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CONVERGENCE OF NONLINEAR
SEMIGROUPS IN A HYPERBOLIC SPACE

YOUNG S. LEE AND SANG DON PARK

ABSTRACT. In this paper, we establish Trotter-Kato type conver-
gence theorem for nonlinear semigroups generated by coaccretive op-
erators in a hyperbolic space.

1. Introduction

Let (X, p) be a metric space, and let R be a real line. A mapping
c¢: R — X is said to be a metric embedding of R into X if

p(c(s), c(t)) =|s—t|] forall s, tecR.

The image of R under a metric embedding is called a metric line. The
image of a real interval [a, b] under such a mapping is called a metric
segment.

Assume that (X, p) contains a family M of metric lines, such that
for each pair of distinct points z, y € X there is « unique metric line in
M which passes through z and y. This metric line determines a unique
metric segment joining x and y. We denote this segment by [z, y]. For
each 0 <t < 1, there is a unique point z € [z, y] such that

plz, z) =tp(z, y) and p(2, y) = (1 -t)p(z, y).

This point will be denoted by (1 — t)z & ty.
We shall say that X, or more precisely (X, p, M), is a hyperbolic
space if
1 1 1 1 < 1 )
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for all z, y, z € X. It is clear that all normed spaces are hyperbolic.
So are all Hadamard manifolds, that is, all finite-dimensional connected,
simply connected, complete Riemannian manifolds of nonpositive curva-
ture [2]. For more examples of hyperbolic spaces, see [4].

Let (X, p, M) be a hyperbolic space. For z, y € X with = # vy,
there is a unique metric line in M passing through z and y. For r > 0
let z = (1 + r)x &y be the unique point on this metric line satisfying

plz, z)=rp(z, y) and p(z, y) = (1+r)p(z, y).

Note that z = (1 +r)z©ryifand only if z = 1/(1 + r)z @ r/(1 + r)y.
A set-valued operator T' C X x X with domain D(T') and range R(7T)
is said to be coaccretive if

p(z1, z2) < p((L+7)x1 0 y1, (1+7)22 O Y2)

for all [z, y;) € T,i=1, 2, and r > 0.

If X is a normed linear space, A = I — T is an accretive operator,
that is, |71 — o] < |21 — 22 +7(21 — 22)| for all [z;, 2] € 4, i=1, 2
and r > 0.

Let D be a subset of X. A mapping T : D — X is said to be
nonexpansive if p(Tx, Ty) < p(z, y) for all z, y € D. It is not difficult
to show that all nonexpansive mappings are coaccretive.

A semigroup (of nonlinear nonexpansive mappings) on a subset D of
a hyperbolic space X is a family of operators S(t) : D — D, 0 <t < oo,
satisfying the following conditions;

(1) S(t+ s)xz = S(t)S(s)x for all 5, t >0 and z € D:;
(2) S(0)z =z for all z € D;

(3) S(t)z is continuous in ¢ > 0 for each z € D;

(4) p(S(t)z, S(t)y) < p(z, y) forall z, y € D.

In this paper, we first show that such semigroups are generated by
coaccretive operators satisfying the range condition via the exponential
formula. And then we establish convergence of nonlinear semigroups
generated by coaccretive operators. In Banach space cases, our conver-
gence result includes convergence of nonlinear semigroups in [1, 5].
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2. Convergence of Nonlinear Semigroups

For a coaccretive operator T' C X x X we can define, for each r > 0,
a single-valued nonexpansive mapping JI : R((I + r)I & +T) — D(T)
by JY((1 + 7)z ©ry) = z, where z € D(T) and [z, y] € T. In normed
linear spaces, these mappings are the resolvent of the accretive operator
A=1-T.

The following lemmas collect some facts about J7F.

LEMMA 1. Let X be a hyperbolic space. Suppose that 1" is a coac-
cretive operator. Then
(i) for s > 0 and z € D(JT) N D(T)

p(z, JTz) < s|Tz|,

where |Tz| = inf{p(z, y) : y € Tz}.
(ii) For allt > s > 0 and z € D(J{)

Iz = JST(%@ (1- %)Jt z.

/

PRrROOF. If y € Tz, then JI((1 + s)z © sy) = . Hence p(z, JIz) <
p((1 + s)x © sy, z) = sp(z, y), and so (i) is proved. If z € D(T'), there
exists [zg, yo] € T such that z = (1 + t)zo © ryo, that is, Jle =z¢. It
is not difficult to see that (1 + s)zo ©syo = 2z & (1 — 2)J = O

LEMMA 2. Let r > s > 0, and € D((JT)™) N D((JT)™), where m
and n are positive integers and n > m. Then

p((J) e, (S ™)

m-—1
<Y g (j)p(u,?“ iz, 2)
7=0

> amg (37 )Ty e, o),
j=m

where a = s/r and 8 = (r — s)/r.
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PROOF. For integers j and k satisfying 0 < j < n and 0 <k <m,let
as = p((JT)iz, (J7)*z). Then
akj = p((J5 )z, (JF)*z)
<oV, JTCUN e (1 - 2) Ik
r
<Ay e, (I e (1- D) (T
s r

- <§(JT>J'*1@(1—§)<J;”)J"1$, (J?)k“"‘xea(bg)(af?)’“z)

s
-
PV ™ e (I )+ (1= 2)p((ITY e, (JT)ka).
With a = s/r and 8= (r — s)/r,

ak,j < aag-1;-1+ Bag ;1.
By solving these inequalities in term of ax o and agp, j, the result follows.[

LEMMA 3. Let n > m > 0 be integers, and let «. and 3 be positive
numbers such that a + 3 = 1. Then

(1) > (?) ol 8" (m — ) < \/(na = m)? + nag.
J=0
@ 3 (2T - <L (e
J=m

For a proof of this lemma, see [3].

The following theorem is given in [6] without the proof. We present
a complete proof of theorem 1. In order to show our main theorem, we
need the inequalities appeared in the proof of theorem 1.

THEOREM 1. Let X be a complete hyperbolic space. If T ¢ X x X
is a coaccretive operator satisfying
d(D(T)) cR(I+r)IerT) for r>0,
then T generates a (nonlinear) semigroup on cl (D(T)) via the exponen-

tial formula
S(t)z = lim (J}, )"z,
n—>00

where t > 0 and z € cl(D(T)).
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PROOF. Let z € D(T), r > s > 0 and let n > m be positive integers.
Then z € D((JI)™) N D((JT) ). By Lemma 1, 2 and 3,

o7y, ()™
<zawn i ) (IT)™ iz, z)
+§amaﬂ'—m(j'_11) o((IT)" Iz, )
<Za1ﬁ" (") = )ot9F )
+ }jamﬂﬂ m(200) = etz
<r g“w" /(%) om = pirs
‘s Z am (771 ) i

< (V(na —m)? + nafr + \/ _ﬂ--m—n)%)[Tx’

< (V/(ns —mr)2 + ns(r — s) + Vmr(r — 5) + (mr — ns)?)|Tz|.
Taking s = t/n and r = t/m, we obtain

AT, (Tp)2) <20/~ “ifTal,

Since X is complete, limn_,oo(Jt/n)”x exists. Since (JtT/n)" is nonex-
pansive, S(t)z = limn_,oo(JtT/n)”:L‘ exists for z € cl(D(T)). Clearly,
S(t) : (D(T)) — cl(D(T)).

If z € D(T) and 7 > t > 0, by taking » = 7/n and s = t/n, we have

P((Jgm) 2, (J7/0)"2)
< (\/(t — )2+ —————t(Tn— N \/thi) +(t-T)2

'Il
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Hence
p(S@)z, S(r)z) < 2|t — 7||T|.
Since S(t)z is Lipschitz continuous in ¢, S(t)z is continuous in ¢ for
z € c(D(T)).
Since S(t)r = limkﬁoo(.]g/’k)k:r = limk_,oo(.]gt/,mk)kmm = S(t)™z,

Pony oL vmekn, _ qr L yimar 1 \kn
S(k+m)$~s(km) x_s(km) S(km)
L n
—S(E)S\‘Tﬁ)x-

That is, the semigroup property holds for rationals. By the continuity of
S(t) in t and the nonexpansiveness of S(t) in z, the the result follows.(]

Let S(t) be the semigroup associated with T through the exponential
formula in Theorem 1. We shall say the S(t) is generated by 7. In the
proof of Theorem 1, we have the following inequalities.

LEMMA 4. Let T C X x X be a coaccretive operator such that
c(D(T)) C R((I+r)IorT) forr > 0. Let S be the semigroup generated
by T. Then for each z € D(T),

(i) p(S(t)z, (J{;,)") < 2tn V3T x].
(ii) p(S(t)z, S()z) < 2Jt — 7||Tx].

THEOREM 2. Let T C X x X be a coaccretive operator such that
d(D(T)) ¢ R(U+r)IorT) or v > 0, and let S be the semigroup
generated by T. Let T,, C X x X be coaccretive operators such that
cd(D(T,)) C R((I +r)IorT,) for r > 0 and each n, and let S,, be the
semigroups generated by T,,.

Suppose that

lim Jz=J"z for z¢€ cd(D) and r >0,

00
where D = ND(T,,) N D(T). Then
lim S,(t)x = S(t)z

for z € cl(D) and the convergence is uniform on bounded t-intervals.
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PROOF. Let x € D. Since lim,_ o JI"z = J;ra:, there exists ng
depending on z and r > 0 such that

1

1
;p(x, Jihg) < ;p(w, JIz) < |Tz|+1 for n>ne.

Consider p(S,(t)z, S(t)z) < p(Sn(t)z, Sn(t)JImz)+p(Sn(t) Iz, S(t)x).
Since S, (t) is nonexpansive, p(Sy(t)z, Sn(t)J"z) < p(z, JI ).
Next, we will consider the second term.

p(Sn(t) ]z, S(t)z)
< p(Sa(t) I, (T JT"w)+p((J'tT/k) Iz, (Jip) )
+ oI e, (T ) + p((JT) x, S(t)).

Note that by Lemma 4 and nonexpansiveness of J,, we have

p(Sn() Iz, (I P I ) < 2t\/%|w?"x!,

p((Jip) Time, (Jip)F) < p(Jfme, @)

o((IT)kz, S(t <2t\/’|Tx|

and

So we have

p(Sn(t)z, S(t)z)

1 1
oz, JFa) + Zt\/j}Tan"x\ + p(Jmx, ) + 2t\/;lTxl

+ () 2 (Jp) )
=2p(z, JInz) + Zt\/;TnJ?Tnx\ + 2t\/%|Tx| + p((:.]g;';c)kx, (Jg;k)km)
1 1
<2r(|Tz|+1) + 2t\/_—];(]T;cl +1) + 275\/;%;\ + pl(JR) s (TR ) k).
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Let € > 0 be given. First fix r > 0 such that 2r(]Tz|+1) < /3. Then fix
k > ko such that 2t/1/k(2|Tz| + 1) < ¢/3. Finallv, choose n > ng such
that p((Jg}’;c)kx, (J3/1)%x) < €/3. So we have limn 0 Sp(t)z = S(t)z
for x € D.

Next, we will show that the convergence is uniform in ¢ € [0, T]. By
Lemma 4, we have

p(S(t)z, Su(t)z) < p(S(t)z, Su(t)Jim2) + p(Sn(t) Tz, Sa(t)z)
< p(S(t)z, Sn(t)JIrz) + p(J1z, )
< (S(t)x, S(T)x) + p(S(T)zx, Su(T)T) + p(Sn(T)z, Spu(T)J 2)
+ p(Sn(T) I 2z, S, (t)J T x) + p(JIrz, )
<20t — 7Tz} + p(S(7)z, Sp(7)z) + plz, JT)
+ 20t — T||Tnd 2| + p(J 1z, )

< 20t — 7||Tz| + p(S(T)z, Sa()z) + 2t - T]%p(],_T":L', z)

+20(JTmz, 1)
<20t — 7| Tz| + p(S(7)z, Sn(T)x) + 2/t - 7|(|Tz| + 1)
+ 2r(|Txz| + 1).

Then we have
p(S(t)x, Sn(t)x) < p(S(T)x, Spu(7)z)+2|t —7](2|Tz|+ 1) +2r(|Tz| +1).

This implies the uniform convergence. Since S,(t) and S(¢) are nonex-
pansive, the result follows for z € cl(D). O

REMARK. If X is a Banach space, then A = I -7 and A,, = I-T,, are
accretive operators satisfying the range condition R(I +rA) D cl(D(A))
and R(I + rA,) D c(D(A,)) for r > 0, and S(t) and S,(¢) are the
semigroups generated by —A and —A,,, respectively. Theorem 2 says
that convergence of resolvent of accretive operators implies convergence
of nonlinear semigroups, that is , our result extends nonlinear Trotter-
Kato Theorem in {1, 5].
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