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A Study on Resonance Frequencies of a Whispering Gallery
Mode Dielectric Resonator Considering Electromagnetic
Coupling Phenomena with an Excitation Part
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Abstract

Resonant characteristic of Whispering Gallery modes(W. G. mode) on a dielectric disk resonator is
influenced by an external circuit that is placed near the disk to excite this type of modes. In order to
evaluate this phenomenon, we divide the disk resonator as two parts: a coupling part in which the
mode coupling occurs and an uncoupled region. In the coupled part, we regard the part of the disk as a
curved waveguide which is loaded with matched circuit, and derive a coupled mode equation for
nonparallel dielectric waveguides. From the coupled mode equation, we calculate coupling coefficients
and a coupled electromagnetic field. By using the complex coupling coefficients, we can calculate
power transfer. We also calculate a resonant frequency in consideration of the mode coupling phenom-
enon, The calculated resonance frequence is confirmed by experiment for the resonance chara-
cteristics, As the results, it is found that the discrepancy between the theoretical and the experimen-
tal resonance frequencies is about 1.28% and the discrepancy between theory and experiment of FSR
is about 0.6%.
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I. Introduction

Dielectric circuit components are expected to
play an important role for millimeter through
optical wave integrated circuit, A dielectric
disk resonator that operates in a Whispering
Gallery (W. G.) mode will be very useful as a
frequency selective device. The W. G. mode
resonator has, in general, a large radius of cur-
vature compared with an employed wave-
length, and an electromagnetic field of the W,
G. mode concentrates near an edge of the disk
(ll2]  Therefore, the disk (that supports the
W. G. mode) can be assumed as a sort of a
curved waveguide,

Several studies on the disk resonator which
is isolated in a space has been reported(2.(3], In
these cases, no influence by external circuits is
regarded. In practical integrated circuits, the
disk resonator is located beside an external cir-
cuit that excites the W. G. mode on the disk
and picks up the resonance response. In this
case, an electromagnetic mode of the external
circit has an influence on a resonance
characteristics of the W. G. mode. The influ-
ence on the resonance characteristics is caused
by mode coupling between the two modes that
are the W, G. mode of the disk and the
propagating mode of external circuit. The
mode coupling phenomenon occurs only inside
a region where a part of the disk approaches
the external circuit, We call the region as a
coupled region, For calculation of the reson-
ance characteristics of the W. G. mode pre-
cisely, it is necessary to analyze the effect of
the mode coupling on the coupled region in de-
tail,

In this paper,
frequencies of the W. G. mode on the dielec-
tric disk resonator excited by an external di-

we calculate resonance
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electric rectangular waveguide, considering the
influence of the mode coupling, We suppose
that the disk resonator with the external
waveguide consists two regions, i.e. a coupled
region and an uncoupled region.

In the coupled region, the W. G. mode in the
disk couples to the propagating mode in the
external waveguide. Since we can regard the
disk in this region as a curved dielectric
waveguide, we solve a coupled mode problem
for nonparallel and curved dielectric wavegu-
ides to know the coupling characteristics. We
show here a general way to derive a coupled
mode equation for the nonparallel and curved
dielectric waveguides, and apply this method
to the coupled region. We introduce a global
coordinate system to express an entire coupled
field and solve the coupled mode equation nu-
merically. As a result, we show numerical
results of the coupling characteristics such as
coupling coefficients, coupled mode field and
power transfer on the coupled region. Finally,
we obtain a scattering parameter (S-parameter)
matrix for this coupled region by calculating
modal amplitudes.

In the uncoupled region, the W. G, mode
propagates without any influence of the coup-
ling phenomenon., So, we can obtain a S-par-
ameter matrix for the uncoupled region from
the modal amplitudes of the W. G. mode on
the disk which is calculated in a conventional
analysis for an isolated disk resonator(3!,

From these S-matrix equations for the
coupled region and the uncoupled region, we
can obtain a S-matrix equation for the disk res-
onator with the external waveguide. Solving
the S-matrix equation at various frequencies,
we can find the resonance frequencies for the
resonator system.
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II. Coupled mode equation for nonparallel and
curved waveguides

A coupled structure that consists of two cu-
rved dielectric waveguides is shown in Fig. 1.

Two local orthogonal coordinate systems (x’,
y',z) and (x”,y”, z” ) are also shown in the
figure and are combined to a global coordinate
system (x, ¥, z). We suppose that an electro-
magnetic field and a relative dielectric con-
stant of the coupled structure are expressed by
{E.(x, y, 2), H(x, y, z)}and e(x, y, z), respect-
ively. The electromagnetic field can be expre-
ssed approximately as a sum of two electro-
magnetic fields with weighting functions m,(z)
and my(z) as shown in Eq. 1. One is an electro-
magnetic field {E\(x’, y’, z°), H\(x", y’, z)}
which is an intrinsic mode of the isolated
curved dielectric waveguide #1 and the ano-
ther is an electromagnetic field {E,(x”, y”, z
7)), Hyx" , y”, z )} which is an intrinsic mode
of the isolated curved dielectric waveguide #
2 as shown in Fig. 2(a) and (b).

In the above equations, the symbol “denotes
an unit vector and the subscripts ¢ and z de-
note transverse and longitudinal components,
respectively. This expression is reasonable to

waveguide #2 —~

€. (%, Y, 2)

Fig. 1. Coupled structure of two nonparallel and

curved waveguides,

«

waveguide #1

1

y

z €1(x,y,2)

Fig. 2. (a) The isolated curved dielectric wavegu-
ide #1

z &, y,2)

Fig. 2. (b) The isolated curved idelectric wavegu-
ide #2

Edx,y, )=m(2)expl~j 7(x,y, 2) | Eyt5-Es 3
+my(z)expl —j ¥o(x,y, z) ](Ez,-f-—?c Ey z)

H.(x.y, 2)=m(2)expl —j%(x,y, 2) [(Hy+H, 2)
+my(z)expl —j Vo(x, y, 2) (Hy+Hy, 2) (1)

the case that a difference of the dielectric
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constants between guides and surrounding me-
dium is not so large'4’,

In the following analysis, we express briefly
the propagating factors of the electromagnetic
mode ¥(x, y, z) and %.(x, y, z) as %, and 7..
They have a dimension of radian, If we know
the weighting functions m(z) and m,(z), we
can obtain the coupling characteristics of the
electromagnetic field. In order to know the
weighting functions, we derive two sets of
equations on the weighting functions. We ap-
ply the Lorentz reciprocity theorem!! and di-
vergence theorem to the two sets of field com-
bination ({E., Hc}, {E,, H\) and ({E., HJ} {E,,
H,), then we obtain the following two
equations;

i 2 ([0 (BoxHi— Eix Ho)dxdy

= w 80”:0(& —e)E. - E;dxdy
where /=1, 2. (2)
By substituting the Eq. 1 into the Eq. 2, we
can derive a set of simultaneous differential

equation for weighting functions m,(z) and m,
(z) as follows;

—j(Y1=72)

2z [ml(z jj e

(EuxHy+Ey xH,,) - dedy}
+ 2 D[, 5o (BaxH) - 3y ]

==m(2)[[ () 01770

(Eu * EZI_% Elz Ez)dxdy

—mz(Z)jjjom<8c_52) (Ey - Em_% E%)dxdy
(3a)

and

(El,XHl,) z dxdy]

Aol 4
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+~2—:——[mz(z)H:, e::y:;m
(EyX Hy+Eyx Hy) - dedy]
==m(@)[[_ (ec=e) (Bu - Bum

=—mz(z)ﬂi(£c—el) e 1)

% E%)dxdy

(Ezz ’ E’u_z_i E,; Eu)dxdy (3b)

We can rewrite above equations into the fol-
lowing simple form,

F F
a( 1;'121(2)]+ al 23”;2(2)]_____ mx(Z)Fa—jmz(z)F4
ARmE] | AR )R-,
(4)
where,
expl —j(71—7s) ]
;“1 WEo
(EyXHy+E,xHy,) + 2 dxdy
© 2 .
F=([_, e (BaxHy) - 2dxdy
F=([", (smaexpl ~ (n=7)]
(B - By~ Bus Bu)dxdy
—” (ee=e2) (B - Bu— Ef)dvdy
szj_w e (EyxHy) - z dxdy
_rre eXp[_j(yz_yx)]
I‘}—jj_ (924}
(E?lelr_}_Ez[tz;) . dedy
F= [ (ame0) (Bu - By EX)dxdy
I‘"F”l(sc—sl)exp[ —j (V,=")]
(Ey By Ex Eis)dxdy (5)

From Eq. 4, we can derive a simultaneous
equation for m(z) and m(z) in a matrix form
as follows;
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omy(z)
2z 11(2) Klz(z) ml(Z) (6)
amy(z) | T | Ku(z) Kn(2) || my(2)
2z
where,
an aF1
Ku(z) m[ﬂ(}ﬂ“’ )= F(j Ft+—-)]
aF6 an
KIZ(Z) FxFe Fz [Fz(/Fs Fe(/F; )]
. aFl 3F5
KZl(Z)_FlFﬁ Fst[FS(IFB F1(1F7 )]
3Fz an
Kn(Z) F1Fs Fst[FS(]E ) F1(1F8+ ]

(7)

The functions m(z) and mz) can be
obtained by solving Eq. 6 numerically with
actual dimensions of the curved dielectric
waveguides system,

[Il. Numerical calculation

The W. G. mode in a dielectric disk is regar-
ded as a propagating mode in a curved dielec-
tric waveguide. The coupled mode equation in
chapter 2 can be applied to the coupled region
of Fig. 3.

In this analysis, we assume that only the
WGHn,1: propagates in the disk and the mode
coupling occurs only in the coupled region; no
mode coupling occurs on outside of this region.
In order to solve the coupled mode equation,
we calculate coupling coefficients Kun(z) in
Eq. 6 that are obtained by calculating the
double integrals of intrinsic modes in Eq. 3. In
the calculation,
parameters to obtain the coupling coefficients.
The complex dielectric constants of the disk

we choose the following

and the straight waveguide (&) are 2.06 — j 5.
86x107* and a dielectric constant of a sur-

rounding media (&) is 1.0. Frequency (f) is 24
GHz or the wavelength () is 1.25%X10% m
Dimensions of the disk and the straight wave-
guide are as follows; a radius of curvature of
the disk R is 84, a thickness of the disk (H) is
0.640 and a cross section of the straight
waveguide is 0.64A 0.64A. The propagation con-
stant of the W. G. mode in the disk [7,/(R6)]
is 581.45 —j 0.129 (m™)! and that of the fun-
damental mode in the straight waveguide (7,
/z) is 590.81 —j 0.135 (m™). A minimum dis-
tance between the disk and the straight
waveguide (d) is zero, Fig. 4 shows the
calculated coupling coefficients between the
W. G. mode of the disk and the propagating
mode of the straight waveguide,

The coupling coefficients Km(z)(where m,
n=1 or 2) presents coupling rate of transmit-
ting power from waveguide #n to waveguide
#m. In this figure, we find that the mode cou-
pling occurs distinct'y in a range of —60 mm

Ax

.

coupled region

Fig. 3. The coupled region of a part of the disk
resonator and the straight waveguide. 6 is
a relation angle between the global coordi-
nate (x, y, z) and a local coordinates (x’,

y’, z’). A coordinate system (x”, y”, z")
is an another local coordinate,
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Fig. 4. The complex coupling coefficient between
the disk and the straight waveguide,

<z <460 mm and very little coupling occurs
outside of this range. Since the amount of the
coupling is less than 0.1% of maximum value
(at z=0 mm), it is possible to neglect the
coupling of outside.

In order to solve the coupled mode equation
(Eq. 6) numerically, for the case that the
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Fig. 5 The calculated results of the complex
weighting functions m(z) and m,(z) along
the grobal coordinate, Initial condition is
given in Eq. 8.

straight waveguide is excited, we give initial
values for the Eq. 6 on z=—60 mm;
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m(z=—60 mm)=0, mz=—60 mm)=1 (8)

Fig. 5 shows the weighting functions m(z) and
mz(Z).

A coupled field distribution is also obtained
by substituting the mu(z) and m.(z) into the
Eq. 1 and shown in Fig. 6.

From this figure, we can find that a part of
the traveling field in the straight guide is
coupled into the W, G. mode gradually, On the
disk, intensity of a maximum coupled field is
about —5dB.

We also obtain transferred power from the
straight guide to the disk, named here P, and
remaining power on the straight guide, P,. The
P, is given in terms of the entire coupled elec-
tric field and the intrinsic magnetic field of the
diskl™;

1 © , )
Plzzl "H_m[ml(x , 0)e i":Ey
+mx’, 0)e T 2E, 1 Hydx'dy’ ’ (9)

Resulted transferred power (P;) is shown in
Fig. 7.

In this figure, it is found that the P, is a
function of # and it depends strongly on the
distance d.

X axis (mm)
.

z axis (mm)

Fig. 6. The contour map of the calculated result
of the coupled electric field distribution on
the coupled region,
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The remaining power on the straight
waveguide (P,) is also obtained in terms of the
entire coupled electric field and the intrinsic
magnetic field of the straight waveguide;

1 = o
P2=—4—' *jf_w[ml(z Je ME,
gz Ve Ey Hy: dx” dy” || (10)

The P, around the guide varies with the
guide axis, and is shown in Fig. 8,

The P, also depends on the distance 4. From
this Figure, it is found that the remaining
power conserves 0 dB approximately while z is
less than —40 mm. It explains that no electro-
magnetic coupling occurs between the disk and
the straight waveguide. As the results, the ele-

Power (dB)

0 10 20
0 {rad)

Fig. 7. Calculated results of the transferred power
(P) from the straight waveguide to the
disk.

0.0

-0.5

Power (dB)

—— d=0mm
- d=1lmm
20 7 - -- d=2mm
----- d=3mm

25 —

-60 -40

z axis (mm)

Fig. 8. Calulated results of the remaining power
(P>) on the straight waveguide.

ctromagnetic coupling occurs only in the inside
of the coupled region for which we take a re-
gion from z=—60 mm to z=60 mm in this
paper. It is also found that the electromagnetic
coupling between the disk and the straight
waveguide increases according as the distance
(d) between those decreases. In the Fig. 8, it
is found that the remaining power increases
from z=30 mm, which comes from re-coupling,
that is a part of the transferred power from
the straight waveguide to disk returns to the
disk through the electromagnetic coupling.

To verify the power conservation law, we
evaluate transmitting power which pass thr-
ough x—y plane at z=0. It is found that a dis-
crepancy between the analytical result and the
law is less than 2%. -

IV. Resonance characteristics of the dielectric
disk with external waveguide

The coupled mode equation mentioned above
is for the coupled region of a straight dielectric
waveguide and a part of the dielectric disk.
This part of the disk is considered as a curved
dielectric waveguide. Outside of the coupled
region on the disk, we consider that the W. G.
mode doesnt couple to any electromagnetic
field and propagates with its own propagating
constant, In this case, this region i1s regarded
as a curved waveguide where an electromag-
netic mode propagates with equal propagating
constant to the W, G. mode. In Fig. 9, we
show an equivalent circuit of the disk res-
onator with external waveguide.

In this figure, we suppose that the coupled
region is expressed 4-ports directional coupler,
while the outside region is regarded as a trans-
mission line, Complex amplitudes a, and b,
show incident and reflected waves at a port n,
respectively. Scattering matrices for resonator
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a I
port 4 port3

ay TN
< —>b

2‘1‘ directional coupler as

_— > <
b] (_ _) b2
port 1 port 2

Fig. 9. The equivalent circuit of the disk res-

onator with the external circuit.

are given as follows!3];

i 171w i 0 sz s 0 a
b, _ Sp 0 0 su a (11)
b3 531 O 0 Sy das
b 0 s ss 0O ay

MﬂA—Q . —e“f O . b3
as - 0 e_¢b 4 (12)

where, ®r = ay + jfrand @y = ay + jB.

@y is constructed by total phase shift(f,) and
total attenuation(os) from port 3 to port 4
through uncoupled region. @, is from port 4 to
port 3 through uncoupled region. In the Eq.
11, the scattering parameter s; is given as a
rate of that the complex amplitude of the port
i to that of the port j;

1/2

Ujio (E.xH,] - 0 dxdy .
55 = (13)

mio [E.xH] - dxdy |

at port j

In this equation, E. is the coupled electric
field for the coupled region, and H,is the mag-
netic field for the straight waveguide or for
the disk. When the subscripts i and j are 1 or
2, the H, should be taken a magnetic field of
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the straight waveguide mode, contrary the
subscripts i and j are 3 or 4, the H, should be
taken a magnetic field of the disk(W. G.
mode). When the port 1 is excited by its
propagating mode, the output power from the
port 2 is obtained from Eq. 11 and 12 as
follows;

lﬁ 2_ I Su— (S S — Su Swe ™ |*
a; 1—Su e ¥
(14)

We calculate this value on frequency range
from 23.2 GHz to 23.8 GHz. Power transmiss-
lon characteristic through port 1 to port 2 is
obtained and shown in Fig, 10(solid line).

From this figure, it is found that the re-
sonances occur at 23.371 GHz(mode number 57
: WGHg11), 23.703 GHz(mode number 58 :
WGHss11) and the FSR(Free Spectral Range)
between the two resonance frequencies is 332
MHz,

V. Experimental study for the disk resonator
with external waveguide

The resonance frequencies of the disk res-
onator with the external waveguide on 23 GHz
band have been measured experimentally on a
test structure having the same dimension as

0=

5 <
& -10
g
g 20 - fr:23.703 GHz
5 -~ i | mode no, : 59

H —_— lated resul i
~30 A Measured result L
T T T T T 1
232 233 234 225 238 237 88
Fraquency (GHz)

Fig. 10. Resonance characteristics of the disk res-
onator with external waveguide. Solid
line is calculated result and dashed line is

experimental one,
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Fig. 11. The measurement setup for the reson-
ance characteristics of the disk resonator.

the calculated ones. Fig. 11 shows the employ-
ed measurement setup.

The straight waveguide is excited by a horn
antenna and the resonance characteristics are
measured by HP8510. The dashed line in Fig.
10 shows the measured resonance characteri-
stics. From these measured results, it is found
that the resonances occur at 23.075 GHz(mode
no, 57, the frequency range is not expressed
inh this figure), 23.405 GHz (mode no. 58) and
23.739 GHz(mode no. 59). It is also found that
and the FSR between mode no. 57 and 58 is
330 MHz, and between mode no. 58 and 59 is
334 MHz. As these results, it is found that the
discrepancy between the theoretical and the
experimental resonance frequencies is about 1.
28% at mode no. 57, and about 1.27% at mode
no, 58. Furthermore the discrepancy between
theory and experiment of FSR(interval be-
tween mode no. 57 and 58)is about 0.6%. The
discrepancies between the theories and the
experiments are mainly concerned with accu-
racy of the propagation constant of W.G.
mode referred from!®J,

Furthermore, the mode numbers of the W,
G. are experimentally measured to verify the
theoretical results. Fig. 12 shows the measure-
ment setup. In this figure, the x-y-z robot
moves toward the 6 direction on the upper
plane of the disk, It also picks up amounts of
phases of electric fields when the 6 is increa-
sed by every 1 degree. The mode numbers are
decided by the total amount of the phase shifts
on circumference when it is divided by 360 de-
gree(for example, the total amount of phase
shift of mode no. 58 is 20880 degree),

VI. Conclusions

A novel analytical approach for the reson-
ance characteristics of a disk resonator oper-
ated in a W. G. mode with an external circuit
is presented. On the analysis, we divided this
structure into two regions, i. e. a coupled re-
gion and an uncoupled region.

On the coupled region, the coupled mode
equation based on the Lorentz reciprocity the-
orem is presented to analyze coupling charac-
teristics of two nonparallel and curved dielec-
tric waveguides. The equation is applied to the
coupling between the W. G. mode in a dielec-
tric disk and a dominant mode in a rectangular
dielectric waveguide. The coupling coefficients
of these two modes are numerically obtained.
The field distribution around the coupling re-
gion is calculated. The transferred powers be-
tween two modes are also obtained numeri-
cally, A scattering parameter matrix for this
coupled region is obtained numerically by cal-
culating modal amplitudes of the propagating
modes on the disk and the external wavegu-
ides,

On the uncoupled region, only the propaga-
ting constant of a W. G. mode is considered to
the calculation of scattering parameters. The
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Controller and Network
Recorder analyzer
HP 8510

o 1 2
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p4 /

L/
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Disk resonator

Fig. 12. The measurement setup for the mode
number of the W. G. mode.

resonance frequencies are obtained numerically
by solving the scattering matrix equation for
these two regions. Finally, the resonance
frequencies are measured on the same case. As
these results, it is found that the discrepancy
between the theoretical and the experimental
resonance frequencies is about 1.28% and the
discrepancy betwee theory and experiment of
FSR is about 0.6%

The analytical method and the results of this
work will be useful to precise design of high Q
resonator made of dielectric on the millimeter
wave integrated circuit,
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