF
% 2 dugEd g FAHA gE FEHA AEHE AAEL, Agel Y& H
NEHAFEAN P Z2aPE T3 2 L4 AHET.

2. Quasi-differential §5-2] 43

o 2715340 ¥ A4S quasi-differentiable calculusoll EYHD 2, o] AT ¥
8% quasi-differentiable calculus® o] &3] olg 5o 718A Aol A g
2rars] AF 38 Ac). quasi-differentiable functions®] ml &2 (5]l A F A9 s o}

A221 AY SeR"IA Aodg #F (7} &P L HEHEFGE, FAY F xeSAA
quasi-differentiablec] 2t #t}h: xool M U Wa geR"2 2 directionally differentiableo]

2, 232857t LA = lim L Anet @)~ Az

= max_<v,g> + min <w,g> VgeR"  lgdi=1
weaf(xo) veaf(xo)
22 ZA % 79 convex, compacts set 3f(xo), dAxp)eR™0] EAMATHA, A Y Di(xo) =
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9 A) quasi-differentiale] 2 2, quasi-differential& #9493 & ZA &=k FE vo-wo
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Lemma 2.2 fR™—R = A xS oA quasi-differentiable@ <2t Al 18] d, xeol M &
F fo] 2344 g7 &y 2o
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g"(xo) = - ———, where Il vo*woll = max { min !N v+wll }
il vo+two i weaf(xo) veaf(xo)
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Lemma 2.3 &4 f=  xeScR™ ol A quasi-differentiableo] 2 31z}
- 9f(xo) < 2f(xo)
& xo7t 9 local minimumeo] 7)1 $g BoFo] 4.
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uniformly quasi-differentiable function fol ™ & strictly local minimum$} BAE A&
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Lemma 24 %< f= x0eScR™ o} A uniformly quasi-differentiableo] 2} 3}=},

- 9f(xo) < int(af(xo))
& x¢7b f9 local minimume] 7] §F FERZA.

olg 713 Fad uad, uE7l%, convex £E maximum 4o o3 HALx @
e FHSEA dF YL GFo AA G

3. Quasi-differentiable function?] HAJ}E ¢ dua FH F=
3.1 ¥ convex sette HAidolo AA

&3 e Ao de HHIFEAE AFdA.
Min f(x),
s.t. hi(x)<0 for i=l,- - m.
q71A, BEFFF f, ALY hi(x)e RPNA Fod A58+,

FeAYo T vEeds FHErEes Y dubHAd AL gradientdol’ &
4 ot gradient§ 2 7teMFGUNY +E (xweSol TR s HHNE FPs
' uF7tete # fKukad ZEd BF, 43 3H xot S ddEEHz, kA a4
o] A Xk¥E Xk=Xk-1+0k-gk-1, 0<akeR, ol <& AMED HEH greR"E x8 FHe
neighbourhoodW el A o] EX g7} A se wido|tl olAe &l Frh9 REA, f
hi7F smooth¢l 7%, W3 gr9 stepsize axE T =d& ozl o] g3, o] HtHo
3 AF3 A& dndFEC] AAHIT U1 e 474 2 tsHAIF SR”
U EX{FFIL d&oln mio] AL 54U FEE ALY, o)F S 5 9
hi(x)E quasi-differentiable® restricted quasi-differentiable® A 842} ot A ko)
A€ quasi-differentiable® 48t £ A= 2 7te sl JF S={xeR"|hi(x)s0, i=1,-m}& S={x
eR”|max{hi(x)}<0, i=1, m}Z A X & & Yo At @ EF3ch A Lol Y&
quasi-differentiabled A 3 F A= &3 2o AFHFE F Uk

Min f(x), xeSC R"
o 71 A, S={xe R*|max{hi(x)}<0, i=1, - ,m}.

AL B AYE e FAE IV AYE e FAZ 1A F A RE 9
ul gt quasi-differentiabled o g =7 & ©] &3, 7teH G S convexZ EAE
4 QA "t

Ag 31 5 f H hi(x), i=l,-.n ¥ R"® S= (xe R"|max{hi(x)}=<0, i=1,- - - m}= H(x)<0
o]l A quasi-differentiablecl 2t 32}, F, xS, H(x0)=08 32 ¥4 ¥(x)=max {f(x)-f(xo),
H(x)}®] quasi-differential® AAF& T} o 714, g¥(xo) = cof Af(x0)- dH(x0), 9H (x0)-
9f(x0)}, 3¥(x0)= Ff(x0)+ dH(x0). 0] AL 715 e W Sol M o] FaHo] =7 4§ ez
AL g UGS

- 3% (x0)c J¥(x0)
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Fg ds F Ao AT FT7e EAE E7] A AT EATHFY oL upgt o
2, /1A #FoA Az stue FoyA 3 xeR"o] HAHAMNE AA}E VEH &
due HFH =X FRTE, A AN v Firdte BFE Adee
Juury & Hsfol st Aolth o] R Y T& FrA EAE Fojof vk (VG
Mg oA 48 RAUAZ? QU4E HAJ HHANE HES A 2 HFge2 dvhy
A AA7? olFHFH FAE YA non-smoothF A7t oY, 23L& BE 1-dim.
nonsmoothH A E A7 B2, M HEo) %10, classical line search'y& FAH A}
2% 4 Ak, 2# A, quasi-differentiableo] & A A7) F A& constructive search& ¥
23t AHgsTh AFoiRE AATEIS HHFEA oJE YNBE gradientdE A E
3798 FAALFL eI L g o g¥:e M FAY af(xo), Mfx0)E TH F,

FHBL Y

g(xo) = ,,Vv:f;o T Vo,woeR", vorwo=0
o714, lverwoll = max { min Hlv+wil}.
Weaf(xo)_ ve af(xo)
< T8
oJAL gxo) = - I%I%Yl\g—o o vo,woeR™ , vo-wo=0.
714, lve-woll = max { min llv-wi} (%)

weaf(xo) veaf(xog)
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A(*)E THEF3E H woe- 0f(x0)T vo(woedf(xo) o} EA gt

2

wor WAA(xE TEIE - fx)ol £e Y9 Holg A af(x)2 REY ZHo)
b hve-woll & 2H3A %5 A x9 Y PR"E A, F,
Pi= {xeR™| 1 x-y I < I vo-wo Wl , yeR"}
= -af(xo)+ Il vo-wo Il -B, 4714, B¥ n-dim. Euclidean ballo] t}.
HE wog ¥ 33: P9 supporting hyperplaneol @ 3t&F. - 3f(xo)dll &3t o9 &

ARA wis Hn -9fxe) c HNn P 9 9498 29 5 Ut wiE extremal pointso]
22, 3 xe- )€ x = Jhwi, 2 M=1, 420 2 Ed€ 4 ek

neR"E Hol W Aol:, -3f(xo)dl &3t & Hejg stz 22", YA xeHo o,
<n,wo-x>=0 7} A4 H.
wi ¢ Hn -of(xo) © wi € {xeR™}<n,wo-x> > 0} 2 7} A &}

a3, wee- of(x0)0] B2, wo = g Ai-w, ‘Z; Ai=l, 220 © wo - ‘g Li-wi=0 ©] @}

agy, 0 = <n,0> = <n,wo- f_‘, Li-wi> = 2 ri-<N,wo-w;i> > 0 & EFolr},
1= 1= .
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watA, w; e Hn - 3f(xo). 0O

A -f(x)e FEMFY A wis{wy, -, WwmllE FJAER, wie colext(- 3f(xo))}
olth. 71 A, ext(- f(xo)e - f(x0)d RE 9% HAHL vetdth AL o
3 go]l X & F U

- Vo~ Wo _ nooo
g(XO) i Vo - Wo I .VO,W0€R , Vo~ Wo # 0,
A71 A, lve-woll = max {min llv-wli} .

weW  veaf(xo)

AE329 FHE 7122, FAE A weR™# A vEVi=colvy, - ,v;}e Ha o]
g T3ty Aoz Z4dd, t1AA VE affine halfspaceS ¢ ZAFEL o F+= HE A}
Ao AT oje}, JRAEC ofd FIAMNY HEO dsE TEONDE FAE
Fol ¥, webA, 4 hE HAHE7 A8 & Zo] AYPse AdndEFL AA
g}

h(v)=(Il w-v 1 )2, weR™, V=0, o] 1L,

vl &4 hel gradientE Vh'(v)=[ g};ng’ %}i,(r:’) J]

2 & A},
(718 k=0, Vo= {vi,,v;5}, vkeVo ¥ 9 k.

BHEGAL {(wigh Veveol 23 W Hii= {xeR™| <Vh(vi)x-xx>=0 }ol o8 ZAAD i3
3+ affine halfspaced] FE AP HE ZE FEY A} VE 78,

&,V ={xeVix#vk| *(<Th(vi),w-vi>) = *(<Vh(vi)x-vi>)}
V=¢ 29, vt ¥4 hE H2 g9

BEGA2 ¥4 he VoRE H23 80, Q714 v— I x-v I 2, xeHk .
A xeR"I YA H=({yeR"|f(y)=a}3} 9 AgE

dist(x,H) = —[ﬂ%fbl‘,” olmZ,

e |<Vh(Vh{)V,;Il(>Vk—) “<Vh(Vk).Vk>| & Hassd AP,

Yh(vk)=0 = vik=w 7} he] H AL Feolgdles AL v e,
utet A, Vh(vi)#0 2 3tAF. I Vh(vy) Il =const. Vve V o2&
| <Vh(vk),x-vik>1{

v™ = arg_min g AN 4 9.
veV hv-vk li

BEGA3 5 t:0,1]-oRE A4S A7 A, t— lw-t-ve-(1-t)-v I o]t}
Ay g ALE3Ho,
t* = min { 1, max ( 0, SW Vi ViV 2y}

hv™-vic i
o 3 HAXNE A&,




%8 FEE HPE7He HABEA AEA FAH dg A7

HESGAL vie1:=t™ vier(1-t) v7,
Vk+1'=Vou{vk+1}, k=k+1,
g& HEUGAE FY3c).

EETE: weV © |l vie1-Vi I <e A AS Fgdi.

o] dngFOZRE he HAHL F&Y. 24, gradient & ©] &3 o Ao & A A
o XM FJIWHE A8 dSAdA 2 A& Wl d&] AR

32 d37 ¥ A

A(x)e] Ao AFAute} o], TAFL FF9 vEINS FEL HE 3, quasi-
differential3r 9] AL olE FAL ]88 ¢ & FEL WVES AAY F vt
g e e dEAGIL:
max f(x1, x2) = { X1 + X2, min ( x1, x2)}.
TR FEE 27198 o AE o 2ad REoz v ad3, H x0=(0,,0)01A
quasi-differential & AAtgc}
%, f(x1,x2) = max (hi(xi,x2)h2(x1,x2)) 1 A
hilxi,x2) = fi(x1,x2)+f2(x1,x2))
hz(x1,x2) = min (f1(x1,x2),f2(x1,x2))
f1(x1,x2) = x1
f2(x1,x2) = X2.

HFEo o] ZAE ANASI] A&, A AdE AFA Urest e 1Fo] "We
stet. ol AE #F hyhi, f1,f; § ATLE Aoste Wye] aside ouon,

3.3 stepsize o] A4

A Bt &l W gre AAO wa 2 wiFoemo Aol F stepsize:
Fol2A A x A FoA B gl o8 ALY, o] EAE EF line searchFAZ 2
Bk oo gz F9 FAHoz FHry] Hd, 0L 1-dim. FHAFEAE YLEA-

Min hk!UeR—R , 97] A t—=f(xk+t gK).
o] FAE ¥+ hkd HA2AZE ¥} 54 (t)ieN ZHH HE T + Yo

HAH t"e FHRA e g akolth. o] BEAY AL A, AdGANA gL
AR ol Ad ting AEA AT EA? ER, AR A4 FRHEI FE AL AL
o gt ol ¥ Hole Y FAY Azuiwrxdd A ARG dugEe i
gAle 2 HH mgdoof e wd, 15 Y A ARE A7) Y8 stepsizest
2 7 Ae & ool o}, ol 2T AFH WPz vETHFd A 2
A& E 31 1= sequential searcholth, o] WMy e 1 E348 Wa2 3x g1 g9
#& v s intervalE Erty FolErtE AA TN

34 F5AF AATEY AL A A

o dnHFoAA AHAA2Y GatujEe) iy AN dA Tl i B ANXE =
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82 2 ANEEEE FT7Y st U of WS s ULH 2e VMg ol &%
ok FA5gE A7) 49, AHSEAE A9t §4E recognize, analyse, evaluated]of
gl 2384, B4 Ade 322 XdE § v A¥rde €y dAnEsdss
dAY FXE ZA ¥ornz Z2aHRE FY&}r]) Hel 2 FRE € F s Holdh
wetx, Z2I3YE rundte FU FFE recognize® VL7 A ©]RL Davie and
Morrison{3]¢] o3} #l¢td AR} Mz BE 7S AME3Y P = Ao Q4R |
A& tgd gol gdrt
1. Lexical analysis (‘'Scanning’) : logical units¢! SCANNERE ¥ fdiagramo 2 HEA|E <+
£ Fo|A syntaxol @&} recognize® t}. '
2. structural analysis (‘Parsing’) : PARSER¥ language®] T Z& recognizedl Hojtl,
3. evaluation :@ parsing processt evaluation tree® A A18H3, Wi 2] nodet operatoroll < sj
FAHY, leafE operandE 7FEZITH Z nodes oW AFRIE S e widH, FAM, 2
2% AZo7 A&4HE nodeE Y addressE AAEE= F M9 elementsE2 FA®T o]
tree2RE FAA 9 2L A7 A& cellar7]E S AFE T A u| RS E7)98) o)RE
Hg3r] A8 e 9y 2o

Procedure evaluate(Tree)
begin
if RIGHT SUBTREE EXISTS, then evaluate (Right Subtree).”
if LEFT SUBTREE EXISTS, then evaluate (Left Subtree).
if NODE IS AN OPERAND, then
PUT OPERAND INTO THE CELLAR
else
GET TWO OPERANDS FROM THE CELLAR
CARRY OUT THE REQUIRED CALCULATION
DELETE THE TWO OPERANDS ON THE TOP.
PUT THE RESULT INTO THE CELLAR
end
end

A7 AT HAE JAEAA JE&sed g, o1&l oFA JPHEIE &)
A8 d2A G5 2e A EIFe el s 49 dgg

f(x1,x2) = max { x1°x2 - x5, 2.5 )
iAA HAANA cellar®) calling sequences®t 1 W-EL <Ei>H )

Al &S AAstr] &, g {2 parsingdb differential part® 8% Hart Ao
g Adste A GAREE AASte AFY Aoy YJAREFFA AL A ¥
o ool Y == e convex hullEeo] EAgcte Aelvh wald, & cellar Al F
cellar 7} B 8.3tc}, & subdifferential® #18} 3lu}, superdifferential® 918 3 cellar’t ® 8.8
o ¥, convex hulls®) T, WA 2ZgHFS 3 ARE FARE FPHor T
quasi-differential @49 AFAAE oIS & o] &3] w3 AvEch

max f(x),x2)= { x1+x2, min(x1,Xx2) }
Q714 3, , 3, € AN2sE cellar & iNA elemento] T,



20 A EF v E7bs AAAEA A& A Y AT

A Calling sequence Cellar

0 evaluate (max)
evaluate (2.5)

1 put(2.5) .
evaluate (-) ( 2.5
evaluate (1)
evaluate (2)

2 put(2) 2
evaluate (x;) ] 2.5
x1
3 put(x;) 2
2.5

4 get (x1,2)

h=x; f 2 2.5 |
delete (x;,2)

5 put (h) x;°
evaluate (%) 2.5

evaluate (xp)

6 put(xz) Xz
evaluate (x;) X
2.5
7 put(x;) x1
x2
X]Z
2.5
8 get(x, x2) X’
h=x; - Xz 2.5
delete(x), x2)
9 put(h) x1x2
Xlz
2.5
10 get (x1-%z, x1%)
h=x - x2-x,° [ 2.5
delete(xixz, X;°)
11 put(h) X1X2-X;°
2.5
12 get(x)-xz-x%, 2. 5)
h=max(2.5, x1-Xe-x1°) [ max(xixe-xi© ,2.5) |
put(h) '

<HE1>
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E
9, = {0}
_&2 = { vfi} ( 8)
3, = {0} (8)
2; ={vf) (8)
5 = d, + —5 0 :
;2: = .1322* ﬁll (O)
3, = {0} (8)
2, =1{vh} (8)
9; = {0 ((?)
3y = {VH} ((02)
0

3y = col 3y 3y 95 2y} 0 -1

ool i b %
0

3, = 09, 0 1

_<21=co{ ﬁ,-z R :22- 3 12112 o]

HE9 Hjel hE convex hullg o}F wa] ZARde dunedFE €A RIEEZE, convex
hulle) WRAESE AASA FEd &, AdGAHAN dv H EFE storedtt. S 43¢
<& ZAA37] 98 convex hull 7He] JAE Aol7t BadAL 28y, olgjd AL H o3&
el HEE 5 Uk 4

4. Addzd L dE

of ATolA MAY duAZE FAR7] AN e L Aoke] Ak FHGEAY
oo H gt |

min f(x) = |x1]+x2’, x=(x1,x2)
st 2x1 - X2 = -2

%—m -X2 =1

X12 “"Xz2 =>4
(x1-7)% +(x2-1)°226

e gL AdGAY FRE deth



62 HEF

Ha oty HHEAY AEH sxdd AP A7

[ i Xi f{xi) & @
0 [(6.00 ,2.00) 10 {-0.99,0.09) 5.74
1 |{( 0.28, 2.57) 6.89 (0.81, -0.58) 3.21
2 (2.88, 0.69) 3.36 (-0.58,-0.81) 0.48
3 (2.60, 0.30) 2.69 (-0.95, 0.29) 0. 69
4 1(1.93, 0.51) 2.20 {0. 38, -0.92) 0,33
5 [(2.06, 0.21) 2.10 (0.92, -0.38) 0.07
6 {(1.99, 0.18) 2.02 (0.14, -0.98) 0.11
7 (2.00 ,0.07) 2.01 (-0.99,0.14) 0.01
8 [(1.99, 0.07) 2.00 (0.06,-0.99) 0.04
9 [{(2.00,0.02) 2.00 (0.02,-0.99) 0.01.
10 | (2.00, 0.01) 2.00

otz 1Y o AMGA U AAE BHo &

At B4 olEE AR AGoAE HUENTHF HALHAETAE 7193
Yo AAFE FARAHY dadlES £, I implementationd EE&HLZ £33t
AAAA AAAARE ol &3%e. A HoR o /Mdol 3= Demyanove °l&(5]
< YA FFo g dngFol e & oy gl ol AFHZEah g F3P71
5L BAFAG. dA R HTe Ao ¥ global optimization® ##& T & &
Az g £ Ak 2, ool de] 5 g e dndFa da), |3t
72arerg A7) AT JAFES 87EA g & YHES AHEHoF & Foin. o
TYEL GANEEESFY A FFEA g $HAFeE F FYPTn A
Ztd 1}, o] implementation® programming language FORTRAN 77 84 %x, x4
He d4nFT AFEAAE AT AANHAG. Bt FHAHY 51 AfHEe 43
A1 Zt3} main memoryE Z°]7] 8 Fo thEo Ao .
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