Bull. Korean Math. Soc. 35 (1998), No. 1, pp. 127-140

ONE-SIDED BEST SIMULTANEOUS
L1-APPROXIMATION FOR A COMPACT SET

SUNG Ho PARK AND HyANG JoO RHEE

ABSTRACT. In this paper, we discuss the characterizations and uni-
queness of a one-sided best simultaneous approximation for a com-
pact subset from a convex subset of a finite-dimensional subspace
of a normed linear space C1(X). The motivation is furnished by the
characterizations of the one-sided best simultaneous approximations
for a finite subset {f1,..., f¢} for any £ € N,

1. Introduction

Let X be a compact Hausdorff space, let C(X) denotes the Banach
space of all real valued continuous functions on X with the supremum
norm and let C1(X) denotes the normed linear space C(X) with the
Li(X, p)-norm, where p is an admissible measure defined on X, that
is, 4(O) > 0 for every nonempty open set O C X. But C1(X) is not a
Banach space. It is however a dense linear subspace of L1(X, p).

Suppose that F' is a compact subset of C1(X) and S is a finite-
dimensional subspace of C;(X), throughout this chapter. Set

S(F) == (18(f) == [{5¢€S

fer feF

§< f)

If there exists a function s* € S(F) such that

r}leagllf = s™|y = d(F, S(F)) == seg(fF) Jsrggllf — s]|.
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Then it is called a one-sided best simultaneous Li-approximation for F.
Moreover, if F' consists of £-elements only, then s* is called a one-sided
best {-simultaneous L;-approximation for F' [1]. Particularly, if £ = 1,
then s* is called a one-sided best L;-approximation for F' [2].

We will study exact conditions on a finite-dimensional subspace S
of C;1(X) which imply that there exists a one-sided best simultane-
ous Lj-approximation for each compact subset F' C C1(X) from S(F)
and we find the characterizations of the one-sided best simultaneous
Li-approximation. Moreover, we have a necessary and sufficient condi-
tions on a subspace S of C1(X) in order that for each compact set F,
there exists a unique one-sided best simultaneous L;-approximations
from S(F). The motivation is the one-sided best approximation of an
element, which has been studied by R. Bojanic, R. DeVore (1966), H.
Strauss (1982), G. Nirnberger (1985), A. Pinkus and V. Totik (1986).

For each positive integer n, define the set

Fn = {(:\n,f—‘n) | S\n: ()‘la-" 7)‘n))fn - (fla"' af’n.)a

n

A>0(=1,...,n),> M=1f€F}
i=1

REMARK. By the equality,
fjpggllf — sl = H;_%XH ;/\ifi —sll1

and d(F, S(F)) = d(con(F),S(F)), so s* is a one-sided best simultane-
ous Lj-approximation for F if and only if s* is a one-sided best simul-
taneous L-approximation for con(F') where con(F') denotes a convex
hull of F.

2. Existence and characterizations

By the definition of S(F), S(F) is a closed convex subset, but S(F')
may be empty.
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One-sided best simultaneous L;j-approximation for a compact set

LEMMA 2.1 [1]. Suppose that K is a nonempty closed convex subset
of a finite-dimensional subspace of a normed linear space W. For any

compact subset ' C W, there exists a best simultaneous approximation
for F' from K.

Firstly, if S(F') is nonempty, then there exists a one-sided best simul-
taneous L;-approximation, by Lemma 2.1. When is S(F) the nonempty
set 7 Ifforall f € F, f >0, then 0 € S(F). If S contains a strictly pos-
itive function (or equivalently a strictly negative function), then S(F) is
nonempty. We have therefore proven that S(F') is nonempty for every
compact set F if and only if S contains a strictly positive function.

Now, we will deal with the characterization of the one-sided best si-
multaneous L,-approximations. With this notion, we have the following
lemma.

LEMMA 2.2. The following statements are equivalent:

(1) s* € S(F) attains the supremum in sup I sdp.
s€S(F)
(2) s* is a one-sided best simultaneous L,-approximation for F.

Proof. Suppose that s* € S(F) and [, sdu < [, s*du for all
s € S(F'). Then for any s € S(F),

maxIf — sl = max [ 17 = sl

feF feF

> max du — s*d
_fEF/Xfu /)( ©
= —s*d
ngg/xlf s%|dp

= max|[|f — ™[]
Thus s* is a one-sided best simultaneous L;-approximation for F.
Conversely, it is obvious by the above inequality. O

COROLLARY 2.3 [1]. Suppose that F' = {f1 ..., f¢}. Then s* €

S(F) attains the supremum in sup fx sdy if and only if s* is a one-
SES(F)
sided best £-simultaneous L-approximation for F.
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THEOREM 2.4. Suppose that [, sdu # 0 for some s € S and there
exists s, € S such that s, < f on X for all f € F. Then s* is
a one-sided best simultaneous Li-approximation for F if and only if
s* € S(F) and for any s € S withs <0on |J Z(f —s*), [y sdu<0

feF
where Z(f — s*) = {z € X|f(z) = s*(x)}.

Proof. Let s* be a one-sided best simultaneous Li-approximation
for F. Suppose that there exists § € S with § <0on |J Z(f —s*) and
feEF
Jx 3du> 0. Let § € S with [, 8du > 0.If |J Z(f —s*) is empty, then
fer
there exists € > 0 such that

s*+es e S(F)

/(s*+€§)du>/ s*dp.
b'e e

This contradicts Lemma 2.2. Now we assume that |J Z(f — s*) is
fer
nonempty. By the assumption, there exists s, € S such that s, < f on

X for all f € F. This implies that

and

gi=8" —5,>0 on UZ(f—s*)
feF

Then there exists § > 0 such that

h=5§-06§<0 on UZ(f~s*)
fer

/ :/sdu—5/§du>().
),

define J(f) = {z € X : f(z) < 0}. Then U Z(f-
fEF

s*) C J(h) and J(h) is a proper subset of X. Since X\ J(h) is compact,
there exists a constant function m > 0 such that m < (f — s*) on X \

and

For each f € C1(X
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J(h) for all f € F. And let M be a positive constant function such
that A < M on X. Let e = m/M. Then e > 0, k ::= s* +eh € S(F) and

/kd,u>/ s*du,
X b'e

which is a contradiction.

Conversely, let s € S(F) be fixed. Then for any z € |J Z(f — s*),
feF
there exists f € F' such that f(x) = s*(z) so s(z) < s*(z) = f(z). Thus
s—s"<0on |J Z(f—s*). By the assumption,
fer

/x(s — s)du < 0.

Hence [, sdu < [y s*du for all s € S(F). By Lemma 2.2, s* is a
one-sided best simultaneous L;-approximation for F. O

REMARK. If S contains a strictly positive function, then fX sdp #£ 0
for some s € S and there exists s, € S for which s, < f on X for all
f € F. Thus we get the following corollary.

COROLLARY 2.5. Suppose that S contains a strictly positive func-
tion. Then s* is a one-sided best simultaneous L1 -approximation for F

if and only if s € S(F'), and for any s € S with s <0on |J Z(f —s)
feFr
it follows that f, sdu < 0.

The following corollaries are the consequence of Theorem 2.4.

COROLLARY 2.6 [1]. Suppose that [, sdu # 0 for some s € S and
that for any {-elements f1, ... , fo in C1(X) there exists s, € S such that
so < fion X,i=1,... ¢ Then s* is a one-sided best ¢-simultaneous

¢
Ly-approximation for { f1,..., f¢} if and only if «* € [ S(f;) and for
/':1

(3

¢
any s € S with s <0 on | Z(f; — s*) it follows that [, sdu < 0.
=1

=
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COROLLARY 2.7 [2]. Suppose that [, sdu # 0 for some s € S. Let
f € C(X) be with s, < f on X for some s, € S. Then s* is a one-sided
best L,-approximation for f if and only if s* € S(f) and for any s € S
satisfying s < 0 on Z(f — s*) it follows that fX sdp < 0.

The characterization of Theorem 2.4 is not easy vo use. With a little
work, we can rewrite Theorem 2.4 as the following more useful form.
We begin with a lemma.

LEMMA 2.8 [2]. Suppose that an n-dimensional subspace S satisfies
fX sdu # 0 for some s € S. Let K be a closed subset of X with the
property that if s € S satisfies s(z) < 0 on K then [, sdy < 0. Then
there exist xi,... ,xy In K and positive real numbers \1,... , A, such

that
k
sdu = Ais(z;)
foan= 3o

for all s € S, where1 < k <n.

THEOREM 2.9. Suppose that an n-dimensional subspace S satisfies
f x Sdu # 0 for some s € S, and that there exists s, € S for which s, < f
on X for all f € F. Then the following statements are equivalent:

(1) s* is a one-sided best simultaneous Li-approximation for F.

(2) s* € S(F) and there exist distinct points a,... ,z; in X and
positive real numbers A1,... , Ak, 1 <k < n such that
(a) {21, .-z C U Z(f — ")
JEF

k
(b) [y sdu= 3" Ais(z;) forall seS.
i=1

Proof. Suppose that (1) holds, i.e., s* is a one-sided best simulta-
neous Lj-approximation for F. Then by Theorem 2.4, s* € S(F) and
for any s € S with s <0on |J Z(f — s*), it follows that [, sdu <0.

fer
Let K = |J Z(f—s*). Then K satisfies the hypothesis in Lemma 2.8.
feF
By Lemma 2.8, there exist x1,... ,z; in K and positive real numbers
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A1,...,Ax such that for all s € §

k
/ sd,u = Z )\15(131)
X i=1

for some 1 < k < n. Thus (2) holds.
Conversely, suppose that (2) holds. Then for any s € S(F)

k
/sd,u Z)\s:m SZ
X i=1 =1
k
:Z)\iS*(CCi):/ s*du
i=1

X

where f; € F with f,(z;) = s*(x;). By Lemma 2.2, s* is a one-sided
best simultaneous L;-approximation for F'. Thus (1) holds. O

COROLLARY 2.10 [1]. Let S be an n-dimensional subspace of C(X),
and let any positive integer £ € N be fixed. Suppose that fx sdy # 0
for some s € S and there exists s, in S such that s, < f; on X for all
fi € {f1,..., fe}. Then the following statements are equivalent:

(1) s* is a one-sided best £-simultaneous L1 -approximation for { f;}¢_;.
¢
(2) s* € N S(f:) and there exist distinct pcints x1,...,z, in X
i=1

and p<;sitive real numbers A1,... , A, 1 < k < n such that

£
(a‘) {1?1,. e axk} - '!1 Z(fl - S*)
b) [y sdu = i Ais(z;) forallse S.
i=1

We shall describe several corollaries about the characterization of
one-sided best simultaneous Li-approximations. The first one is the
following.
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COROLLARY 2.11. Suppose that the conditions of Theorem 2.9 hold
and that s* is a one-sided best simultaneous Li-approximation for F
with x1,... ,z; as in Theorem 2.9 (2). Then, for any one-sided best
simultaneous Ly-approximation s for F', s(z;) = s*(x;), 1 =1,... k.

DEFINITION 2.12. A finite-dimensional subspace S is said to be lin-
early independent over {z;}7 ; if s € S and s(z;) ==0for:i=1,... ,n
imply s = 0.

COROLLARY 2.13. Let the conditions of Theorem 2.9 hold and
let s* be a one-sided best simultaneous Li-approximation for F' with
T1,...,Zk as in Theorem 2.9 (2). If S is linearly independent over
{z1,... ,zx}, then the one-sided best simultaneous L,-approximation
for F' is unique.

The formula (b) of Theorem 2.9 is called a quadrature formula for
S. It has the additional property that all the coefficients Ay, ... , Ay are
positive real numbers. If

(2.1) / sdy = Z/\ s(x;)

i=1

for all s € S where A\; >0, i=1,... ,k and 1 < k < oo, then we shall
say that (2.1) is a positive quadrature formula with k& active points

{w:}io 2]

3. Uniqueness

We now have a question; When does every compact subset F' of
C1(X) have a unique one-sided best simultaneous L;-approximation
from S(F)? The answer is guaranteed by the following lemma.

LEMMA 3.1 [2]. Suppose that S is an n-dimensional subspace of
C1(X) and assume that there exists s € S with [, sdu # 0. Let
{s1,...,8n} be any basis for S. If for all s € S

/sdu Z/\s

i==1
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wherel <k <oo, \; >0, 1=1,... ,k and
rank(s;(z;)|nxk < k,

then there exists a positive quadrature formula for S with r active
points {y1,... ,yr} C {z1,... ,zx} wherel <r < k.

A finite-dimensional subspace S of C7(X) is called an existence space
for C1(X) if for each compact set F C C1(X), F has a one-sided best
simultaneous Lj-approximation from S(F), that is, there exists s* €
S(F) for which I}leaf}’{uf —s*h < r}lea;{]lf — sl||; for any s € S(F).

DEFINITION 3.2. Suppose that a finite-dimensional subspace S is
an existence space for C1(X). The subspace S of C1(X) is called a
one-sided simultaneous Li-unicity space if for each compact subset
F of C1(X), there exists a unique one-sided best simultaneous L;-
approximation for F. And if for each F' which consists of £-elements
only, there exists a unique one-sided best £-simultaneous L -approxima-
tion for F, then S is called a one-sided £-simultaneous L-unicity space.
If £ =1, then S is called a one-sided Li-unicity space.

Obviously, if S is a one-sided simultaneous L-unicity space, then
S is a one-sided ¢-simultaneous Li-unicity space, and then S is a one-
sided Lj-unicity space. Obviously, if [ x 8dp = 1) for all s € S, then
S is not a one-sided simultaneous Lj-unicity space for C1(X). Equally
obviously, if dimS =1, | x 8du # 0 for some s € S and S is an existence
space, then S is a one-sided simultaneous Lj-unicity space for C;(X).

THEOREM 3.3. Suppose that an n-dimensional subspace S (n > 2)
satisfies [ x Sdu # 0 for some s € S and that for any compact set F
there exists s, € S which s, < f on X for all f € F. Then S is
a one-sided simultaneous L-unicity space if and only if each positive
quadrature formula for S contains at least n active points.

Proof. Suppose that there exist z7,...,z, in X and positive real
numbers A1, ..., A; such that for all s € §

k
/ sdp = Z Ais(zi)
X i=1
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where 1 <k < n-—1.Sincedim S = n > k, there exists s* € S\ {0} satis-
fying s*(z;) =0, ¢ =1,... ,k. Set f = |s*|. Then f € C1(X), *+s* < f
and

(@) (f£s)z)=0, i=1,... k

k
(b / sdp = Z Ais(z;) forall seS.
X i=1

By Theorem 2.9, +s* are one-sided best Lj-approximations of f. The
fact contradicts the assumption.

Conversely, suppose that there exists a compact subset F' of C1(X)
such that there exist one-sided best simultaneous Li-approximations
g1, 92 for F. Since dimS = n, it follows from Lemma 3.1 that we may
assume that for every positive quadrature formula for S with n active
points {z1,...,z,}, we have det[s;(z;)]nxn # 0, where {s1,...,s,}
is any basis for S. Thus S is linearly independent over any n active
points. By Theorem 2.9, there exists a positive quadrature formula for
S with n active points {#1,...,&,}. Since S is linearly independent

2

over {z;}1, and g1(2;) = g2(2;), 1 =1,... ,n, and so g; = ga. O
By Theorem 3.3 and its proof, we get the following corollaries.

COROLLARY 3.4. Suppose that [, sdy # 0 for some s € S,dim S =
n > 2 and for any compact set I there exists s, € S such that s, < f
on X forall f € F. Then S is a one-sided L-unicity space of C1(X) if
and only if each positive quadrature formula for S contains at least n
active points.

COROLLARY 3.5 [1]. Let S be an n-dimensionai subspace of C1(X)
and n > 2. Assume that S contains a strictly positive function. Then
S is a one-sided Lj-unicity space of C1(X) if and only if each positive
quadrature formula for S contains at least n active points.

Thus using Theorem 3.3 and Corollary 3.4, we cbtain Theorem 3.6.

THEOREM 3.6. Suppose that [, sdu # 0 for some s € S,dimS =
n > 2 and for any compact set F' there exists s, € S for which s, < f
on X for all f € F. Then the following statements are equivalent:

(1) S is a one-sided Li-unicity space.
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(2) Each positive quadrature formula for S contains at least n active
points.

(3) S is a one-sided ¢-simultaneous L -unicity space for some £ € N.

(4) S is a one-sided simultaneous L;-unicity space.

PROPOSITION 3.7 [2]. An existence subspace S of C1(X) is a one-
sided Li-unicity space if and only if for every s € S\ {0}, the zero
function is not a one-sided best L;-approximation of |s|.

COROLLARY 3.8. Suppose that fx sdy # 0 for some s € S,dim .S —
n > 2, and for any compact set F there exists s, € S such that s, < f
on X for all f € F. Then S is a one-sided simultaneous Li-unicity
space if and only if for every s € S\ {0}, the zero function is not a
one-sided best Li-approximation of |s|.

As an immediate consequence of this corollary, we have two results.

COROLLARY 3.9. Suppose that fx sdp # 0 for some s € S and that
for any compact set F' there exists s, € 8§ for which s, < f on X for
all f € F. Then the subspace S is a one-sided simultaneous Li-unicity
space if and only if for each s € S\ {0} there exists u € S satisfying

(a) u < [s],

(b) [y udp > 0.

COROLLARY 3.10. Suppose that S contains a strictly positive func-
tion. Then S is a one-sided simultaneous Li-unicity space if and only
if for each s € S\ {0}, there exists v € S satisfying

(a) v<0 on Z(s),

(b) [y vdu>0.

Note that int(X) represents the interior of X.

THEOREM 3.11 [2]. Let S be an n-dimensional subspace of Cy(X)
and n > 2. Assume that int(X) is connected and there exists s* € S
such that s* > 0 on int(X). Then S is not a one-sided L;-unicity space.

By Theorem 3.6 and Theorem 3.11, we have the following corollary.

COROLLARY 3.12. Suppose that [, sdy # 0 for some s € S, dimS =
n > 2, and for any compact set I’ there exists s, € S for which s, <
fon X for all f € F. Assume that int(X) is connected and there
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exists s* € S such that s* > 0 on int(X). Then S is not a one-sided
simultaneous Lq-unicity space.

The number of connected components of a compact Hausdorff space
X is denoted by [X].

THEOREM 3.13 [2]. Let S be an n-dimensional subspace of C1(X)
and n > 2. Assume that S contains a strictly positive function and also
that [X] <n —1. Then S is not a one-sided L-unicity space.

By Theorem 3.6, we have the following result.

CoOROLLARY 3.14. Let S be an n-dimensional subspace of Cy(X)
and n > 2. Assume that S contains a strictly positive function and
(X]<n—1. Then S is not a one-sided simultaneous L-unicity space.

Henceforth, we ask about the size of the set of F' © C(X) for which F
has a unique one-sided best simultaneous L;-approximation. We begin
with a lemma.

LEMMA 3.15 [2]. Let S be a finite-dimensional subspace of C1(X
Then there exist points x1,... , T, such that if s € S satisfies s(x;)
0, i=1,...,mand [, sdu >0 then s = 0.

)-
<

DEFINITION 3.16. Let W be a normed linear space and let H(W)
denotes the family of all nonempty, bounded and closed subsets of W.
Define H : H(W) x H(W) — R by

H(A, B) = max{h(A, B),h(B, A)}

where h(A, B) = sup biglfﬁ [la — b||. Then H is a metric on H(W) and is
acA
called the Hausdorff metric on H(W).

THEOREM 3.17. IfS is a finite-dimensional subspace of C1(X), then
the set

{F| F has a unique one-sided best simultaneous l.;-approximation}

is dense in {F'| S(F') is nonempty} with the Hausdorff metric.
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Proof. Assume that F' is a compact set with S(F) # ¢. By Lemma
3.15, there exist points z1,... ,z,, such that if s € S satisfies s(z;) <
0,i=1,...,mand [, sdu > 0 then s = 0. Choose any s* € S(F),
and let € > 0 be given. For f € F, let B.,o(f) = {g € Ci(X) :
I|f —gll <€/2}. Then {B.,2(f) : f € F} is an open cover of F. Since
F is compact, there exist {f;}{_; such that {B.o(f;) : i = 1,...,£}
is an open cover of F'. For each i = 1,... ¢, let g; € C1(X) satisfy
s < givs*(l‘j) = gi(xj)v ] = 17' < T, and

Ifi — gill < e/2.

Let G = {g1,...,9¢}. Then by Lemma 1.1, G has a one-sided best ¢-
simultaneous Lj-approximation. Moreover, G has a unique one-sided
best f-simultaneous Li-approximation s*. Indeed, suppose that s is a
one-sided best simultaneous L;-approximation for G. Since s* € S(G),
[y sdu > [ s*dp, ie., [, (s —s*)dp > 0. And (s — s*)(z;) = s(z;) —
gi(x;) <0,foranyi=1,...,¢ j=1,...,m. By Lemma 3.15, s = s*.
Finally, we show that ( is closed to F' with the Hausdorff metric. For
any g; € G,||fi — gilli < €/2 and so h(G, F) < e. Similarly, for any
f € F, there exists f; € F such that f € B,/5(f.). Thus ||f — gl <

Hf = filli +||fi — 9ill1 < € and so h(F,G) < e. Hence, H(F,G) < €. So
the proof is complete. O

From Theorem 3.17 and its proof, we also obtain the following char-
acterizations.

COROLLARY 3.18 [1]. IfS is a finite-dimensional subspace of C1(X),
then the set {{fi}¢_,|{f:}{_, has a unique one-sided best {-simultaneous

¢
Li-approximation} is dense in {{f;}¢_,| N S(f:) # ¢} with the Haus-
=1

dorff metric.

COROLLARY 3.19 [2]. IfS is a finite-dimensional subspace of C1 (X)),
then the set {f|f has a unique one-sided best L,- approximation} is
dense in {f | S(f) # ¢} with Li-norm.
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