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A Study of Shape Finding of Equally Stressed Surface for
Membrane Structures by Dynamic Relaxation Method
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Abstract

The purpose of this study is to propose the method of determining the initial fabric surface of
membrane structures by Dynamic Relaxation Method. To determine the initial surface of membrane
structures with prestress, a nonlinear finite element method is applied to analyze equally stressed sur-
face in a membrane structures. In this paper the tension structures such as fabric membrane structu-
res and cable-net are stabilized by their initial prestress and boundary condition. The process to find
initial structural overall shape of tension structures called shape finding or shape analysis of tension
structures. One of the most important factor for design of membrane structure is to search initial
smooth surface, because unlike steel or concrete building elements which resist loads in bending, all
tension forces are carried through the surface by membrane stress or cable tension. The result shape
of equally stressed surface with elastic modulus set to zero by Dynamic Relaxation Method is equal to
that of newton raphson method and the shape finding process by Dynamic Relaxation Method is very
simple because dynamic relaxation method need not calculate stiffness matrix and inverse of that, oth-
erwise this method proceed vector calculation by central finite difference approximation algorithm.

Keywords . fabric membrane structures, shape finding, Dynamic Relaxation Method, equally stressed

surface
* A3 -l atel B nn 7 &k st i’f;‘* sof =itofl ek Eig 19994 39 31U7kA] K Eksld w
+x SpAl 3| 9l - Qlabel st 7l &g st Aalat g UiFAld 19994 6930 7L Aatg AR s ayoh

ForpaAst HE Has oo 2 321



Ao St Hel o] gk vhe) el Gulah Mol e ol

1. M £

Bl 2 (membrane structures) = tf & o] o
& 7lstey vl g e veh o nta e

| olsl 2D A (W) ejRsizud, [T]le 38
Sjmale] Mabsle WA as pmA Ao e M e~ [Bl& B E-H DA sjEYx,
W, 3RYAe] A AS ng AR Folo &t {ole= 84 SE¥EH T 2 (1e 222 7
= ool gprzolTh Qg zel BTz 7] 9 A aiEes dddon WA A Fq
of s <14 EE = }_71101 o o3 mmy s HES goza TRATA gl
92 Adsts }4S &4 A (shape analysis) o3 g v 2o vepd 5 vt
S22 & JehM (shape finding) o]g} &}, %7|4
do g B3 (equally stressed surface)

o] o] AR TP H A2 (minimal sur-
face) ¥ TAHIHE MEdE A7t 1 5
[o)

=2

b W s ARy ol TUE o

g B ¢ om utgdd 73t $#o)

G488t FAEIHe] Ay oer §3l

2 g Feta s Myite]l A=l
Day"ol 2lsf #¢tel &2 o] ¢ (Dynamic Re-

laxation Method) & Y}FZE9] A H&] Mo =}

I AMEE e 8 ST esry §3l

A

AEWI gEg aHo] B

A 71Hols S 24 (kinetic  damping) ¥~ 9]

ozl FAFENE S Folrts R HEHo|Th
spzst @ol Jlstetd wA g e BE T
N2g Nz HEEEE REASUS W44 hgedel Aol els WEa ejeel B
B F BYARE 02 FUL W FHHe 2 o 2mz, 99 BANE thewl go] Yud &
A7y = At wed, oleid EAE vyl ¢ At
Hol M= 5342 2 FYAEY (central finite
(_iiff?rénc‘e approximation algorithm)'®& o] & {W}:[T]TJ’[B]T{G}dU 3
sf sfAddly gth wild, B =Foa= gk
B Al 57t zeroQl AElOl Al FHolghlol s
s me gsAe Salsle, 1 Ane & A3 & A HE dis] HES Hshd o
B &l os) e Aol vl HEFoR & A gon,
A, FAolge] AR He] &4 B HEA
o A ;
= dEstast 2o 5{W}:[T]ff6[BJ'{a}du
S Akl Ad . N

2. gdsA +[T]’f[8]'6{a)dv 4
2.1 et nel 443}

HE A AN E2dbegE (RS U HE - FAANAM HE =g Hed s
I eiRslEge] 2tz ope 2 a 2 HE A7 H, e o] vEelbd 4 9lm,



g0l A

Slet=[Blold} (5) SIW =TTk T 16120}
+(T Tk T )60} (14)
LH-HY e AAHNAM $HE HP = o
§ oAsE, 43 ¥e weld Uy Ho
A owEeE, 4 A S22 o hge gean ge a8 gol mdw
vehd 4 9l o
A
oloy=[Elsle}=[ENBlold} (8)

oWt =K+ [Kxl+[Ke])6lw)
=[K16{u} (15)
A (15N [Kle HA HAdulE™ A (tan-

gential stiffness matrix) ©]™, Al4te] A2 7
(B]=[B.]+[By(d)] 7 #H3le] 1apgiel (K& s A7 2o

O

Brzel AN 9 A5 AA oRetF
EZLA [B]E ¥ g wRsy, 43 HE {Wh=1{0} & wel FFxIS 5=
HEo ojxli, HXE BEQE ga4or F A &gt} olu AAulER A [K.e B4
k=8 744 uf E 8l ~ (elastic stiffness matrix) &F 7]}
A ul E 8] A (geometric stiffness matrix) 7} =
SLBY =alB ® % meE PH el Eel o)t
2 (5o M EE A (8)& 2o e, 4 N
’ 2.2 7
WE Aelad o A% 2 AUk
2.2.1 wE-Y&He] Ay
swy=[T1"k)6ld} BEgA oM Egdgad (R} Altatd
+HITT kol ) the A
[lee) =[]+ L] 1o (RY=W}—[TV [[BIlokdv (16)
[)6ta) = [IBIIENBldv an

[kvlotd)= [ (BYTEN B+ [B.JTE]B)

HBITENBdv (12) (Kl ={R); an

[k:1la)= [6[BI (o) (13) Aluth =K1} (R), (18)
9 oM W (d}E FRaEAe] Hloln 208N (K9 (RY A= 247 izgle) el
A, 9 4 B EY A Heloltt (+17%

2, dAAEA A9 (u) =
ThE o] vehd 5 glvh 29| 224 Do v Ao o3 AdEoh

Matpaast M1 "am 09 20 323



solebel o)3h wrpsel Fgel sy

Din=D, +A{u}x+l (19

Ao HYe D w2AN 8 (R)~(0)
o] I TxE HWAE RFET
Bz A YN Fe Do) A

=

ME S REZWME (W7} zerodl AeielA, 4
16)9) ¥H"ANE, (R}E thadnt go] A
Arg}.
(RI=~[TV [[Bo}dv (20)
{R} ~ {0} °‘“H TZE FIFAE 27)¢9Hq

CLESIE PEEEE 2

2.2.2 3o eg o] A3}

DayVel of&] Aetd FHolhHL A7tZEG
A divitt F2E9 $FAHE —1H v7ha
M FRE paggd] o, T2Eol A

Fada seaTe agdq 2aa

FHolgHel o) FHFAL oo 27T
zEAY 9 27158 o Y FEEY &
Fol W A8 BPPUNE FE Aolm, $9-
BYHAS FPAAE Fal Qe wYAH

EH = 7l“ B T4 (kmetlc
damping) *-?o] o8] AFFHom Z2E=HEYH,
oA FREY ASS FHEA 7 *VJ
sEuttt F2EY F SFANURAE AMEa, F
W oA we] ARZEAAE HEe 7E
M2 A ste vHEAAE sl Aol

(MY +[CRut+ [ K Hub={W} 21)

28 e 9 A3 2o ven)
W, BHgH s BHnEdsE nER
goumz AHEIx [C1=(0)7h =Hef 4
@& thew 2o UEhd 5 2

w
N
>
rx

TrREE M1 M4 (1998 12)

GejaHel we A

[MYu)=[W]1—[K Hu) (22)

FYE (R)2 v

[M{u}={R} (23)

{RI={W}—[K{u} (24)

g

4249 EFyEe A1) 2& Ao gyu
2, FHo|dHAM = 70“5‘UHEQ 3] got
= e, AdvEY R d5" ] 2a% 7
ST g, 2 @299 2 o‘ih_ {central fi-
nite difference approximation algorithm) ']
g WEHAMNS 2 M E Tl ")

%‘*c}i}v‘?‘%ﬁﬂl ] JIEEWEE SEWE
s FE3W ohg A g

T

o]

*E rT m[m

{u‘}:({i‘}wm/z {u}’ m/z) ;t (25)

A (@25 & A @A dysta, SEHE o s
delstd ohg A g

{it'}wm/z:{d}hm/z_i_{R}z []Au_t] (26)

A(5), 26)9] o8 tEEs) LrwEE T

T 5 A%, WEHE SEAHE 49t
o F3v}
{d}Hm/z:{d}Hm/z At (27)

At <, 245 (28)

e, A 28)o oja] 4] (26) & The Al ol
Ll



E gl
Eo] A% (A9 =8 AR ELH 2 53T,
Agnje nz SRt g shaEn
Yol o @MY dAAME
EgEgo Mol go], ofaEHE (WS zero
z st} 919) Aeg Adetn, E¥EY (Rl =
(0} o we Fx& HIAAE Z7EFIHE
ARk ¢ oA @ F ARl FHol#
He AR 2] Gy e Ashs sl
dg glew, TAGH s FAHAEE
Aolg 5 ook wetM, BPAFE zeroR 8t
FAANe FHY W B MEA M| 84 HE
gtz s Mol ol GAlmiet A EH A 4
FAA NS Futste wEHSHA H& FAs)
HqAE Y 5 A

3. otpzmel HAsAD SHHIH

npzeE A¥xg A7E, iR FIAAY,
E3lad B B3t ARPRE G FRA S
gog wpzg MAE7] M 2V1HEY
HE AAste 2ol HyHorh woRe %
ANHYNHE AR Wyos FTHEIH
AR EE | SAEIHE HATHS 2e WYy
g FEPECP FAHIUL HEE A
AAE wrgHol s e FHE W
], oho] A AE SAHIEE e HA
23 B F . FEIUE e i FHH
o} Zrael= AHejolm g HudEH & AX SR Fo
o, watA r,0] zero®l AHAA, o, o FE
3 =Z7)e] AAE NE Fo38txm, 27] 784

S 21

b o] BE AL E Wk WA LS £
) By AHMEYAE nejad et

e ABAE B, 0ol 598 5
o, wehd wEsAs e wAA FH s
WRgelel sgwgel gAl Hol 27149 N,
2 dHaA FA8A Ak,

SBAA LS zero2 SHAE W FH ol
Edeyd o9 T AR S
#, EHolgHe FAHAG] 5 % TF
Zde dYgd E4& AEID n-AREE
= 233 e 9 Euclidean norm #&

2ol Ausgo, lel=[ZRT, #4w
3. 49 thated norm kol 0.001 ojalv} 2
2 wrE AaEg i, 7t siMREe 373
<& (plane stress) TR AE ALEs9 o,
FAaode] oo Z7|AH 10NE& 7Hslgoh
AMg HFE 7]1%F L Pentium-pro, 120Mb 7]
feke] PCE AMEI T

o &

o
gjo
NE 2 oo O W oot Fr

4.1 HAED 19) FAH4 A7

1o
b
N
oft
o,
o
£
W
o
2
X
o
m
o
ot
ut
Ofu
1o
wd

ol thal] 73A| 89 (forced displacement) 2
&a, olujo] FAHIHU F4s Ferh i
2 13 ded 29 HH o dAAARE
z+z} 100, 180019, 160719 842 o] Fo A
SA ¢ e zeroR 3t A& FAT
o] wHut gl o] 19 47 oY AL ®
Ao wE 8 s Aol ¥ 12 wgA
z 0.01, 0.12 3} case-1, 2, 3¢ 37}

2 5o et BHEHNE normgke] A
0.012 &8 & o, & AT % »

1z
N
=

rr i

b

40 B

4y o

¢

Mo

=
=
o
8 Ar
o
=]
>
X
o
¥
30,
>
(o3
o 2 T
o 2 % )

o
vy

o o
o,

it
Mo o® -y 2> M oot mn m

o e

ic)

MatpzEast M1 M4z s 122 325



%}iﬂﬂﬂﬂw‘\i\&é
Z/NIN

2 RS
PN

@ AF A|HZEH

ins

T8 2 2y 12 ST

M

Haopy

4.2 AR 29) Sx)) 4 A3

326 muTEEEE MITE H4S (1998, 12)

Residual
500 —

Dynamic R
400 — 7

------------- Newton Raphson Method

30 o}

200 —

800 120
fteration

32 3 siMRE 12 Ity

= S N =S
= an—E i
e vAvAUS SO
(a) £E=0.01 (by E=0.1

TE 4 SISOl 2 MDY 19 HarsiAiz)

E 1 SHo|AYY mEY=Ho 2t siMad 12
Mz sim
(dof : 180)

% %0l by B

»—-A:“-

case 1|case 2|case 3|case 1|case 2|case 3

E 0. 0.01 { 01 0. 0.01 ] 01

iter. | 500 | 270 | 136 | 976 | 251 36

t 6.71 | 3.30 | 1.86 [186.96| 48.17 | 6.92

A= 39 A2 4= Ao} SREHol
139 AFYor, AY Sob VAAFEFE
2k2} 200, 48001, 3607H] A E ol Foi AT,



by HZF A4

Residual
050 =
040 “ﬂl Dynamic Relaxation Method
i M ............. Newton Raphson Method
030 - H}
1 A
020 —~ M\l'\-
" G,
W
000 T = —= )
° 200 400 500 800
Iteration
32 6 MY 29 Y
4.4 AR 49 SR XA
AR 45 AR 3T} Zolwt 28] &
Asted Bl EE st

4.5 a9 AT 12

gHand 1& 28 2@ 9 #e 2713

g DED o YHT FHolRY L 7

)b]..

Y oft

pr!
X
4

E

{
\

4\«

Residual

160 =

Dynamic d
120 -
Newton Raphson Method
080 -
040 —
000 B B e
0 200 300 400
Iteration
a2 8 siMeY 3o $ainly

>

AT EEE M1 MA4AS (1908 12)

327



FHolohial o3 v

AR 1R a4

®T oy 5&35
T o2 I oM F
Yo Ew Hwwd
=
Hlo%gal, 2_6unw
THwIx Tl
Wo A — ‘mwoﬁnmowu
o M O W
ﬂr.ﬂ%ﬂ .nxmwa?E
woaoTM N Eaw ok
3T W 7ﬁu11ww.m
(wlm.b [l
ATnJﬁiM mw_%tﬂ.
Bl o o Bow B
ﬂﬂwﬂ%ﬁz%mﬁ
Wﬂﬂl‘_t‘mﬂwqwﬁmﬂelﬁc
FTEWME 30 0
Emiﬂom_.%nmﬂoi
PETHE g
%ﬂ%:ﬂ% 1
T R TS R
. YRR Mg %R
re AN B
oo R W i
R0 NG A
A N R
il _SMMvWﬂgoﬂaﬂhxﬂlﬂn
-« <k ﬂoaﬁa_nv%ﬂz.aﬁ C
Gl of Aleero%noﬂﬁi_.oL
: $ GrwEmEiL:
T ol TR ™
= of = 2T g o
1\ 3 g R R
i s P BRexZIwTota
AL > Wr @Heh T
PN a L N
T EsTrshepd
. . ° o g N T o Ak
_ T _ T T e ol
8 8 3 8 o (iﬁo T T
S = s S ™o o o I T
T ERTERTEW

el

(&}

!

7

SH 113 M4z (1998, 12



[e)

L.

A me 3

3

dztolrt.

1

pal

k1

3
JaR 1 2o 4 o

9|

=y

woHd S G RO -
Y I e 3 l
o = @uom,izﬁ_iaﬂﬂowrmolwwww Uﬁmwiwﬁﬁqoﬂa_z M
W & R T T LR S S - = oy R H T <
"o & _i7i}ﬂoot]d.1roc;oof ] 0 TORD B ol o
e S " <0 “r N %) e e Jl 4 ﬂW EA wl ﬂ; E .At - %o 2 N
7 85 R R A B R F oo
g = —_— =3 U, o0 FE - ) . <7 d ~ T
T uﬂq_ﬁ;kwmgﬂz%%@%W?ﬂ?aﬂ%ﬂ%ﬂ%ﬁ X2
P %ﬁﬁ_z%%%mﬂi%Wﬂ Wmﬁﬂﬂx%ﬁ_cﬁ_v%Aﬂ ~ 8
o T X TR E PN of £ F L BT e W g B
fa = X i N o X X < oz AR
T T %Mgmﬂ1%%moﬂwga$_f%ﬁm$;Tﬁﬂﬂf P &
ﬂ.o,nﬂdﬂ aﬁﬂoﬁa‘OlOﬂuﬂ}LﬂEﬁowﬂATuwglﬂ ,mW.A_I\rEﬂv_%umo,Ol%a _.,—___._ oLWm\r
— — e TS O < L —_ iy f —_—
DR © gz T a«wz%mﬂg}@%@%oﬂﬂo@g T =
& E%ﬂlxm_ﬂmq.wm%ﬂﬂ%]pwﬁ R A e M X T o
RPN MR oy M o odb R B p 2 o L
®E X s P A I Ao T A AL TE LG EET o
— ol To e Y o' ~ = 6 - = ol o W o —
o ~ o X Y 1U| o T ,OA (I = J ™ jul
= B mw e 4 - WM = o TR w W oo oo in o 1 mm 4+ 1
o B mrmm_mﬁwnﬂ%o,amawﬂ&Vﬂa%ﬂﬂﬂomﬁwouaﬂoarR %
[E) o o< 3 " ~ RN ! X0 )
T N e N T e S
Tk 8 RTRTRE TV oo WX W - X 7 L
I R~ oy W sy }oAx__.xE. ~ L F W N T T o e
! T — = T T — o i L
R oo %0 m Mo =W o < T O - MAT‘WHWVJI‘_WH E‘_,MM
R - Wl Rl —_
T o ‘anﬂ)aolﬁh w CHEAECE
e 2B R o T M ot
12 O#Eﬂmgmo Aw_ﬁl ny JIO T
To Hioﬁ.\ro:i . i o
L I N B s IR
2 ol T DO Y o2
Uy o D A I ol 9 B ]
oo Ty M ow %4Mﬂa§ Ooom oW o
3 = = W o B @ ST -
- 2 Lﬂmﬁ%%_‘myﬂmﬁ% ﬁo%MM
N furel RO H e T Tor k3
Mml 4£wmﬁﬂmgm.,uﬂﬁoi. %Ma%nr
a g o WP KT o % E
Fon Mg WA o4 T B IR
Cw owx® 4 T W R o oy
T% % - BT S Hpy o=
< B 9 3 — o o5 0 b s MY <R
N == S
o ITE_W > ns B oy T D
R m n bl (s IS B ™ ome 3 % N o
lﬁlodl 1r17 Hr [ ] HTQ’
Tl e mE s Sy W o xo®
L R T P S S S
o oy R B ow w2 < o % A
do ) = SR T o e W o S i

329

1998 2

Mt M4z

=13
=1

=
=)

#2gct
e E

it o

]

Tz gu

=]
=)



&

[98]
3
>

ps)
S|

oletyiol o & whpxe] TYH AW e B AT

i)
et

e

. Day, A. S, "An Introduction to Dynamic

Relaxtion”, The Engineer, London, 1965, Vol.
219, pp.18~221.

. Papadrakakis, M. "A method for automatic

evaluation of the dynamic relaxation parame-
ters”, Computer Methods in Applied Mechan-
ics and Engineering, 25, 1981, pp.35~48.

. Underwood, P. Dynamic Relaxtion, in "Com

putational Methods for Transient Analysis”,
Belytschko, T., Hyghes, T.J.R. editors,
Elsevier Science Publishers, 1983, pp.245~
265.

. Wakefield D. "Membrane engineering-pri-

ciples and applications”, Proc. Asia-pacific
conf. on Shell and Spatial
1996, pp.407~418.

Structures.

. Gosling P. D., Riches C. G. "Some results

on the numerical representation of the
load-deflection characteristic of pneumatic
beams", IASS International Symposium 97,
Singapore, pp.297 ~ 306.

. Atai A. A., "Numerical analysis of mem-

brane structures’, IASS International Sym-
posium 97, Singapore, pp.163~172.

. Kneen P. "Form generation and patterning

procedures for tensioned membrane struc-
tures”, SPACE STRUCTURES 4, edited by
G. A. Parke and C. M. Howard, 1994, pp.
1185~1193.

. Spiller, W. R., Schlogel, Mark, and Pilla,

Dominick, "A Simple Membrane Finite Ele-
ment", Computers and Structures, 45, 1,
181 ~183, 1993.

. Stubbs, N., and Fluss, H. "Modeling Fabric

Reinforced Composites”, Proc. 7th Canadi-
an Cong. Appl. Mech., Scherbrooke, Que-

AP EEE MITH M45 (1998 12)

10.

11.

12.

13.

14.

15.

16.

17.

18.

bec, pp.113~114, 1979.

Barnes, M. R.,, "Form-finding and Analysis
of Prestressed Nets and Membranes", Com-
puters and Structures, Vol. 30, 1988, pp.685
~695.

Ishii K. "Membrane structure analysis in
consideration of the weight of membrane
and cables”, Space Structures for Sports
Builidings, Proc. of the int. collogium on
space structures for sports buildings, 1987,
pp.574 ~581.

Ishii K., Suzuki T.
Proc. IASS Pacific Symposium

"Shape of membrane
structures”,
on Tension Structures and Space Frame,
Tokyo 10, 1971.

Ishii K. "Analytical shape determination
of IASS
Congress on Space Enclosures, Montreal,
Canada, 1976.

F¥-—F, "State-of-the-art report k&%
DFZRIAT TEIRRE OFIRE) BER ", B AR
E 15,1989, pp.83~108.

FH—K, "State-of-the-art report R
DR -SETARNTHER ", B ARPEE &, 1990,
pp.69~105.

Suzuki T., Hangai Y. "An analytical meth-

for membrane structure", Proc.

od of minimal surfaces based on the finite
element method", Proc. of the Third Sum-
mer Colloquium on Shell and Spatial
Structures, 1990. pp.343~356.
Barnes M. "Non-linear numerical solution
methods for static and dynamic relaxation”,
IL Publication number 15, 1982, pp.150~
166.
Bathe K. J., Finte Element Procedures,
Pretice-Hall, 1996.

(X} 1998, 10. 12)



