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ON THE STRONG LAW OF LARGE NUMBERS
FOR LINEARLY POSITIVE QUADRANT
DEPENDENT RANDOM VARIABLES

TAE-SUNG KM AND HYE-YOUNG SEO

ABSTRACT. In this note we derive inequalities of linearly positive
quadrant dependent random variables and obtain a strong law of large
numbers for linearly positive quardant dependent random variables.
Our results imply an extension of Birkel’s strong law of large num-
bers for associated random variables to the linear positive quadrant
dependence case.

1. Introduction

Lehmann(1966) introduced a simple and natural definition of positive
dependence: A sequence {X; : j > 1} of random variables is said to
be pairwise positive quadrant dependent(pairwise PQD) if for any real
ri,7vj and 1 # 7

P{Xl > Ti,Xj > T‘j} > P{Xl > Ti}P{)(j > T‘j}.

A much stronger concept than PQD was considered by Esary, Proschan,
and Walkup(1967): A sequence {X; : j > 1} of rardom variables is said
to be associated if for any finite collection { X1y , Xj(n)} and any
real coordinatwise nondecreasing functions f,g on R™

Cov(f( X5y, » Xjm))» 9( X501y, Xjn))) 20

whenever the covariance is defined. A new concept of positive de-
pendence between pairwise PQD and association was studied by New-
man(1984): A sequence {X; : j > 1} of random variables is said to be
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linearly positive quadrant dependent(LPQD) if for any disjoint 4, B and
positive 7;’s

Y riX; and Y r;X; are PQD.

icA jeB

Newman and Wright(1982) derived a maximal inequality of associated
random variables and Birkel(1989) applied it to prove a strong law of
large numbers(SLLN) for associated sequences.

In this paper, we investigate some inequalities of LPQD random vari-
ables and extend Birkel’s(1989) SLLN for associated random variables
to the LPQD case.

2. Inequalities of LPQD sequences

The following theorem and proof are based on Newman and Wrights’
demimartingale inequality [5]. Let

(2.1) Sp = max(5y,- -+, 5n),

Sn,; =jth largest of (S1,---,S,), if 7 <n,

(2:2) min(Sy, -, 8n) = Snny if § 57,

so that S,, 1 = S, where S,, = X; + .- + X,,.

Theorem 2.1. Let {X; : j > 1} be an LPQD sequence with EX; =
0. Then for any n and j,

(2.3) E ( /O o udu) < E(SnSn;).

PROOF. For fixed n and j, let Y3 = Sk ; and Y = 0, then

n-—1 n—1

(2.4) Sa¥n =Y Sei1(Yerr = Ye) + ) (Skar — Sk) Vi

k=0 k=1
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Note from the definition of S, ;, that

(2.5) for k < j either Yy = Y341 or Skyq1 = Yiyq,

(2.6) for k > j either Yy = Yiy1 or Spy1 > Yt

Thus for any k,

(27)  Skir(Yess — Vi) > Yerr (Yers — Yi) > /;Yk“ wdu,
A
so that (2.4) yields
Y, n—1
(2.8) S.Y, > /0 wdu + ;((s,c+l — S0)Ya).
Next we note that
(2.9) E((Ses1 — Sk)Ye) = Cov((Skss — Se), Ye) > 0

by the definition of LPQD since Y}, is a sum of some X;’s such that 2
is less than k + 1 and Sk4+1 — Sk = Xk+1. By taking the expectation of
(2.8) and using (2.9), (2.3) is derived since Y,, = 5, ;. O

COROLLARY 2.2. Let {X; : j > 1} be an LPQD sequence with
EX; = 0. Then for any n and j,

(2.10) E((Sn,; — Sn)?) < E(S3)
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PrOOF. It follows from (2.3) that

E(Sflyj) ~2E(S,5,) <0.

By adding E(S?) both sides of the above inequality, (2.10) is ob-
tained. O

In the next corollary we show the maximal inequalities which will be
used to obtain weak convergence and strong law of large numbers for
LPQD sequences. Inequalities of the corollary are essentially identical
to those of associated random variables(See [5, Corollary 5!)

COROLLARY 2.3. Let {X; : j > 1} be a sequence of LPQD random
variables with EX; = 0. Then

(2.11) E(S%;) < E(S%) =52

T

and for A1 > Aq,

1— g2
(2.12) (EXZ?TZ)?) P(S, > A2) < P(Sn > A1),

so that for a; < ag with as — oy > 1,

(2.13)
(ag — n)?

P(max(|51|, aISnl) = O[QSn) = (02 —01)2 — 1P([Sn‘ = a13n>

Proor. It is obvious that X,, X, _1, -+ ,X9, Xy are a sequence of
LPQD random variables. Define T} = 0,and T = 37, ., X;, for k=
2,3,---,n+ 1. Then by the similar arguments in the proof of Theorem

2.1

(2.14) E((Tn—H - Tn)Tn,n_]‘+1) == COV((Tn+1 - Tn)7Tn,n~j+1) Z 0
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according to (2.9) and hence by (2.3) we have

T? .
(215) E (ﬂé&‘lﬂ> < E(TnTn,n—j-i-l)'

Thus it follows from (2.14) and (2.15) that

2

5 Tn n—j+1
(2.16) E —T SEMTun 1) < E(Thi1Thn—ji1)-

Now (2.16) implies that

E((Tns1 = Tun-ji1)?) < E(T2,,),

and this is the same as (2.11) since T,,41 = S,, and

TnJrl - Tn,n—~j+1
=jth largest of (Tni1 —Tn,Thyr — Loty -+, Tng1 — Th)
=Sn;.

To obtain (2.12) we first note that

P(S, > X2) = P(S} > X2,80 > A1) + P(S5 > X, Sn < Ap)

2.17
( ) SP(SH2/\1)+P(S:lZ)\Q,SZ—SH>/\2~)\1).

Since for all proper subset A of {1,2,--- ,n} such that S} = YoicaXi
there exists a disjoint subset B = {1,2,--- ,n}/A such that S, — S =
> iep Xi, S5 and S, — 87 are PQD. Therefore it follows from (2.17) that

P(S; > X2, S — Sn > Ao — Ap)

2.1
(2.18) < P(S; 2 2)P(S; — Su > Ao — A1)
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according to Lehmann(1966). Now by combining (2.17), (2.18), Cheby-
shev’s inequality, and (2.10) we have

PS5 > A2) < P(Sn 2 M) + P(S) > X2)E((S) = S0)3) /(Mg — A1)?
< P(Sn 2> A1)+ P(SE > M)E(S2) /(Mg — A1)?,

which immediately yields (2.12). Finally, we may obtain (2.13) by
taking A; = a;s, and adding to (2.12) the analogous inequality ob-
tained after replacing all X;’s by their negatives(which are also neces-
sarily LPQD). a

3. A SLLN for LPQD sequence

THEOREM 3.1. Let {X; : j > 1} be a sequence of linearly positive
quadrant dependent random variables with EX; = 0, EXJ2 < 00. As-
sume

(3.1) Y 572Cov(X;, S;) < 0.

Jj=1
Then as n — oo, n~ 18, — 0 almost surely.

Proor. We will use the method in the proof of Theorem 2 of Birkel
[1]. Let € > 0 be given. Then by Chebyshev’s inequality

> P{27"Sen] 2 €}

(o0)

<e? Z 47" Var(San)
n=1
*) oo
< 2¢72 Z 47 "Cov(X;,5;)

j=1 \n:2n>j
o0
€2 Zj‘2Cov(Xj, S;) < 0.

=1

<

Lol oo
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Thus the Borel-Cantelli lemma implies that, as n — oo, 27 "Son — 0
almost surely.
Now by standard arguments it suffices to prove that, as n — oo,

(3.2) 27" max |Skp — Son| — 0 almost surely.
onck<on+!

Let n > 1 be given. Using Chebyshev’s inequality and applying Corol-
lary 2.3 to the random variables Xon 1, Xon49, -+, Xon+1 we obtain

-n — Son) >
P{2 2n<1£1232cn“(5k San) > €}
2
< e 24™"E — Son
(3.3) se 4 (QngclgnH(Sk Sa ))
S €v24AnVaI‘(Sgn+1 — Szn)
< €247 "Var(Spn+1),

since the X ;’s are nonnegatively correlated. Replace the random vari-
ables X; by their negatives(which are also LPQD). We get the analogous
inequality

—n —2 —-n
(34) P{Q 2n<r22}2(n+1 ——(Sk - Sgn) Z E} S € “4 Var(52n+1).

(3.3) and (3.4) imply
n o
P{2 2n<ri‘2°2‘n+l |Sk — Son| > €} < 2e7 47 "Var(Spn+1),

and hence

o0 e 0]
-n o -2 —{n+1)
Z P{2 2n<n,32‘}2(n+1 |Sk—San| > €} < 8e Z 4 Var(Sgn+1) < 00,
n=1 n=1
according to the consideration above(x). Again applying the Borel-

Cantelli lemma, we obtain (3.2) which completes the proof of Theorem
3.1. O
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REMARK. Theorem 3.1 shows that the strong law of large numbers
of Birkel(1989)(Theorem 2 of [1]) for associated sequences still holds for
LPQD processes.
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