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ON THE WEYL SPECTRUM OF WEIGHT

YOUNGOH YANG

ABSTRACT. In this paper we study the Weyl spectrum of weight a,
wo(T), of an operator T acting on an infinite dimensional Hilbert
space. Main results are as follows. Firstly, we show that the Weyl
spectrum of weight o of a polynomially a-compact operator is finite,
and that similarity preserves polynomial a-compactness and the a-
Weyl’'s theorem both. Secondly, we give a sufficient condition for an
operator to be the sum of an unitary and a a-compact operators.

Throughout the paper, H denotes a fixed (complex) Hilbert space
of dimension h > Wg, the cardinality of the set of natural numbers
and we write B(H) for the set of all bounded linear operators on H.
For each cardinal o with g < a < h, let I, denote the two-sided
ideal in B(H) of all bounded operators of rank less than « and let
Jo denote the uniform closure of 7,. Then the J, are precisely the
proper closed two-sided ideals of B(H). Of course, Jyx, is the ideal
of compact operators and Jj is the maximal closed two-sided ideal of
B(H). If Rg < o < 8 < h, then J, C Jg and J, # Jg. For each
operator T, T denotes the coset T + Jo in the C*—algebra B(H)/J.,.
The ordinary spectrum of the canonical image T of T in the quotient
C~—algebra B(H)/J, is called the spectrum of T of weight a and
denoted by 0,(7). Hence o,(7T’) is nonempty and compact ([2]). 7. (T)
is used to denote the approximate point spectrum of T. T is a-
compact, i.e., T € J,, then o,(T) = a(f) = {0}. Since J, are self-
adjoint ideals, Re o,(T) = {0} = 04(ReT).

In [6], Yadav and Arora defined the Weyl spectrum of weight o,
wa(T), of an operator 7" on H by

Wu(T) = ﬂKGJ(,U(T + K)
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For each operator T, w,(T) is a nonempty compact subset of o(7)
[6, Theorem 1], and if T is normal then 0a(T) = wa(T) = mo(T)
(2, Corollary 4.7.1]. Evidently, oy, (T) and wr,y(T) are the ordinary
essential and Weyl spectra of T', respectively. In particular, 0 ¢ w,(T)
if and only if T is of the form S+ K, where S is invertible and K ¢ Ja-
Again it follows from the selfadjointness of the ideal Jo that w,(T) =
wo(T™*) for any operator 7.

In this paper we investigate the Weyl spectrum of weight «, wo(T),
of an operator 7' acting on an infinite dimensional Hilbert space. Main
results are as follows. Firstly, we show that the Weyl spectrum of weight
a of a polynomially a-compact operator is finite, and that similarity
preserves polynomial a-compactness and the a-Weyl’s theorem both.
Secondly, we give a sufficient condition for an operator to be the sum
of an unitary and a a-compact operators.

LEMMA 1. ([6]) For an arbitrary operator T and a polynomial D,

wa(p(T)) C plwa(T)).

However, if T is normal then for any continuous function fono(T),

wa(f(T)) = f(wa(T)).

An operator T is said to be polynomially a-compact if there exists
a nonzero polynomial p such that p(T) is a-compact [6]. Thus 7T is
polynomially a-compact if and only if T* is polynomially a-compact.
For a normal operator T, the followings are equivalent([6]):

(1) T is polynomially a-compact.

(2) There exists a continuous function f on ¢(7") such that f(T)is

a-compact and f has finitely many zeros on wq(T).

(3) wa(T) is finite.

From Theorem 2.4 and Theorem 4.3 in [5], we have the following
structure theorem for polynomially a-compact operators.

LEMMA 2. Let T' € B(H) with p(T) € 3, for some complex polyno-
mial p. Then there is an operator C € J,, with p(T + C) = 0.
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THEOREM 3. Let T € B(H) be a polynomially a-compact operator.
Then w,(T') is finite.

Proof. By hypothesis there exists a nonzero polynomial p such that
p(T) is a-compact. Then by Lemma 2, there is a a-compact operator
C € 3, with p(T + C) = 0. Hence by the spectral mapping theorem,

p(o(T + C)) = o(p(T'+ C)) = o(0) = {0},
which implies that (7T + C) is finite and therefore so is wo (7). O

THEOREM 4. Similarity preserves polynomial a-compactness.

Proof. Let S,T € B(H) be similar. Then there is an invertible
operator U € B(H) such that S = U~1TU. Suppose T is polynomially
a-compact. Then there exists a polynomial p such that p(T) is a-
compact. Since J, is a two-sided ideal, p(S) = p(U~1TU) = U~ 'p(T)U
is a-compact. Hence S = U~1TU is polynomially a-compact. O

We say ([6]) that the a- Weyl’s theorem holds for T if
0(T) — wa(T) = 7oa(T)
where 7o (T) denotes the set of all isolated eigenvalues of multiplicity

less than «.

THEOREM 5. Let T € B(H) be similar to an operator S. If the
a-Weyl’s theorem holds for T', then it holds for S.

Proof. Let S be similar to 7. Then there exists an invertible operator
P such that P~!'TP = S. Note that T is the sum of an invertible and
a-compact operators if and only if so is S = P~'TP. Thus

(0.1) We(8) = wo(PTITP) = wu (T
By [3, Problem 75]
(0.2)
o(S) = o(P7ITP)=0(T) and 0,(S) = a,(P™'TP) = 0,(T).
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It suffice to show that ker(T — \) = P(ker(S — \)) and so dim ker(7T" —
A) = dim P(ker(S — X)). If z € ker(T — A), then

S(P~lz) = (P'TP)(P~'z) = P 'T(PP~1z)
=P Tz =P (Az) = AP 1z

Thus P~z € ker(S — A) and so z € P(ker(S — \)).

Conversely if z € P(ker(S—2)), then z = Py for some y € ker(S—-X)
and so z = Py and P~'TPy = \y. Hence TPy == P(A\y) = APy, i.e.,
Tz = Az, and so = € ker(T — \). Therefore ker(T -- X\) = P(ker(§ — \))
and so dimker(7 — A) = dim P(ker(S — A)) = dim ker(S — A) since P is
invertible.

From this it is obvious that mg, (T) = oo (P71TP) = Toa(S). Since
the a-Weyl’s theorem holds for T, we(T) = o(T) — Toa(T). From
(0.1) and (0.2), wa(S) = wa(PITP) = wa(T) = o(T) — ma(T) =
0(8) — moa(S). Hence the a-Weyl’s theorem holds for S. O

We say that T' in B(H) is a- Weyl if T is of the form S + K, where S
is invertible and K € J,. In this case, if o = Ro, 7" is said to be Weyl.

THEOREM 6. If T in B(H) is a-Weyl and if S in B(H) is such that
m(S) = n(T)~!, then S is a-Weyl, where 7 is the canonical map of
B(H) onto B(H)/3.,.

Proof. Since T is a-Weyl, T' = U + K, where U is invertible and
K € J4, and this clearly implies that S is the sum of an invertible and
a a-compact operators, i.e., S is a-Weyl. ]

THEOREM 7. Ifn(T) is hyponormal in B(H) /3, and ifw,, (T)C{X:
|Al =1}, then T is the sum of an unitary and a o-compact operators.

Proof. By hypothesis, 0 is not in we(T) and so T = S + K, where
S is invertible and K is a-compact. Hence 7(T) = m(S5). Since o(ff) =
0a(T) C wal(T) € {A: [Al = 1} and #(7T) is hyponormal, #(7) is
unitary in B(H)/J, and so 7(S*S) = n(I). But square roots of a
positive element of a C*—algebra are unique, so 7((S*S)V/2) = »(I).
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Let the polar decomposition of S be given by § = U(5*5)1/2, where U
is unitary. Then

n(T) = n(S) = w(U(§*5)V?) = n(U)n((5*$)"?)

so that T'— U is a-compact. O

For an example, consider T' = U & U*, where U is the unilateral
shift. In this case, w(T) = {A : |A| = 1} = 0.(T). But T is not a
normal operator. Since I — UU* and UU* — I are rank one operators,
7(T) is normal. By Theorem 9, T = U & U* is the sum of an unitary

. u 1-uvu*
and a compact operators; in fact ( 0 e
the bilateral shift on [2(Z).

We say that S,T € B(H) are a-essentially similar if there exists
an invertible operator V' such that VSV~ — T is a-compact(i.e., S
is similar to a perturbation of T' by a-compact operator). Call S,T ¢
B(H) a-essentially equivalent if there exists an unitary operator U such
that USU ! — T is a-compact

) is unitary-it is just

THEOREM 8. If S and T are a-essentially similar, then w,(S) =
wa(T).

Proof. By hypothesis, there exists an invertible operator U such that
K = USU™! — T is a-compact. By [6, Theorem 3], w,(USU™!) =
wo(T + K) = wo(T). Also by (0.1) we(USU ) = wy(S). Thus
wa(8) = wa(T). O

We define a cardinal a to be ag—irregular if it is the sum of countably
many cardinals strictly smaller than « ([2]). A cardinal which is not
Ro—irregular is said to be Ng—regular.

THEOREM 9. Let H be a Hilbert space of dimension h, where h is
an No—irregular cardinal, h > Ry. Let S and T be normal elements of
B(H)/3y. Then the followings are equivalent:

(1) S and T are h—essentially equivalent, i.e., there exists an uni-
tary operator U such that USU* — T is h—compact.
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(2) S and T are h—essentially similar, i.e., there exists an invertible
operator P such that PSP~ — T is h—compact.

(3) on(8) = on(T).

Proof. (1) = (2) = (3): trivial (for any a and b).

(3) = (1): By [2, Theorem 5.7], S and T are unitarily equivalent

modulo an h—compact operator, i.e., S and T are h—essentially equiv-
alent. O

THEOREM 10. Let H be a Hilbert space of dimension h, where h is
an No—irregular cardinal, h > Ry. IfU and V are unitary operators
such that wy(U) = wy (V) is a proper subset of the unit circle, then U
and V are h—essentially equivalent.

Proof. Since U and V are unitary operators, U and V are normal
operators. Thus ox(U) = o(n(U)) = wy(U) = wp(V) = or(V). By [2,
Theorem 5.7], U and V are h—essentially equivalent, i.e., U and V are
unitarily equivalent modulo an h—compact operator. U

QUESTION. If the complement of 6,(T) is connected does it
(0.3) walT) = 0o(T) ?

If (0.3) is true one can get:

ExXAMPLE. If T € B(H) is a polynomially a-compact operator then
(0.4) P(wa(T)) = wa(p(T)) for every polynomial p.

Proof. If T € B(H) is polynomially o-compact then by Theorem 3,

wq(T) is finite and hence the complement of o, (T) is connected. Thus
by (0.3) we have that 0,(T) = w,(T). We therefore have

Pwa(T)) = p(oa(T)) = p(o(T)) = o(p(T))

= a(p(T)) = 0a(p(T)) C walp(T)),
which together with Lemma 1 gives (0.4). O

If o = Rp then the answer to the question is affirmative. Therefore if
the answer to the question is negative then we will get a contrast with
the ordinary case.
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