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ON WEAKLY PRIME IDEALS
OF ORDERED I-SEMIGROUPS

YOuNG IN KWON AND SANG KEUN LEE

ABSTRACT. We introduce the concept of weakly prime ideals in po —
I'—semigroup and give some characterizations of wenkly prime ideals.

A po — I'-semigroup([2]) is an ordered set M at the same time a
I'—semigroup such that:

a<b=sayx<byzr and zua < zub

Va,b,x € M and Vv, u € T.
For A,B C M, let ATB := {aybla € A,b < B,~ € I'}.

In 1! N. Kehayopulu defined the ideal and weakly prime in a po—
semigroup and M. K. Sen and N. K. Saha([3], [4] aud [5]) introduced the
concepts of ideals in a I'—semigroup. We now introduce the ideals and
weakly prime ideals in po — I'—semigroup.

DEFINITION 1. Let M be a po — I’ —semigroup and A a nonempty
subset of M. A is called a right(resp. left ) ideal of M if
(1) ATM C A(resp. MT A C A).
(2) acAb<aforbe M = be A.
A is called an ideal of M if it is a right and left ideal of M.

DEFINITION 2. Let M be a po — I’ —semigroup and 7' a nonempty
subset of M. T is called weakly prime if for all ideals A, B of M such
that

AIBCT = ACT or BCT.

T is called a weakly prime ideal if T is an ideal which is weakly prime.
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NoOTATION([1]). For H C M,
(Hl={aeM:a<h forsome heH}.
We write (a] instead of ({a}](a € M).

We can easily prove the following lemma.

LEMMA. Let M be a po — I'—semigroup. Then we have
(1) A C (A] for any subset A of M.
(2) If AC BC M, then (A] C (B..
(3) (AJI(B] C (A'B] for all A,B C M.
(4) (Al C (4] forall AC M.
(5) For every left(resp. right, two-sided) ideal T of M, (T =T.
(6) If A, B are ideals of M, then (AT'B] and AU B are ideals of M.
(7) (.MI‘aI‘]W] is an ideal of M for every a € M.

REMARK. If A is a left ideal of M and B is a right ideal of M, then
(AT'B] is an ideal of M.

We denote by I(a), R(a), L(a) the ideal, right ideal, left ideal of M,
respectively, generated by a{a € M).
One can easily prove that:

I(a) = (aU MTa U al'M U MTal'M),
L(a) = (aU MTa], R(a)= (aUal'M].

Recently , N. Kehayopulu showed the following Theorem.

THEOREM([1]). Let S be a po—semigroup and T an ideal of S. The
following are equivalent:
(1) T is weakly prime.
(2) Ifa,b € S such that (aSb] C T, thenac T orbe T.
(3) Ifa,b e S such that I(a)I(b) C T, thenacT orbe T.
(4) If A, B are right ideals of S such that AB C T, then A C T or
BCT.
(5) If A and B are left ideals of S such that AB CT, then A C T
or BCT.
(6) If A is a right ideal, B a left ideal of S such that AB C T', then
ACTorBCT.
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THEOREM 3. Let M be a po — I'—semigroup and T an ideal of M.
The following are equivalent:

(1) T is weakly prime.

(2) Ifa,b€ M such that (aTMTb| C T, thenac T orbe T.

(3) Ifa,b € M such that I(a)TI(b) C T, thenac T orbe T.

(4) If A and B are right ideals of M such that ATB C T, then
ACTorBCT.

(5) If A and B are left ideals of M such that ATB C T,then ACT
or BCT.

(6) If A is a right ideal, B a left ideal of M such that AT B CT,
then ACT or BCT.

PROOF. (1) = (2). Let a,b € M, (al' MTb] C T. Then, by (3), (2),
(1) and (5) of the Lemina, we have

(MTal' MID(MTBIM] C (MTal MTMTI M)
C (MT(aT MT)TM]

C (MT(al' MTH]T M]

C (MTTTM] C (T) =T.

Since (MT'al'M] and (MTbI'M] are ideals of M and T is weakly prime,
(MTal'M] C T or (MT8I'M] C T. Let (MT'al'M] C T. Then by (3) and
(2) of the Lemma, we get

I{a)TI(a)lI(a)
(aUMFaUaFMUMFaI’MjF(aUMFaUaFMUMFaPM]
[(aUMTaUal' M U MTal' M|
Q(MI‘aUMI‘aFM]F(aUMFaUaI’MUA[FaPM}
C((MTaUMTal M)T'(aU MTaUal'M U MTal'M))]
C(MTal’'M] CT.

i

And then, by (5), (3) and (2) of the Lemma,

(@)l L(a)]TI(a) = (I(a)TI(a)]T(I(a)] C (I(a)[I(a)[I(a)] C (T] = T.



254 Young In Kwon and Sang Keun Lee

Since T is weakly prime and (I{a)['(a)] is an ideal of M, we have
(I(@)TH)] CT or I(a)CT.

If I{a) CT,thena € I{a) C T. Andif (I(a)T'I(a)] C T, then I{a)['I(a) C
(I(a)TI(a)] C T. Since T is weakly prime, I(a) C T and so a € T.
Similarly, from (MT6I'M| C T, we have b € T.

(2) = (3). Let a,b € M and I(a)T'I(b) C T. Then, by (2) and (5) of
the Lemma,

(a)T(MTb] C (aUMTaUal MUMTaI' MT(BUMTbUST MUMTSI M) C T,

and so

(aT MTb)] C ((a]0(MT¥]] C (T] = T.

By (2), we havea e T or b e T.
(3) = (4). Let A and B be right ideals of M such that AB C T
and AZT. Letac A,a¢ T and b € B. Then we have

I(a) = (aUMTaUal'M U MTal'M]
C(AUMTAUAI'M U MTATM]
= (AU MTA].

and

I(b) = (bU MTb U bCM U MTHT M)
C(BUMI'BUBI'M UMTBI'M|
= (BUMTB,.

Then, by (3), (2) and (5) of the Lemma,
I{a)TI(b) C (AU MTAI'(BU MT'B|
C ((AU MTA)T(B U MTB)]
= (ATBUMTATBU ATMT'BU MIT'ATMT B
— (ATBU MTATB]
C(TUMIT] = (T} =T.
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Since a ¢ T, by (3), we have b€ T and so B C T.
(3) == (5). We can prove this by the similar method to the previous
case.

(3) = (6). Let A be a right ideal, B a left ideal and such that
ATBCT,AZT. Letac A,a¢ T and b € B. Since I(a) C (AU MT A]
and I(b) C (B U BI'M|, we have

I{(a)TI(b) C (AU MTAJT(B U BT M)
ATBUMTATBU ATBT'M U MT AT BT M]
TUMITUTTM UMTTTM]

Ti=

c
<
-

(
(
(
=

Since a ¢ T, we have b€ T by (3) and so BC T.
(4),(5),(6) = (1). They are obvious.

REMARK. In Theorem 3, condition (4) is equivalent to the condition:
(4)" If a,b € M such that R(a)TR(b) C T, thena € Torbe T. In
fact, let A, B be right ideals, ATB C T,a € A,a ¢ T and b € B. Then

R(a)TR(b) = (aU al'M]T (b U BT M]

(
C (AU ATMT(B U BT M]
C (ATM U ATMTB U ATBT'M J ATMT BT M)
= (AT

ATB] C (T] =T.

Since a ¢ T, we have b € R(b) C T by (4)’. Similarly, the condition (5)
and (6) is equivalent respectively, to the following condition:

(5) If a,b € M such that L(a)I'L(b) CT,thenaec T orbeT.

(6)' If a,b € M such that R(a)TR(b) CT,thenae T orbe T.
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