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ABSTRACT

We introduce the concepts of coverings, direct products, cascade products and wreath products of
fuzzy finite state machines and investigate their algebraic structures.

1. Introduction

Since Wee[7] in 1967 introduced the concept of

fuzzy automata following Zadeh[8], fuzzy automata

theory has been developed by many researchers. Re-
cently Malik er al.[4-6] introduced the concepts of
fuzzy finite state machines and fuzzy transformation
semigroups based on Wee's concept[7] of fuzzy au-
tomata and related concepts and applied algebraic
technique. Cho et al.[2,3] introduced the notion of a
T-fuzzy finite state machine that is an extension of a
fuzzy finite state machine. Even if T=A, our notion
is different from the notion of Malik et al.[5]. In this
paper, we introduce the concepts of coverings, res-
tricted direct products, full direct products, cascade
products and wreath products of fuzzy finite state ma-
chines (in the sense of Malik et al[S]) that are gen-
eralizations of crisp concepts in algebraic automata
theory and investigate their algebraic structures.

For the terminology in (crisp) algebraic automata
theory, we refer to [1].

2. Coverings

Definition 2.1 Let M;=(Q\, X), 7)) and M,=(Q>, X>,
7,) be fuzzy finite state machines. If & X,— X, is a
function and 7: Q;-—~Q; is a surjective partial func-
tion such that 5’ (n(p), x,N(@)< %' (p,E(x).q) for all p,
g in the domain of n and x&X,”, then we say that (7,
&) is a covering of M; by M, and that M, covers M,
and denote by M,<M, Moreover, if the inequality
turns out equality whenever the left hand side of the

inequality is not zero [resp. the inequality always
turns out equality], then we say that (7, &) is a strong
covering [resp. a complete covering] of M, by M,
and that M, strongly covers [resp. completely covers]
M, and denote by M, <, M, [resp. M1< .M,

In Definition 2.1, we abused the function & We will
write the natural semigroup homomorphism from X;*
to X-" induced by & by & also for convenience sake.
We give an example that is elementary and important.

Example 2.2 Let M=(Q, X, 7) be a fuzzy finite
state machine. Define an equivalence relation ~ on X
by a~b if and only if dp, a, g)=1p, b, q) for all p,q
Q. Construct a fuzzy finite state machine M;=(Q,
X/~, T) by defining 7(p, [a], ¢)=4p, a, q). Now de-
fine & X— X/~ by &(a)=[a] and n=1,. Then (7, &) is
a complete covering of M by M, clearly.

Proposition 2.3 Let M,, M, and M; be fuzzy finite
state machines. If M\ <M, [resp. M\<<M,, M\< . M;)
and M,<Mj; [resp. ML<< M5, M,<_.M;], then M;<M,
[resp. Mi<, My, M < M:].

Proof. 1t is straightforward.

3. Direct Products

In this section, we consider restricted direct pro-
ducts and full direct products of fuzzy finite state ma-
chines.

Definition 3.1 Let M1=(Q1, X, T]) and M2=(Q2, X,
7,) be fuzzy finite state machines. The restricted
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direct product M;AM, of M, and M, is the fuzzy fin-
ite state machine (Q; X Q», X, G A 1) with

(1'-1/\ 72)(@1’1)2)’ a, ((II, ql)) =N (ﬁ(ph a, ql)’ 772(P2, a, ql))'

Theorem 3.2 Let Mi=(Q,, X, 7)) and M;=(Q>, X, %)
be fuzzy finite state machines. Then (aA ) ((p1, P2), x.

(g Q=N TGP, % @), &P X, g) for all p,
GEQ, piy =0, and xEX.
Proof. Let a,, ---, a,=X. Then we have

(A D (PrPD) a; - an, (91, 92)
= VAN (A (P, P2 ay, (Fs 1)),
(BN (i1 112 @ (P2, 7))
w0 (A BT gamtyts Tt
an, (91, gD (11, 1:2) € Q1%Q2}
=VAANN @y apr) TP an 1))
A(T(ryp @z 721), Tr 12, @2, 1)),
o AT oty @ns G1)s
T o1y On> G| 711€Q 1, 1€ Qo)
=ANVAN (P, a1, T G2, T20)s
05 G(r oy, Ans g))lri€Q1}
VAN (GP2 ap T, T, 8 ),
5 TP (aty> s 4| re@1})
=A@ a, a, q1), GPpa an, qy)

for all p,, ¢;& Q) and p;, = 0.

Definition 3.3 Let M,=(Q,, X,, 7)) and M,=(Q:, X>,
7,) be fuzzy finite state machines. The full direct pro-
duct M, XM, of M, and M, is the fuzzy finite state ma-
chine (Q1 X0y, XixXXo, TX T) with (51X %) ((p, p2)
(a, b), (q1, @)=\ (1(p1, a, q1), TP b, q2))-

Theorem 3.4 Let M,=(Q,, Xi, 1) and M,=(Q>, X>,
7,) be fuzzy finite state machines. Then

X, P (@, an, by bu). (g1, 92)
=A ([T(Pl,al <@, qp) 7+(P2,b1 = by q2))

for all ay, -, a.EX,, by, -+, b,EX,, pr, &1 and
Proof. let a,,---,a, X, and by,---,b,&X;. Then
we have

(Tl X T2)+((P1,p2), (al ©dn, bl b")’ (ql’ qZ))
= VN (X)) (PP (@, b1), (ryy, 712)
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(T X )1y, r12) @y ba), (roy, r20),

5 (T X D) (-1y15 T a-132) (@n5 Bn),

@1, g (i1, 1) €01 X 03}
=VAANN@Ppa,Th), P2 by 1)),

ANy a2 o) T 12 b, T2)),

s N (TP uotyts s G1)s

T (512> D gD\ rn€Q, rie 05}
=ANVAA WPy anro), Bl anra),

s T (aetys @ > airie @k

VAN (5P, b1 112 T 12 bo T0)s

s T (n-ty> D> gD r.€Q3}
= A (T}(p1, @1 8n, q1), B2 by bny q)))

for all p;, ;= Q1 and p,, 0.

Proposition 3.5 Let M,=(Q1, X, t;) and M>=(Q;, X,
T,) be fuzzy finite state machines. Then M;AM,<,
M X M,.

Proof. Let n=1p o, and define & X—XxX by &
(2)=(a, a). Then (n, £) is a complete covering of M, A
M, by M\ XM, clearly.

The following proposition is a direct consequence
of the associativity of A.

Proposition 3.6 Let M;, M, and M; be fuzzy finite
state machines. Then the following are hold:

(1) MIAMIAM=M N (MAM;).

(i) (M1 X M) X My=M, X (M; X M5).

4, Cascade Products and
Wreath Products

In this section, we consider cascade products and
wreath products of fuzzy finite state machines.

Definition 4.1 Let M,=(Q,, X,, 71) and M>=(Q,, X>,
7,) be fuzzy finite state machines. The cascade pro-
duct M,aM, of M, and M, with respect to ax O, XX,
— X, is the fuzzy finite state machine (Q1X Qs X;,
T,07%) with

(o) (P, P b, (G1,92)
=A (TI(Pv a(l’z, b)’ ql)’ Tz(Pz, b’ ‘Iz))

Let Mi=(Qy, Xi, 7) and My=(Q2, X2, %) be fuzzy
finite state machines and @ @,XX,— X,. Define w':
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QZXX;_’X; by
WPy, b1by - bu)=py, b)Xuy, by) -+ Xu,_, ba),

where p,, wy, uy, -+, 4,07 and by, -+
that
TP, Xpy b))y, by) -~ Uy, bn), q1)
=V {1 (p, Apy b)axry, by) -

a(rn-b b'l)v ql)lrlr Ty rn—IGQZ}

-, b,&X, such

where p,q;=Q, and bEX,.

Theorem 4.2 Let M1=(Q1, X], Tl) and M2=(Q2, Xz,
7;) be fuzzy finite state machines. Then

(o) (1, P2 x5 (91, 92)
=N (TfL(Pv w*(pz,x), ql)’ 13(p2’x’ qz))

Where P (I1€Q1, D2 qZEQz and xEX{.
Proof. Let by, ---, b,&X,. Then we have

(10" (p1, P2, by -+ bn, (91, 42)
= VAN (qon) (P, p2) by (rs 1),
(TT) ((r11 712, b, (P21, T22))
= (LT oy T o1y
bu, (g1, g Cip, ri)E Q1 X Q)
= VAN NP1, Py b1), 1), &P 2 b1, 712)s
A (@(ryy, 0712 b2 Par) T 12 by 72)),
w1 N (0T uotyr> O (uorys D) G4)s
AT (u-ty2> On» AN rie @, rieQ2}
=ANVAVAA (1, opy by). 71)
T(r i1, @(r iz, b2), r29) B
T (n_tyt> O (n 1305 b ), g€ Qi reQ,},
VAN (0P by 112 T 12, b 2)s
s TAP (u=ty2> Dn» q))|rie Qo))
= AV AT(p, &ps, b)w(r g, by)
= T gy b}, q,)|r2€ 05},
TP by b, q))
= NPy, @ (P2, by ba), q),
P2 by bnsq))

for all p1,qi =@ and ,,g:&0s.
Definition 4.3 Let M1=(Q1, X], T]) and M2=(Q2, X,

7;) be fuzzy finite state machines. The wreath pro-
duct M;° M, of M; and M, is the fuzzy finite state

machin (Q1 X Q;_, X]QZXXZ, he Tz) with

(ti > @ npD(f, ), (91, 92)
=A@, fPD 91, P2 b, q,)

Theorem 4.4 Let M1=(Q1, X], T1) and M2=(Q2, X,
7,) are fuzzy finite state machines. Then

MM, <. M, > M,

Proof. Let & X,—X,%2XX, be a function such
that &(x)=(&i(x2), &%) where X, EX,, &i(x): 0. — Xi
is a function defined by & (x)(p2)=aXp:, Exx>)) and
&=Ix,. And let =14, <,. Then for each (pi, p2), (g1,
g)= 01X @, and x,&EX,, we have

() (P 1, P2) X2 M(q 15 42))
= (1) ((p1, P2, & 2), (41, 92))
= A (1y(p1, Ap2 E(x2), 41) TP Ex2), 42)
= A (TP 1, &) P2, 91 T2 ExX2), 42))
=(1 > ) ((P1, P2, Eix2), Ex2), (@1, 92)
=(11° B)((P1, P2 ExD. @1, 9Y)

Hence

M oM,<M, M,

Corollary 4.5 Let M=(Q1, X1, %), Mo=(Q», X, 1)
and M=(Q, X, 7) are fuzzy finite state machines. If M
<M ,M,, then M<M, > M,.

Proof. 1t is clear from Theorem 4.4 and Pro-
position 2.3.

Remark. Corollary 4.5 can be proved directly.

5.Conclusion

In this paper, we introduce the concepts of cov-
erings, restricted direct products, full directed pro-
ducts, cascade products and wreath products of fuzzy
finite state machines that are generalizations of crisp
concepts in algebraic automata theory and investigate
their algebraic structures.
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