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ABSTRACT

We will define a base of a smooth fuzzy topological space and investigate some properties of bases.
We will prove the existences of initial smooth fuzzy topological spaces. From this fact, we can define
subspaces and products of smooth fuzzy topological spaces.

1. Introduction

R. N. Hazra et al[4] introduced the fuzziness in
the concept of openness of a fuzzy subset as a
generalization of Chang's fuzzy topology[l}. It has
been developed in many directions[2, 3, 5, 6].
Moreover, R. Srivastaval6] introduced the concept of
a base for a smooth fuzzy topological space in view
of the definition of R. N. Hazra et al.[4].

In this paper, we will define a base of a smooth
fuzzy topological space in view of the definition of
K.C. Chattopadhyay et al.[2] as a generalization of R.
Srivastava [6] and investigate some properties of
bases. We will prove the existences of initial smooth
fuzzy topological spaces. From this fact, we can
define subspaces and products of smooth fuzzy
topological spaces.

In this paper, all the notations and the definitions
are standard in fuzzy set theory.

2. Preliminaries

Definition 2.1 [2]. Let X be a nonempty set. A
function 7:F—1 is called a gradation of openness
on X if it satisfies the following conditions:

(01) 7(0) = 7 1)=1, where 0(x)=0, 1(x)=1,
for all x& X,

(02) (A )= WA W), for any p, ET,
(03) 1( ,(\/4;1,)2 -ﬁ«r('u’)’ for any family

{ulie Ay

The pair (X, 7) is called a smooth fuzzy topological space.
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Let T be a gradation of openness on X and F : I*—
I be defined by F(u)=w(u’). Then F is called a
gradation of closedness on X.

Let (X, 7) be a smooth fuzzy topological space,
then for each r&l, T={ucI"lo(u)=r} is a Chang's
fuzzy topology on X.

If f: XY is a function, then for any u&X, the
direct image of y is defined as

itf'\o0)+ o,

otherwise

fwm:&W%ﬁqm

and for v&r", the preimage of v is defined as f(v)
=V,

Let (X, 7)) and (Y, 7.) be smooth fuzzy topological
spaces. A function f:(X, 7)) (Y, T.) is called a
gradation preserving map (gp-map) if T(t)< 7.(f'(14))
for all ucr'.

Let 7, and 7, be gradations of openness on X. We
say T is finer than 1, (7, is coarser than 7)), denoted
by ©< 1, if ()< n(u) for all =g

We can easily prove the following lemma.

Lemma 2.2. If f-X
have the following properties for direct and inverse

----- »Y is a function, then we

images of fuzzy sets under mappings : for g, el
and v, V&,

(1) p=f(f'(u)) with equality if fis suvjective,

(2) v<f£' (f(v)) with equality if fis injective,

G) W=y

@ )= V),

) f1(A )= A f (),

©) £V v)= v f(W),
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) f( {\Iv,-)z _{\,f( v;), with equality if f is injective.

3. Initial smooth fuzzy topological spaces

Definition 3.1. Let X be a nonempty set and 0¢ o
CI*. A function fB: @/ is called a base on X if it
satisties the following conditions:

(B f1)=1,
(BZ) ,B(‘L!l/\‘UQ)EB(‘uO/\.BLUQ), for all My, ;136 e.

Remark 1. (1) Let (X, 7} be a smooth fuzzy
topological space. Let

0¢ O={1,uv,u A velX | U A V= ) A T(V)}

be given. Define the function : @/ on X by, for
all pe o,

Blu)=rp).

Then B is a base on X. In this case, f is called a
base for Ton X.

(2) Let B be a base on X. Then for each r&1, f'=
{UEF|Bu)=r} is a base for a Chang's fuzzy
topology on X.

A base f3 always generates a gradation of openness
on X in the following sense:

Theorem 3.2. Let 3 be a base on X. Define the
function rﬁ:IX—HI as follows: for each uef‘,

By it u< 0
sup{ N B(pl)} if u= Vv u,, for any M}, =0,
je A JEA
Tﬁ(lu): -
1 if u=0,
0 otherwise.

Then (X. 73) is a smooth fuzzy topological space.
The proof of Theorem 3.2
definition of a gradation of openness.

is trivial from the
From Theorem 3.2, we can define the following
definition.

Definition 3.3. If f is a base on X, then 73 is
called the gradation of openness generated by B. (X,

7s)
generated by a baseff on X.

is called a smooth fuzzy topological space

Remark 2. If B is a base for 7 on X, in general, 73
is coarser than 7.
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Example 1. Let X be a nonempty set and two
distinct fuzzy sets A, puc/t' such that AAu+0.
Define the function 7: -~/ as follows:

(=1, 7(0)=1, T(/Uz—;—, T(I")zi’

T(AV W)=

W

, T(AA W)= % 7(v)=0 otherwise.

Put ©={1, A, i, AA u}. Define B: @1 by

1

B)=1,B= 3 BG= . BAA 1=

Then B is a base on X. From Theorem 3.2, 7,
generated by f is as follows:

= 1 1 1
3(1)=1, rﬂ(/l):i, Tﬁ(‘u):X’ (AN ;1):-3—.
rﬁ(i)z L, 75(AV p):%, 73(v)=0 otherwise.

Hence 73 is coarser than 7.

Theorem 3.4 {2]. Let (X, 7)..r be smooth fuzzy
topological spaces. Define the function 7: F—7 on X
by, for every puc#,

W)= A 5.
Then tis a gradation of openness on X.

Theorem 3.5. let (X, T)icr be smooth fuzzy
topological spaces. Let

O={0+ = At | 5, )>0 for all k, & K}
i=1 ’

for every finite index set K={k,,
the function 3: &/ on X by

s ko }C I Define

By =sup {,-/»_\n rkv(pk‘)|li=’_:/\luk }

for every finite index set K={k, ..
(1) B is a base on X.
(2) The gradation of opennesss 75 generated by f

. k.3 T Then:

is the coarsest gradation of opennesss on X finer than
7, forall i T.

Proof : (1) (B1) It is trivial from the definition of S.
(B2) Suppose that there exist y, ve& 6, c&(0, 1)
such that

B vi<e <Bunn B(v).
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Then there exist finite index sets K={ki, ..., k,}, L={/,,

<oy In} such that y=Ap,, v=Av; and
i=t j=1

n m
AN >c, A(v)>c
i=l j=1 ' !

On the other hand, since uA v=(A )N (A V), we
= Nt

have
PUAVZ (A LGN (Ra)>e.

It is a contradiction.
(2) First, we will show that for all ucF¥, icI’

L < TH).

If y= O, by the definition of f, it is trivial. If u O
and p=0, we have 7(u)=0, for all =T Hence it is
trivial. If pu=0, we have t()=Ty(t)=1.

Second, if ()< (i), for all uSF, i€ we will
show that

()< (1), for all u .
If u+= Vv u, for any {} 4SO, it is trivial from
ke A

Theorem 3.2.
Suppose there exists u /¥ such that t(w)>t*(W). If
UE O, by the definition of B, then there exists a

finite index set K={ki, ..., k,}C T such that u:i/,:\] Mo
and )
W) = AT (H) > o ()
On the other hand, since T, (1)< T* (), We have
AT ) < AT (@) < )

Hence, by the definition of 73, we have ty(u)<<t*(1)
It is a contradiction.
If u= Vv p,, for any {{l}i=2< O, then we have
ke A

A TS A THU) S TV )=o),
ke A kA ke A

From Theorem 3.2, we have T()<t*(u). It is a
contradiction.

Example 2. Let X be a set and two distinct fuzzy
sets A, 4 F such that LA u=0.

90

Define the functions 7, T, : F—I as follows:

1(1)=1,50)=1, Wl):%, 7,(V)=0 otherwise,
and
4(1)=1,1,(0)= L, T,(u) = % £,(v)=0 otherwise.

Then ©={1, A, p, AAu} and it is defined B: @1
by

B)=1.80=2. BH)= 3 BAN )=

From Theorem 3.5, f is a base on X. From Theorem
3.2, 13 generated by f is as follows:

tf(1)=1, A= -% rﬂ(y):%, AN )= %
and

T40)=1, AV )=

3 rﬂ(v):O otherwise.

The gradation of openness 73 is the coarsest grad-
ation of opennes on X finer than 7, and 7.

Theorem 3.6. Let X be a nonempty set and A(X)
be the set of all gradations of openness on X. Then
the partially ordered set (A(X), <) is a complete
lattice.

Proof': Define 17,, 7, : *—I by, for all ucr’,

1if uzaor 1,

JORE

otherwise

and for all uF, 7,(u)=1, respectively. Then A(X)
have the least element 7, and the greatest element T,
respectively. Hence it is clear from Theorem 3.4 and
Theorem 3.5.

Definition 3.7. Let (X;, 7). be a family of smooth
fuzzy topological spaces, X a set and f:X—X; a
function for each &I The initial structure T is the
coarsest gradation of openness on X with respect to
which for each i<, f; is a gp-map.

Theorem 3.8. Let X be a set and (¥, 7) a smooth
fuzzy topological space. Let f: X—Y be a function
and Y,={vel'|f (v)=u}. Define, for every uc/r,
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sup{Av)|ve Y} if ¥,# ¢,
0 otherwise.

= {

Then f (1) is the initial gradation of openness on X
with respect to which f is a gp-map.

Proof: First, we will show that f'(7) is a gradation
of openness on X.
(O1) It is trivial from the definition of £ (7).
(02) We will show that for each py, g1,

@A p) = DA FHD W)

If £(D)()=0 or (D) (1:)=0, it is trivial.
If £'(0)(4))0 and f (1) ()70, for every € such that

QWA (D) >e>0,
then there exist v;, V& I' such that
(v = () -6 i (v)=1

and

(V)= (D)~ [ (v)=,,

respectively. Since f’(ViA vo)=tA L, from Lemma 2.
2 (5), we have

@O )= T A V)
= (V)N (W)

2 @OWIA D) -&

(03) We will show that for any family {g;| JEAYF,
@Y p)= A (W),
e A JEA

If £'(7)(u;)=0 for some jE A, it is trivial. For i)
#0 for all j& A, suppose that there exist re&(0,1)
and a family {g;};= 4 such that

OV p<r < A fAOW).
JjEA JEEA

Since f(T)(u,)>r for all jE A, by the definition of f'
(1), there exists a family {v;};c4 such that (v)=u,
and 7(v;)=r, respectively.
On the other hand, since f~'(V v;)= V u; from
je A je A

Lemma 2.2 (4), we have
OV u)=t(V vz A T(v)zr.
€A je A EA

It is a contradiction.
Second, for each v&[", by the definition of f(7)
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we have

@) = )

Hence fis a gp-map.
Finally, if f: (X, 7)Y, 1) is a gp-map, we will
show that for all ue]x,

ffw= ™.

Suppose that there exists u& /" such that f'(T)(u)>
(). From the definition of £7'(7), there exists a ve&
I" such that f'(v)=i and

@zt >t ().
On the other hand, since f: (X, T™)—(Y, 7) is a gp-map,
then

M= (V)= W).

It is a contradiction,
From Theorem 3.8, we can define a subspace.

Definition 3.9. Let (X,
topological space and A be a subset of X. The pair (4,
' (1) is said to be a subspace of (X, 1) if i' (1) is
endowed with the initial gradation of openness on A

7) be a smooth fuzzy

with respect to which the inclusion map i is a gp-map.

Remark 3. The above definition of a subspace coin-
cides with that defined by K.C. Chattopadhyay et al[2].

Example 3. Let A={x, y} and X={x, y, z} be sets.
Let vi, v, : X—I be fuzzy sets as follows:

M@=1 )= ve) =

5
and
1 3
ViK)= 2 V)= 3 V) = 5

Define the gradation of openness T : [~/ as follows:
ST 2
tM=r(D)=1, 1(v)=7,
3 .
T(Vy) = T 7(v)=0 otherwise.
Let i : A—X be an inclusion map and g&T" such that

1 1
M= 3 H0)= 5



917 g Al A 2EskE] =54 1998 Vol. 8, No.

3.

From Theorem 3.8 we have

i(DM=i( (=1,
i“'(r)(u):%, (1) (V=0 otherwise.

Therefore (A, i' (7)) is a subspace of (X, 7).

Theorem 3.10 (Existence of initial structures). Let
(X., T)ier be smooth fuzzy topological spaces, X a set
and f; : X—X; a function, for each i&T. Let

@z{()iu=kafl(vkv)|r,(‘(vkv)>0 for all k; &K}
j=1

for every finite index set K={k; ..., k,}C I Define

the functions f3, 8* : ©—/ on X by

B =sup 4/ fi (5 ) 1= gy )
and

B*(1)=sup {l/i\]‘t'k,(vk)“1:]_/2\1f1€I (v}

where p,=fi (Vi) for every finite index K={k,, ...
C I Then:

(1) For every uc 0, B(u)=5*(w).

(2) B is a base on X.

(3) The gradation of openness Tz generated by J is

’ kn}

the initial gradation of openness on X with respect to
which for each i€, f; is a gp-map.

(4) Amap f:(Z, ©;)—(X, 1) is a gp-map iff for each
i<, f°f is a gp-map.

Proof: (1) For y= O such that y= A ), et =
j=1
fi'(w) be given. By the definition of (7)), we have
()< fi! (7)) (i) .

Hence B(u)=>B*(u) .

Suppose there exists u& O such that S(u)>S*(u).
By the definition of B, then there exists a finite index
K={k,, ..., k,}C I such that

Bl = ]/i\lfkTI (%) (1) > B* ()

with p=f,'(vi;) and p= A g, . For all KEK, by the
Jj=1

definition of fkj" (7y), there exists a py; such that

@)y = 1 (p,) > B* (1)
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with p=f,'(py). 1t follows that

AR @)= A5 (00> B

On the other hand, since pu=Af'(p,), by the
j=l

definition of B*, we have
‘/\| % (0 < BH().
=

It is a contradiction.
(2) First, let

O,={0% p1= Ay | £ (5)()>0 for all [EL}
i=1

for every finite index set L={/,,
show that ©=0,.

o LYCT, We will

Let A fi' (v, )€ ©. From the definition of f'(z), we
j=1

have
Dz T (vi,)>0.
Hence, /"\ fi! (v, )€ 6y, Therefore OC 6.
j=1

Let Ay, € O,. Since ;' (1,)(1,)>0, for all i=1, .m.,
i=1

by the definition of f,'(t;), there exists v, such that
f (w)=p, and

@)= 1,)>0.

Hence Ay, & ©. Therefore @, 6.

i=l
Finally, from Theorem 3.8, since for each ieT,
£ () is the initial gradation of openness on X with
respect to which f is a gp-map, by Theorem 3.5, B is
a base on X.
(3) For every vi& I, by the definition of f'(7), we
have

TV LTSNS T ).
Hence for each i<T, f; is a gp-map.

If fi: (X, T™*)—(X, 1) is a gp-map, for each i€,
we have

L)< TH(F(W)), for all v.ET

We will show that T(u)< T*(u), for all p=F~.
I p+ Vv, for any {ihe SO, it is trivial from
k= A
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Theorem 3.2.

Suppose there exists u<I¥ such that y(u)>7* () If
UE O, by the definition of B, then there exists a
finite index K={k, ..., k,}C I such that

W2 A ()0 > 7 )

with Hk,--_-ﬂjv'(ij) and y= /\ll-lk,-
=

On the other hand, since T(v)< 7*(f,'(vi)), for all
V&I, by the definition of f;'(7) we have

ARG A (S (a7
< (f7'(v). (by Theorem 3.8)

It follows that
_/\lfle (T UL = /\11'* () < T (),
j= i=

with ukj;ﬁcj'l(vk]) and pu= ;\] 4, . Hence, by the definition
j=

of 73 we have ()< 7%(u). It is a contradiction.
If u= v u,, for any {i}ic 2SO, then we have
ke A

AN TS A TR < Q).
kS A ke A

Hence, by the definition of 74, we have ()< 7*().
It is a contradiction.
(4) Necessity of the composition condition is clear
since the composition of gp-maps is a gp-map.
Conversely, suppose that f: (Z, 17X, 15) is not a
gp-map. There exists g such that

T(f7(1) < T
If u+ vy, for any {}er&O, it is a
ke A

contradiction from Theorem 3.2.
If p< 6, by the definition of J, then there exists a
finite index K={k,, ..., k,} I such that

)= A £ W) > 5 (W)

with f=f (v ) and p= A Hh-
j=
On the other hand, for each i< T, f, of is a gp-map,
we have for all v F,
(V)< ({(fiofY'(v)
=5 (f'(f7' (v
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By the definition of £'(1,), we have
TV ST ()
< (Y)Y (by Theorem 3.8)

It follows that
I/\lfkfl (T (W) =< Alfz(fvl(ﬂk,))
- i=

< GO )
=1 (w0,

with %:ﬁj’l(vk]_) and p= Ay, Hence, by the definition
j=1

of 75 we have T)< TAf (). It is a contradiction.
If p= Vv p,, for any {t}, 1< O, then we have
ke

T () = Tty s

It follows that
< - (f1
k(,AATB(ﬂk)—_ké\ATZ(f ()

=17 (k\\//\f )
< (@)

Hence, we have T{t)< uAf" (U)). It is a contradiction.
From Theorem 3.10, we can define a product in
the obvious way.

Definition 3.11. Let X be the product [ X, of the
family {(X,, T)|k&T} of smooth fuzzy topological
spaces. The initial gradation of openness 7= 7, on X
with respect to which all the projections m : X-X;
are gp-maps is called the product gradation of
openness of {tlk&T}, and (X, @71) is called the
product smooth fuzzy topological space.

Corollary 3.12. Let 7, be a gradation of openness on
X, for each i T and X=X, a set and for each k&
I', m; : X—X, a projection mapping. Let

O={0+ p=Am'(%)| 5 (v)>0 for all k; &K}
j=1

for every finite index set K={ki,
the function f3: @I on X by

.o.s ko }C I Define

B =sup{ /\] Tk,(Vk,)lllZ Al”/;l(vk,)}
j= j=

for every finite index set K={k,, ..., k,} T Then:
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(1) B is a base on X.

(2) The gradation of openness 73 generated by f is
the product gradation of openness on X with respect
to which for each i T, m is a gp-map.

(3) A map f:(Z, ©)~(X, 1) is a gp-map iff for
each ic T, m of is a gp-map.

Example 4. Let X and Y be nonempty sets.
Let 7, : I'—I be defined by

T(0)=5(1)=1, (M=

l\)\»—

7,(p)=0 otherwise,

and 1, : I'—I defined by

(0)=n(1)=1, t,()=

m}—

7(p)=0 otherwise.

Let m : X X Y—X and & : X X Y—Y be projection maps.
If ' (V)# 7' (1), by Theorem 3.10, we have

O={1. m'(v), m'W, &' MA '@}
Hence it is defined : &/ by
B(ri(v))= TI(V)—* B(rs (W)= r(u)=

L B(D=1.

'\»)|—d

BN m '(}1))—
From Theorem 3.2, 75 generated by f is as follows:

7,(1)=1, 75(0)=1,
%WWWP%’MQWm=§

(M WA (V)=

H

u)[-—— w;»—

(i (V)V mi(v)=

73(p)=0 otherwise.
Then (XXY, 1) is
topological space.

If m"'(v)=m"'(11), by Theorem

the product smooth fuzzy

3.10, we have

o={1, (v}
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Hence it is defined B: @I by

ﬁWﬂWPﬂMVEWF%,
B(1)=1.

From Theorem 3.2, 75 generated by S is as follows:

(D=1, 5(0)=1,
NCOSES

73(p)=0 otherwise.

Then (XXY, 13 is the product smooth fuzzy

topological space.
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