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Optimal Redundant Units and Load In Parallel Systems*

Wonyoung Yun® - Guirae Kim®*

Abstract

This paper is concerned with a parallel system that sustains a time-independent load and consists of n
components with exponential lifetimes. It is assumed that the total load is shared by the working
components and the failures of components increase higher failure rates in the surviving components

according to the relationship between the load and the failure rates. The power rule model among several

load-failure rate relationships is considered.

We consider the system efficiency measure as the expected profit earned by the system per unit time.

The high load causes high gain but it also occurs frequent system failures. The expected profit per unit

time is used as criterion to evaluate the system efficiency.

The goal of system engineer is to determine the optimal load and redundant units maximizing the
expected profit per unit time. First, the system reliability function is obtained and the optimization
problem of the load-sharing parallel system is considered. Given the redundant units. the existence of the
optimal load can be proved analytically and given the load., the optimal redundant units can be solved

also analytically. The optimal load and redundant units are obtained simultaneously by numerical

computation. Some numerical examples are studied.

g AdFERCIANEdTL)



R BEEER S

(R rlr ox oft rlo

Lk E
2 N

I

o

o o

i

N

[y

lo

s2
L
N
N
oX
o o
bata

vﬁ__
(Load-sharing model) & & dch dFFo
Al2g . AFss 54 E=g

o
o ®a AA ALY AEY dFA ALE
=

AX, £ A2 FFog A% FF niE
(Wear)Yt £24H(Damage) 55 ¥+ ASE
o olgigd Fae Alxdel AFste T
A2 | FFdte FFEEC F9EEY FE9
FAEIU AIAE F& AT Azke] A
U REEo] s 1Fo| YA HYE 2F
N B RFE0] F HIE FEIA HEE
ey BEEo| Bdc FE9 FE& FUEH

(Load-sharing model) )}

Bk o BRAAE
% $EEY 7B $ES £UHIL Uk
R3] ool maABTT S eT ol g A2
dolx A5ie A4 B4H 2 F2E AR
PESS A2 5 4 Uk B =R ¥a-p
g RYS T WAFE A2l 32 5
F4o 28 £78 HHOD AYHLA Wk

25 29 wEAE Axdel deln Axd

Q
NIATE Aitsles dds ol ofFojFHch
Kapur 2tLamberson[2] FAREF 2701

rlo

e 7Aoo oA
H2E 9o g 4
I Kececioglu[3]& +4

29} 3781 AL thHaElA

%tk Shechner[6]E ¥<2l9) "H‘-ﬂ‘ﬂ’ﬂ 9
TAE] 2 ANFAAMY Fahd AFAAY T
Sol A" AIEE '?6}?\1‘:}. Shao$}
Lamberson[8]-& 24 A (Imperfect
switching) & 7HA& #8 7Hed #3 €9
k-out-of-n:G  Ala®gel AIFzsp sHEE
(Availability) £4& % Markov 2¥E& A
eratgth Lin®tChen 183 Wang[5]2 ¥ ¥
T2 AZRA ZF FAARZFY F£Ho] AT F
22 E 9o NIAETE Markov ZHE o] &
e} A4bE T

= ool Rahshe] w7 Az A
G REA A s vl ATg 3549
AUz s Fale £E¢ s BAES O
st



FRYESSY 44 ¥a4F %

$23% MM E S LEEEE
289 2408 N2ade 2o @A)
N29g ZA%E 33 Ual 24 2R
F% 9842 FA0 AAAE BEE AL
W0 29T w9 AE B ollH vyl A
¢ A £ 089 A 94 A AL

lid

2 3= AHY FEA59 T

e AR AsE

N
>,

w

29 Fee F e A% U ¥

5 A8 #5stA EdEch

n: FREAF

L:  ANzdd staAe £33

X() (z~1)7ﬂ«l FEol IEF 1H
Fol | 23 wzixe) Azt

i=0,1,,n

Syt whe BEY g9 Axy 2GR
o H ATt

(i) : vhel §Fo) 2RSS o Yoz 2
T Y FEFEA A E R
a7
1=0,1 n

_l:'}_
A MY BEo TARE W Yuix T

R(),AH :A2"9 N3z g5, 33 2

= ¥4

Po,P1 Bl 7148 e BAES Ygt
He 24

Bo.Bi:  F3ts olddze) dAg e
= RS

Cy: FEF NG g5 84

Cp: A2® TA A 27} ov)L

(- Bl [ w9l A7 B u)e

Z(D: Hetrbl Y o) vy ARY #
# ol

G(): Bzt [ Y e 7Y 3
# w09

HArol tE AFAE ¥

H
o _
FE FEY IFES ¥}

A= pol” (1)

2

2 Filus[119] 2ls) A 2¥o)] Zo)
Hate] F3g AAsE FANAN A2Y
2

g3 %ot BAS veped A3t

454

oy
.‘“—"‘ H I‘lr ‘Q‘



100 44 - 2A RS ENEEE
L ._
(2)= pro i=0,1,",n (2)

otk WA i R0 TARE W AEFFA FRFS 1FEL ADF A2 ¥

Pl

L " ;=01,,n 3)

n—i

A= pg (

ot TAEH Tarstd WAL AFAZ RYL BE 0 A2 AAETFE IFLERFE O
&3 2o (=] ).

_ 1 3 poLPl
o= lefljl n—z+1)""1]exp( (n—j+1)”‘“1t)

7 1_(n——i+1

D= ¥

IHI1 1 OI"Jl exp(_____.ﬂ)é_il_—_—t
1[1_= _(n—z‘+1)p‘ 1} (n—j+1°"" ! (n—j-i-l)p'~1
i+l 1 B

o] M= Al2de] T XY HF & olde] AUzt HE ¥ FEF TH NTE A% 8
gag Bate) ool AAW o] ol WAEA HAW =F IAE A8
2 Ea 7o) ARG ol Bty ol WE AP B ALY BFE & ©
3g 2

ANSL, o B4E Az = HA yi 23 44 FF

o o i
Lo
Ho oft
of o
R

o
1
Auh
H m
E
b
o
N
o
|
v

£ol9 3t ¥

& "ol B3 /S Adss YRS SRS A RS APsUA Qe oY Faol o
# Z71 g4oln, o) ADD HF oA ARE AT oA Fapete BAE AT A o] o
Hatol oko] BF ARW o]0l YAEF FO

%;. o]ol (=] _7,]. 7¥c}

2 sstE 4S8 /AT et 1Y | @9 AL

ZD=B,(1— e ") B0, B0 (6)

TRy HEUt ZARSE AAde) 3F EE Z/s so) A2d) 2 og ug =Y
A S AT 98 A7 e9uEe Nxdel T 2 wrkt AA AAYE ZAN & W 229

s

ng‘._,
o
K

ofM



M3 BN HE Axgaxe Y FEFLFSS AY RiFE 101

T HELE F5 FFF nol F5F0Y a3 ZoH(=F 9],

C1n+ Cz _ ( C1n+ Cz)polm_l
Pi-1 (7)
Z:l(n—H-l)

o uY AV ol THoR AW v ATF 29 ¥ A

Nz vy DG B ol
ERE DR

1L

G(D=2(h— ()
JHEE B9 ALF BE ¢ 09 thgH 2ok

(Cint Cy) 100lpl

Gln, ) = B(1— e &) —

Bz &olde AU &) AaAE 99 VT SYNES BT sok Bn) o) A%, Bl DY
7 o9 W82 AAE HE FF FRLEFE 7T £ Yo TYT FEFESIL FolQ A5
= 5 gl

2]
REFTE FolR A9 A HasFo] fUsA S A% 23 AT
(FE1) FaeFel Fold Aol S, nol st FAFFAL (S ,41—S,)0le distd 2
ATFOIE B AT HFu LS A2t FREESI YA EH@c
Z9) Farb FAI A C(n)e& Hassle w7 EAEY A% exAL
Cn"+1)2C(n")l C(n")<C(n*—1)223H

Cln( S n' S n'+1 )+ Cl Sn'+ C2( S n S n'+l)

C(n*+1)=C(n*) = S

" Sn'+1
>

O]E}. [q'a}-}\-] S”‘_H"Sn' > 001[3

olth. o 71A



102 #9899 - 4AA HRAERHREE

By =9
An") = %— (9)
7b A e wges C(n) < C(n'—1)2 ¥H
QAn"—1) < —% (10)
olth, A(9)# (1002 FH Qn)ol nol A S718501d & FEREFE FAdstA A
o}k A
Cn+D=QCn)=S e Ly~ 505
> 0
o}7) AHME (S -4 —S,)0 nol ate] Aol Hrh
(39 &)
(Re2) RaksEol Foln Aol 257 o)  1o@ @9 A7 B vgE Aasdse I
FERZL} GUsA EAUT AL p) 2 1019 HH FERESE ooo|th

%) S, B=F 2t

S, =E(T) = E( 2 X))

1
ni;:l (n—i+1) - AG—1)
—_ 1 o or—1
= oiL” nﬁ::l(n i+1)

agez

% n—i+2) ° 7 - 5: (n—i+1) 7!

pol,p1 n= n=1

Sn+1'— S

- Pole S (n+D) 77 0

olty, 2HER S, athatel Frrgeol

Hd o) < 109



103

ey

£23% BN MY A2YAY A FEVESS 3Y e

(Sn+2_ Sn+l)— (Sn+1_ S,,) =p—£‘—;—l——_:T{ (n+2) a—-1 (n+1) Pl—l} ¢ 0
0

OJEZ (S,41— S ndl dal Zagsolth 18E2 (FE DA @M f4& »'7h EANG
O o 2 1o]™ H(NE FH

Cl(n+1)+C2 _ C1 . 7I+C2

Sn+l Sn =1

C(n+1)—Cn)=
g2 3w

S,+1 = S,,+Tl——_T - (n+1) ol

olB=R [ &t 2o,

CS, oo L "' = (Cin+ C)n+1) *7!

r= { SpoL® '+ n+1) "7 })s, an
4714 A(11)e B BES
SapoL TN C—(Cint C)(n+1) 7!
=C 2 =i+ 1) "7 =(Cint CYnt D "7
=C{n "+ (n—1 "1 —( Cl‘n+ C)n+1) 7!
=C{n" ' H+=D "+ 1T e+ D T = Co(n D) T 0
JBE C(n+1) < C(w)eld ZFp, = 108 HH FRRILE ooojg
(29 &)

43 A¥ w9 NG AF & oY, A®)L AYL S Y ¥ &
& FYsA ZANT, 99 A0Y BF & oldde] 0T A7 ANAE HE Ba $3o)
o

(2
)
tlo
3
iy

) G()2 HUzR e 78 59 EA AFE LotRI] A8 4(B3)S nE

—a _ (CintCyeg o 0!

dG(n, ) _ By B e —
Z‘il(n—i-%l)p'

dl -




104 949 - AAN RELERPREE

o] A& A#std

Bo By 21("_“1) " _ (13)

lP]"l e—ﬂﬂ
(Cint+ Cp) oy o1

olth, A w(H=1"""e M2 T2 WH& & A N

o] 9tk 18E2 yHEEE BasFe) (1— p)/ART L HHdME Za ol & 8
oM E Z7HgSotH I 1), (ZFDAN BE ¢ 4 Kol y(H3 Ao & A oA thd
o A (12)E st o)4e] HE sHA
qHe=
1

By B B IS (Cint Gy)
Po Oy 2(1_p1) 2(71_1.‘*‘1)01—1
1=
ol™ A(12)7F s o9} &S AT IABE @ D HF £oldE HUE & FIAT
ze zAQdY, 1T I BHFEL (1- )/ B30 Z2AY & ol

ghef
By B B e (Cyn+Cy)
0o P ¢ I—p o -1
0 £ ! Zl(n—i%—l) !
ol
e (Cont Cyog 0117
Gg;’zl,l} _ 50,316/91— 1 2)Pp :‘1 <0
Zl(n——i-kl) '
of gt JEE B9 NG HFE & old# (9 &)
F G(De vz F2 FHolW ZE FE 77
oA @sl NG HF £ oldg HUE s= (A2 2)9 (B 3)eA FaFEod T
Ra5ze 00 Wk BE5  ZoM shbst FoiAg A%l Yol
99 A G Hg & oldo] RE R} £F A hte AF @e 7 F due AE BY
A 2o FHE ATE R P FiE < oo AR B Eolde AUE e ¥
s wgEE AAHe &9 v Lo o]y ¥ drFd FTEFESFE AYH22 FA 73
o] WAIES vttt 1BE ol ASE 717} of$- o $BE FAHOE T
Nzde e gk Aol 23l o BIe HH FERESF 2 HHFY ReEE 8

£
o. Fahe Axe ogd 2o,



- H23% BN Ha AxgelMe HEY F

FEFS Y PASE 105

\

BB L, (nmitD !
(Cin+ Cy) oo 01

(az

Bd5Ee A wsAlT %

(@A 1> %3
Zod ol daA Cn(D),1)E A
En

2 3e FEREFE 27 ()7

gt
(@A 2) 74 FoiA RFaFEHd FEFET
o o 3 A &olg Ll

G(n"(1).1) & AxE
(A 3 99 Gn'(D),0)9 el Ay

—_

Ao B ¥
HAH ZFEEEF9 o|AFEE F3h oA
7t Z7rsieh ZadtE AECA Wil I
Ba4Es A4 RIFFoE Aot a2
2 99 Azl wE sl AA 323} (Global
optimal solution) ¥& HAstA Rt v
AR BE Ha £F & AT o2
2, 7v98 218 u¥bY (Graphical method) 2.2
7t QAT #e ol 1 ITAHANAM A ot
AARsted gl g B2W HAA H
Ao 2HE & FT F A& Aotk

z 2

(1- 01)/ B

11 »(Dets el

FA A

@9 NG B £ olAd¥F Gn, )N
Ay R3 £33% FE FEF AN ¥
e 2FE o/ B, G/CE #EC
2 < o/B <2 1< CfC <100
g B, = 0.5, Bo= 5% A s
g9 A7 £ oS AWZ e HH FE
BELe HA R FFol (E Dol Ut 8l
T (E 1A ¥d oz Ry Bl
By = 0.5, G/C =10, o1/ /=2,

o = 0.1,¢ o & FEXEFE THIZ 1
me) A& HaeEe 7357 € ¢ F Aok

g =RolNE wWATE Axded Rt
Azl ge wWsR %3 9Rsel, FEF
2EZ0 2o e FFA BN
B3 39 WATE ALPN 3 PES

z * R3S AAsE @
%

d¢ HWE e HAFY



106 &949 - AN BREEEHBER

B 2E9 37 ¥ $32 2YHA o olels Faiste) AL AFHAE AHE3
N2de FASE 74 PESY F3E 59 o EHIUT

@ A+ $EET W20 ARsUen 248 BR AAE $4E TR FEIESS B

3 2ate BAS dehlE dE AFAZ 28 #43¢ BA Y w9 AT 27 &)

3 AeSYY 9T o RS ogdd T o ¥5E ANSAS 2 o ¥58 A7

Ag $E 49 4B BANL AN Z S FRPEFY FAEEEL H4H0R

(B 1) 2N SE2RET 2N Ba5E ( 00=0.06)
FEA%, PoEE o1
/30 Cz/ C1 pl/ﬁl 0.05 0.1 0.3 05
0.5 1 1/2 2 (62.4) 2 (26.4) 2 (61) 3 (3.0
1 2(124.0) 2( 51.9) 2(113) 3 (6D
2 2(246.4) 2(102.1) 2 (20.8) 3 (84)
3 1/2 3 (56.6) 3 (234) 4 (52) 6 (26)
1 3(112.5) 3 (46.0) 4 (94) 6 (4.2)
2 3(223.3) 3 (90.3) 4 (17.0) 6 (6.9)
5 1/2 4 (534) 4 (218) 6 (4.7) g8 (23)
1 4(105.9) 4(42.7) 6 (84) 8 (3.7)
2 4(210.1) 4(83.6) 6 (14.8) 8 (55)
7 172 5 (51.0) 5 (20.6) 7 (43) 11 (22)
1 5(101.2) 5 (40.3) 7 (76) 11 (34)
2 5(200.7) 5 (789) o** o**
10 172 6 (484) 7 (19.3) 10 (3.9) 15 (2.0)
1 6 (95.9) 7(37.7) 0** 15 (3.0)
2 6(190.1) 7 (735) 0** o**
5 1 1/2 2 (88.8) 2 (39.7) 2 (105) 3 {6.0)
1 2(176.8) 2 (78.6) 2 (20.3) 3 (104)
2 2(352.0) 2 (155.7) 2 (39.1) 3 (19.3)
3 1/2 3 (833) 3 (37.0) 4 (9.7 6 (52)
1 3(165.9) 3 (732) 4 (18.7) 6 (9.7)
2 3(330.2) 3(144.9) 4 (35.8) 6 (17.8)
5 172 4 (80.3) 4 (355) 6 (9.3) 8 (5.0)
1 4(159.8) 4 (70.2) 6 (17.8) 8 (9.2)
2 4(317.9) 4(138.8) 6 (35.8) 8 (16.9)
7 1/2 5 (78.1) 5 (34.4) 7 (9.0) 11 (4.9)
1 5(155.4) 5 (68.1) 7 (17.2) 1 (9.0
2 5(309.2) 5(134.5) 7 (328) 11(164)
10 1/2 6 (75.6) 7 (33.3) 10 (8.7) 5 (4.7
1 6(150.5) 7 (65.7) 10(16.5) 5 (87
2 6(299.5) 7(129.8) 10(31.4) 15(15 7)

® 0 @ AT A9E AL9e egsts d i B oldnt BOEE ¢
92 87 Yt Rl @AY



H23% B

88 A2doNe) H3 FREES9 44 Yeled 107

A FEA7E Wl ¥ a2gEE 2 =
X E MATHEMATICAS AHesle 23
Hog Y FEEESFY IF Raszg 7
s,
FF AT FAZE B =R4ME AlAHo)
FHE7E Az wa WekA] %7 YA
et Alxgo] W 2 Xy}
2t Wate ZAed M zaHs =
A 2y pAREFl FUS BE

h
- - T
o=
AeE 1
el o

o
>
oo
l?lF
ot
—o
2
>
e
L
o
>,
N
N
(]
R
v
o

[1] Filus, J.

Optimization,”

"A Problem in Reliability

J.OplRes.Soc., Vol,
37(1989), pp.407-412,

(2] Kapw, KC. and Lamberson, LR., Reliability
In  Engineering Design, New York: John
Wiley & Sons, 1977, pp.222-224.

[3] Keccecioglu, D., Reliability Engineering

Handbock, Prentice-Hall, Vol 2(1991),

pp.143-173.

[4] Levenbach, G.I, "Accelerated Life Testing

(5]

(6]

(7]

(8]

(9]

of Capacitor,” IRE Trans. PGROQC(1957),
pp.9-20.

Lin,  Hsin-Hui,
Wang,

Chen,Kaung-Hwa and
“A  Multivariate
Shared-Load Model,” IFEE
Trans, Reliabiity,Vol. 42(1993), pp.165-171.

Schechner,Z, “A load Sharing Model: The
Linear Breakdown Rule,” Nava/ Research

Logistics Quarterly, Vol. 31(1984), pp.137-144.
Scheuer,E.M., “Reliability of a m out of n S

Rong-Tsorng,

Exponential

ystem When Component Failure Induces
Higher Failure Rates in Survivors,” IEEE
Trans. Reliability, Vol. R-37(1988), pp.73-
74.

Shao, J. and Lamberson, L. R, “Modeling
a Shared-Load K-out-of-n:G System,”
IEEE  Trans. Reliability, Vol, 40(1991),
pp.205-209.

583 "REY 270 el

)

Y

3

L

H i

gl T
FEE Z7HAFIE k-out-of n:G AAH
AEE VMR 2 HY FE mzaen

2 B 129, 44 R EE (

Rl

Lo

3]

i

S



