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ABSTRACT

The main goal of this paper is to investigate some properties of the locally convex fuzzy topological

vector space.

1. Introduction

The concept of fuzzy topologies was defined by
Chang [1]. Tt was extended to that of a fuzzy vector
space and fuzzy topological vector spaces by Katsaras
and Liu [2]. Also, in [3] Katsaras introduced the fuzzy
topological vector space by using the fuzzy topology
which Lowen defined firstly in [7]. One of the main
reasons to use the new definition defined by Lowen
was to make sure that the fuzzy topological space is
translaticn invariant. Another change made in [3] was
to consider on the corresponding scalar field £ the
fuzzy usual topology consisting of all lower semi-
continuous functions from I£ into the unit interval.

Our goal of this paper is to investigate some of
properties of the locally convex fuzzy topological
vector space and related topics. The main result is: if
(X, 7) is a locally convex topological vector space,
then (X, (7)) is a locally convex fuzzy topological
vector space and @(Bp)={fSI"|f0)>0, f is lower
semi-continuous, convex and balanced} is a local
base at zero for the fuzzy topology «x(7) on X.

2. Preliminaries

In this section, we explain some basic definitions
and results from [2}, [4], and [7] for reference purposes.

Let X be a non empty set. A fuzzy set in X is an
element of the set I* of all functions from X into the
unit interval I. y, denotes the characteristic function
of the set A. If fis a function from X into Y and pue&
F={u|p:Y-—>[0, 1]}, then f '(0) is the fuzzy set in

X defined by f ()= f. Also, for p&F, fp) is the
member of I' which is defined by

) VAp)|xe fy)),  if i) =D
Fe =1, ., otherwise.

The symbols VV and A are used for the supremum
and infimum of the family respectively.

Definition 2.1 [7]. A subfamily t of I¥ is said to
be a fuzzy topology on a set X if,

(a) T contains every constant fuzzy set in X,

(b) if iy, & 17, then A ILET,

(c) if for each {u};C 1, then V U1

A fuzzy topological space is a set X equipped with
a fuzzy topology. The elements of 7 are called the
open fuzzy sets in X.

Definition 2.2 [8]. A fuzzy set i in X is called a
neighborhood of x if there exists an open fuzzy set p
with p<p, and p(x)=u(x)>0.

Theorem 2.3 [8]. A fuzzy set i in X is open if
and only if ¢ is a neighborhood of x for each x&X
with p(x)>0.

Let X be a vector space over K, where K denotes
either the set of all the real or the complex numbers.
Let wy, ta, -, . The fuzzy set p=p, X taX -+ X
U, in X", is defined by

#(Xl, X2, s xn)={p1(x1)/\uz(x2)/\ T /\Au"(xn)}-

Definition 2.4 [2]. If f: X" — X, given by fx;, x2,
X=X+ - +x,, then the fuzzy set Au) in X is
called the sum of the fuzzy sets W, Uy, -+, Uy, and it
is denoted by p+po+ -+ +4,. That is
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U+ pat = HYO=N O A (x,) | x=x, 4300+
)

Definition 2.5 [2]. For g/ and t a scalar, the
fuzzy set fu is it the image of y under the map g: X
— X, g(x)=tx, that is if y=F* and tSIK, then

H(xt) ,if £ 20
(tp)x)=1 0 L if £=0 and x 20
VA{uy) lyexy, if 1=0 and x =0.

Definition 2.6 [2]. u< 1" is said to be

(a) convex if tu+(1- 1) uCu for each r<[0, 1]

(b) balanced if tuCp for each €K with |¢]|<1

(c) absolutely convex if p is convex and balanced

(d) absorbing if Vv {1u(x)| >0}=1 for all x&.X.

Definition 2.7 [7]. Let (X, 7) be a topological
space and a(7) the set of all lower semi-continuous
maps f:(X, 7)--[0, 1. Then (1) is a fuzzy
topology on X. This topology is called the fuzzy
topology generated by v on X. The fuzzy usual
topology on K is the fuzzy topology generated by the
usual topology of X,

Definition 2.8 [3]. A fuzzy linear topology on a
vector space X over X is a fuzzy topology on X such
that the two mappings

+I XXX X, (x, y)— xty
T EXX X, (L x) oo

are continuous when X has the fuzzy usual topology
and [K XX and XXX have the corresponding product
fuzzy topologies. A linear space with a fuzzy linear
topology is called a fuzzy linear space or a fuzzy
topological vector space.

Definition 2.9 [3]. Let x be a point in a fuzzy
topological space X. A family F of neighborhoods of
x is called a hase for the sysiem of all neighborhoods
of x if for each neighborhood p of x and each 0<6
<u(x) there exists (& F with g, <y and ,(x)>6.

Definition 2.10 [4]. A fuzzy seminorm on X is a
fuzzy set p in X which is absolutely convex and
absorbing. If in addition A {(zp)(x)|>0}=0 for x+0,
then p is called a fuzzy norm.

3. Locally Convex Fuzzy Topological
Vector Space

The results presented in this section indicated that

many of the properties of the fuzzy neighborhood
systems are similar to those of the neighborhood
systems in ordinary topological space. The following
properties explain the neighborhood system, the zero
neighborhood system in a fuzzy topological space.

Theorem 3.1 (Theorem 4.2 in [3]). The system N,
of all neighborhoods of zero in a fuzzy topological
vector space X over IK has the following properties:

(1) every non zero constant fuzzy set in X belongs
to Ny and p(0)>0 for u&=N,,

(2) if yy, LEN,, then WA EN,,

(3) if uEN,, then tueN, for each nonzero scalar 1,

(4) for each U&N, there exists p&N, balanced
with p<p and p(0)=u(0),

(5) let u=N, and 0<6<p(0). Then, there exists (&
Ny with g+ < gt and 1@,(0)>6,

(6) let usF with u(0)>0. If for each 0<6<(0),
there exists pEN, with p<p and p(0)>6, then u<N,,

(7) let u=N, and xy=X. For each 0<O<u(0), there
exists a positive number & such that p(rx,)>0 for all ¢
&K with | #]< 4,

(8) for each u=N, there exists p=N,, p<p and p
(0)=p4(0) such that —x+p&N, for any x&X for which
H(x)>0.

Conversely, if N, is a family of fuzzy sets in a
vector space X over K satisfying (1) to (8), then
there exists a unique fuzzy linear topology T on X
such that N, conincides with the family of all
neighborhoods of zero.

Theorem 3.2 (Theorem 4.3 in [3]). Let B be a
family of balanced fuzzy sets in a vector space X
over & . Then B is a base at zero for a fuzzy linear
topology on X if and only if B satisfies the following
propertices.

(1) p(0)>0 for each u<B,

(2) for each non zero constant fuzzy set ¢ in X and
0<6<c there exists & B with p<c and p(0)>6,

(3) if uy, wEB and 0<O<{1,(0)A u(0)}, then
there exists pe&B with g <A, and 1(0)>8,

(4) if u&B and ¢ a non zero scalar, then for each
0<0<p(0) there exists & B with <ty and p,(0)>
6,

(5) let u=B and 0<B<u(0). Then, there exists &
B such that ¢(0)>0 and p+u,< u,

(6) let u=B and xy=X. If 0<6<u(0), then there
exists a positive number & such that (tx,)>8 for all
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scalars ¢ with || <6,

(7) for each u&B there exists a fuzzy set p in X
with p<pu, p(0)=u(0) and such that for each x&X
for which p(x)>0 and each 0<8<p(x) there exists (<
B with t,< - x+p and (,(0)>86.

Thecrem 3.3 (Theorem 3.4 in [5]). Suppose that
P is a seminorm on X and T the induced topology.
Let B, be the local base at zero of T consisting of
open balls centred at zero. Define (By)={f=I"|[0)>
0, f is lower semi-continuous, convex and balanced}.
Then w(Bp) is the local base at zero for some fuzzy
vector topology on X.

The followings explain that if (X, 7) is a locally
convex topological vector space then (X, (1)),
where o(7) is the fuzzy topology generated by 7 on
X, is a locally convex fuzzy topological vector space
and o(7) has the local base at zero. From these
results, the local convexity may be concretely applied
to the field relative to the generated fuzzy linear
topology.

Definition 3.4 [3]. A fuzzy topological vector
space X is called locally convex if it has a base at
zero consisting of convex fuzzy sets.

Theorem 3.5 (Theorem 6.4 in [4]). It X is a
locally convex fuzzy linear space, then X has a base
at zero consisting of absolutely convex fuzzy sets.

Theorem 3.6 (Theorem 6.5 in [4]). Let {p.| 0=A}
be a family of fuzzy seminorms on X. For each finite
subset 5 of A, let p=A{p,] < S}. Then the family
B={8A(tps)|0<0<1, SCA finite, >0}, is a base at
zero for a locally convex fuzzy linear topology .
Moreover T is the weakest of all fuzzy linear
topologies on X which are finer than each T,

Theorem 3.7. Let (X, 7) be a locally convex
topological vector space. Then (X, @(7)) is a locally
convex fuzzy topological vector space.

Proof. Since 7 is locally convex there exists a
separating family of seminorms P={P,|ac=A} which
induced 7. Associate to each P, and to cach £>0, the
set V,s={xEX|PAx)<e}. Then for each P.EP, Yv,
is a fuzzy seminorm, where V, stands for Vi, By
Theorem 3.6 the family consisting of absolutely
convex sets B={OA (txy)|0<0<1, SCA finite, >0}
is a base at zero for a fuzzy linear topology, where
V= {V,| 0= 8}

Now, we will show that B is a base of aX7). Let i

e a(7) with p(0)>0 and 8 (0, w(0)). If a(6, 1(0)),
the set {x&X|u(x)>a} is a t-open set, whence there
exist ¢ '>0 and a finite subset S of A such that £ 'Vg
C{xeX | u(x)>o}, and so oAy < p. Therefore, (X,
(7)) is a locally convex fuzzy topological vector
space.

Since the quotient space (X/W, Ty) of a locally
convex topological vector space (X, 7) is a locally
convex topological vector space where W is a closed
subspace of X, we get the following corollary.

Corollary 3.8. Let (X, 7) be a locally convex
topological vector space and W a closed subspace of
X. Then (X/W, aX1w)) is also a locally convex fuzzy
topological vector space where 7y is the quotient
topology of 7.

Now we prove the main theorem of this paper. It
gives the concrete form of the local base of the
generated fuzzy linear topology by a locally convex
topological vector space.

Theorem 3.9. Let (X, 7 be a locally convex
topological vector space. Then oBr)={f= | R0)>0, f
is lower semi-continuous, convex and balanced} is a
local base at zero for the fuzzy topology ax7) on X.

Proof. Since 7 is locally convex there exists a
P={P,| a=A}
theorem, it is

separating family of semi-norms

which induced . To prove this
sufficient to show that satisties the conditions in
Theorem 3.2. (1) to (5) are almost trivial.

To prove (6), let uE @(Bp), xy&X and 6 (0, (0)).
From the continuity of the scalar multiplication g and
the lower semi-continuity of g, g g is lower semi-
continuous at (0, x,). Hence for any £>0 there exists
80 and oy, -+, 0,EA such that for each (1, x) with |
t]<é and

xe m Vs (@), X)> (@2g X0, x0)— ¢,

Setting £=4(0)- 6 and x=x,. We find that there
exists a 6>0 such that | #|<8 implies p(txy)>6.
To prove (7), let u& axBp) and p=y. Let x&X be

such that u(x)>0 and (0, u(x)). Put O= %(Gﬂt(x)).
From the lower semi-continuity of g, N={x&X| u(x)>
8’} is an open neighborhood of x and hence —x+N

is an open neighborhood of zero. And there exists o>
0, o, -+, &,&A such that
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We now set 1,=6'Ayy,, then one can easily show
that u,& w(Bp), 1(0)>0 and ;< — x+u. Therefore
(Bp) is a local base for some fuzzy vector topology
on X.
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