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A NEW APPROACH ON UNIQUENESS IN
ELASTODYNAMICS

M. MARIN AND C. MARINESCU

ABSTRACT. Our study is dedicated to the the proof of uniqueness
of solution of initiallly boundary value problem in Elastodynamics of
initially stressed bodies with voids. This proof is obtained without
recourse either to an energy conservation law or to any boundedness
assumptions on the elastic coefficients.

1. Introduction

The theory of elastic materials with voids, or vacuous pores, is a recent
generalization of the classical theory of elasticity. In fact, in this theory
the authors introduce an additional degree of freedom in order to develop
the mechanical behavior of porous solids in which the matrix material is
elastic and the interstices are void of material. The intended applications
of this theory are to geological materials, like rocks and soils and, also,
to manufactured porous material. In the paper [5] of Cowin & Nunziato,
the linear theory of elastic materials with voids was developed. Iesan,
in [2], has established the equations of the Thermoelasticity of materials
with voids. The linear theory of micropolar bodies with voids was devel-
oped in our study [3].

The present paper is concerned with the linear Elastodynamics of ini-
tially stressed materials with voids. The result presented in what follows
are aimed to strengthen some theorems previously available. First, we
present the basic equations and conditions of mixed initial boundary
value problem in the context of linear theory of Elastodynamics of ma-
terials with voids. Next, we present a counterpart of Brun's theorem,
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[1], in the isotermal theory of elastic bodies and use the latter to prove
the uniqueness. Previous studies on uniqueness have been based almost
exclusively on the assumptions the elasticity tensor is positive definite
or is strongly eliptic or, others, recourse to an energy conservation law.
Exception include a result of the paper by Brun [1, where an assump-
tion concerning negative deffiniteness of the initial time derivative of the
relaxation tensor is used. Our objective is to obtain the uniqueness with-
out recourse either to an energy conservation law or to any boundedness
assumptions on the thermoelastic coefficients. For convenience the nota-
tions and terminology chosen are almost identical to those of [3], [4].

2. Basic equations

Let the body occupy, at time ¢t = (0, a properly regular region B of the
Euclidian three-dimensional space, bounded by the piece-wise smooth
surface dB. We refer the motion of the body to a fix system of rectan-
gular Cartesian axes Ox;,i = 1,2, 3. We use the summation convention
over repeated indices. The subcript j after a comma indicates partial
differentiation with respect to z;. All Latin subscripts are understood to
range over the integers (1,2, 3), while the Greek indices have the range
1,2. A superposed dot denotes the derivative with respect to the t-time
variable. The basic equations of the Elastodynamics of initially stressed
bodies with voids are
- the equations of motion

(1) (735 + mi5) 5 + ofi = oty
Hijks + Mk -+ WM + oMy — OeriNije + 0955 = Lir @i
- the balance of the equilibrated forces
(2) hi;+ oL + g = 0K0;
- the constitutive equations

(3) Ti; = ik Pri + CijmnEmn + GijmnYmn
+anrinmnr + a;;o + dijka,ku
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Ty = _(pjkMik + (fojk,rNrik + Gz’jmngmn
+Bijmn7mnDijmanmnr + bija + €iikT k&,
Hijk = uj,rNirk + F'ijkmnsmannijk’YWn
+Aijkmanmnr + Cijk O + fmzjka,m;

h’i = dmm'gmn =+ €mniYmn + fmnrihimnr + d,’O’ + Qijg,ja

g = —T0 — a&i; — bijy; — CijkXijk — §0 — dio j;
- the geometrical equations
(4) 2655 = wij + w5, Yij = Ui — Pijy Xijh = Pikiy 0 =V — 1.

In these equations we have used the following notations:

o-the constant mass density; u;-the components of the displacement vec-
tor; ;-the components of the dipolar displacement tensor; ¢,;, Yij» Xijk-
the kinematic characteristics of the strain; 7;;, 7;;. pjx-the components
of the stresses; f;-the components of the body force per unit mass; Gk~
the components of the dipolar body force per unit mass; L-the extrinsic
equilibrated body force; h;-components of the equilibrated stress: g-the
intrinsic equilibrated force; x-the equilibrated inertia; v-the volume dis-
tribution function which in the reference configuration is 4; o-the change
in volume fraction measured from the reference state; 1;;-coefficients of
microinertia; Cijmrn Bijmrn Gijmna bij, Dijmnra Aijkmnra Ejmnr, €5k,
Jmijky Qij, Cijk, di, Qij, &-the characteristic constants of the material
and they obey the symmetry relations

Cijmn = Crmnis = Climn, Bijmn = Bumnij, Gijmn = Gijnm,
(5) Qi; = Qjis Fijkmn = Fijtnm, Aijkmnr = Amurije,
aij = @i, i = Ly, dijp = djg.
In (??) and (??7) P;; = Pj;, M,; and N,;; are prescribed functions which
satisfy the following equations
(P + M) ; =0, Nijk; + My =0.

Our paper is concerned with an anisotropic and nonhomogeneous body.
To avoid repeated regularity assumptions, we assume that

(1) Cijmns Bijmny Gijmny 855 Dijmnrs Asjimnry Fijkmas €3k
Jmishy bijy Cijr, Qsj, di, € are continuously differentiable on B;
(2) fi, g;x and L are continuous on B x [0, c0).
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The components of the surface traction ¢;, the components of the surface
dipolar traction uj; and the surface equilibrated traction h at regular
points of B x [0, 00) are defined by

ti = (Tij + Mig)ny, Hik = fajeni, b= hon,

respectively, where we denote by n; the components of the unit normal
on 0B, pointing towards the exterior of 0B.

Along with (??) to (??) we shall assume that the following standard
initial conditions hold

(6) ui(z,0) = ugi(z), wi(z,0) = toi(z), wir(z,0) = wou(),
ijk(xao) - Qbojk(x) (1' 0) = 00( ) (‘Tv O) = d0($), T € B,
where the functions wug;, e, ok, Pojk, 0o, 0o are prescribed.
Let 0B;, 0B;, (i = 1,2, 3) be subsets of the surface OB so that
0B, U 0B = 0B, U0BS = 0B3; UdB; = 0B,
0B N OB = 0By NOBS = 0B3NOB; = 0.
To the above equations we adjoin the following boundary conditions
U; = ’L~L2' on 8B1 X [0,00), t; = Ez' on 6Bf X [O, OO),
(7) Pjx = @ik on 0By x [0,00), pjx = fij on OBj x [0, 00),
0 =8 on OBy x [0,00), h =h on 8B; x [0,00),

where 4;, t;, @ik, Hjk, 0 and h are given functions.
In all what follows we use the assumptions

- Uo;, Ui, Pojks Pojk, 0o and Op are continuous functions on B;

- U;, @jx and & are continuous functions on 9B, x [0, 00), 8By x [0, 00),
0Bs x |0, 0c), respectively;

- t;, fi;r and h are continuos functions in time and are plece-wise regular
on 0Bf x [0,00), 9B§ x [0,00) and 9B§ x [0, 00), respectively.

By a solution of the mixed initial boundary value problem of the mi-
cropolar materials with voids, in the cylinder B x [0, 00), we mean an
ordered array (u;, ¢;x, o) which satisfies equations (1)-(4) and the con-
ditions (6), (7).
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3. Uniqueness result

Throughout this section it is assumed that a twice continuously differ-
entiable solution (u;, ;r, o) exists satisfying the equations (1)-(4) and
the conditions (6) and (7) on a maximal interval of existence. First, we
establish some estimations and then, as a consequence, the basic theorem
which proves the uniqueness of the solution.

We consider the functions- K and U on |0, 0o) defined by

1 .. L. .3
(8) K(t) = 5 [ st + Lupye + 055")a,
T 1 -
U (t) - '2' B(Cijmneijemn + QGmnijEij’)/mn + 2Pmnrij5inmnr
+BijmnYijYmn + 2DijmnrYij Xmnr + Aijkmnr Xijk Xmnr
(9) +Pkiuj,kuj,i —_ 2Mikuj)igojk —+ QNN';CU]'!Z'QC]')C’T -+ 2a;jsij(r

+2bi577i50 + +2¢i5k X160 + 2dijk€450 1 + 2€5507350 k
+2fmiijijko',m -+ QZ']’O",'O'J‘ + Qdi(f‘iO' + faQ)dV, te [0, OO),

where for convenience, we have omitted the explicit dependence of the
functions on their spatial argument = and on the time t.

In all that follows where it is possible for simplicity, we shall suppress
the spatial argument z or the time variable ¢. For any «, 3 € [0, 0), we
also define

(10) Gl(a, 5)
= /;Q[fi(l‘va)ui(xaﬁ) +gjk(x’a)(|bjk($aﬁ) —‘L(‘T’ Q)O'(.T,ﬁ)]dv

+ /BB[tz(I’ O‘)uz’(xa 6) + ij(-T, a)@jk(l‘v /6) + h(.’l?, a)d(,l?, /3)}dA

The identity in the next Theorem is a neccesary-step in the proof of the
main resut.
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THEOREM 1. If the symmetry relations (5) are satisfied, then

U(t)

(11)

-K{t) = /[Gt+st—s Gt — s, + s)]ds

+§ A{Cijrrunetj(zt)fynrz(o) + Gmnij [Eij(2t)’7m,,(()) + 5‘1-]-(0)77”'](20]

+BijimnYi3 (28) Y (0) + Finnrij[€:5(26) Xonnr (0) + 235 (0)Xommr (2¢))
+Dijirne [ (28) Xonimr (0) + %55 (0) Xonaar (28)] + Asjiomnr Xt (26) Xonnr (0)

+ Pt (28)u:(0) ~ Mg [u;4(28)05.(0) — u;3(0)ep0.(28))]
+Nriklt;:(20) @0, (0) + 25.:(0)e0.-(28)] + ay5lei (0)or(2t)

+&i5(28)a(0)] + ciulxii(0)o (2t) + xij:{2t) (0)]

+bii[%3(0)0 (2t) + %;(2t)0 (0)] + diji[es;(0)a 4 (2t) + £1;(2t)0 1 (0)]
+ein [ (0)0 k(2t) + %;(2)0 1 (0)] + dio:(0)a(2t) + 0 4(2t)5(0);
+fmi;;k [lek(o)a,m(%) + Xi_7k(2t)o,1n(0” + Qijg,l(o)(f'j(m) + 50(0)0(2t)
—01;(0)1; (2t) — Iirp5r (0)251(2t) — o (0)6(2t)}dV, t € [0, 00).

Proof. From the constitutive equations (3), we obtain

(12)

t— s)ei;(t + s) + it ~ 8) 7t + 5)
Fpijet — s)xin(t + 8) + hi(t — s)ai(t + 8) — g(t — s)a(t + )
=Tij(t + 8)&i;(t — 8) — 1 (t + )55 (t — 8) —
— it + 8)xin(t — 8) — hi{t + s)5:(t — 8) + g(t + 8)o(t — 8)
= (%{Cumniij(t + 8)€mn(t — 8} + Bijun¥ij(t + 8)Ymn(t - 5)
+Gijmnlesi(t + )yt — s} + €i5(t — 8)Ymalt + 5)]
+Fonrij [Eij(t + 8)Xmnr(t — 8) + €ij{t ~ 8)Xmnr(t + 8)]
+Dijannr [¥i5( + 8)Xmnr (8 = 8) + %55 (t = 8)Xonne (¢ + 5)]
+ Aigionnr Xigi(t + 8) Xomnr (= 8) + Priwju(t + s)ugi(t — 5)
— Mg [y (t + 8t — 8) 4+ wi(t — $)ps(t + 8)] + Npiw[uji (8 + 8 (¢ — 5)
+ugi(t — s)ome(t + 8)] + ailo(t — s)ei;(t + s)
+o(t + s)ei;(t — 8)] + bijlo(t — s)yi;(t + 8) + ot + 8)v.;(t — s)}
+eg(o(t — s)xiw(t + 8) + ot + s)xu(t — )]
+diileii(t + 8)ou(t — 8) + £i5(t — s)o 1 (t + )]
ey (t + 8)or(t — 8) + i (t — s)ok(t + 5))
*fmwA [Xije (t + 8)om(t = 8) + Xiju(t — 8)om(t + )]
+difoi(t — s)o(t+ s) + ot + s)o(t - s)]
+Qi;0i(t — 8)a j(t + s5) + La(t + s)a(t ~ s)}.
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In view of (1), (2) and (4), it follows

[T — wiaPu] (8 — 8)éij(t + 8) + [mi; + 0 Mix — 030 Neit) (8 — 8)5;5(t + 3)

g = i Nieg) (8 — 8)xijn(E + 8) + Ri(t — 8)F:(t + 5) — g(t — 8)o(t + 5)

(13) —[7i — winPua(t + 8)Ei5(t — 8) ~ [ + 0 Mix — 0iar Nea] ( + 8) 45 (t — 5)
—[prige — w5 Nit ) + 8)Xa5u (8 — 8) — Ri(t + 8)0:(t — 8) + g(t + 8)o(t — s)
= {[mst = ) + my(t = )i (¢ + 8) + paze(t — s)@su(t + 8) + bt — 8)o(t + 8)},
{7t + 8) + ms(t + 8)ii(t — 8) + pi(t + 8)@su(t ~ 8) + helt + 8)o(t — 5)},
+o[filt — )Gt + 8) + gt — s)pu(t + 8) + L(t - 8)7(t + )]
—olfe(t + s)iu (t — 8) + gju(t + 8)pju(t — 8) + L(t + 8)3(t — )]

+% [0t ~ 8)t(t + 8) + Lird5 (t — 8)pj(t + 5) + o6 (t — 8)a(t + 3)].

Taking into account the left sides of the equations (12) and (13), we may
write

%{Cﬁmne,—j(t + 8)€mn(t — 8) + BijmaYij (t + 8)Ymnlt — 8)

+Gonnis[€i5(t + 8)Ymn(t — 8) + €35(t — 8)Ymn (t + 5)]
(14) + Fonrij (€5 (t + 8)Xomnr (8 — 8) + £35(t — 8)Xemnr ( + 8)] +

+Dijimnr [¥i3( + 8)Xmnr (t = 8) + % (t ~ 8)Xomnr (t + )
+ Asjemnr Xk (E + 8)Xmnr (E — 8) + Paiji(t + 8)u;i(t - 5)
= Mi[uis(t + 8)piult — 8) + ugalt — )al(t + 8)] + MNoawluyi(t + 8)pji, (t — 5)
Fugs(t — &)t + 8)] + aijlo(t — s)e;;(t + s)
+o(t + 8)ei;(t — 8)] + bilo(t — s)vi;(t + 8) + ot + s)yi; (¢ ~ s)]
+eijplo(t — s)xiw(t + s) + ot + 8)xipn(t — 9))
+dijilei(t + 8)or(t — 8) + €55 (t — s)oi(t + 5)]
e [vis(t + 8)ox(t — 8) + v (t — 8)ox(t + )]
+ Fijie[Xijn(t + 8)0 m{t — 8) + xij(t — 8)om(t + 8)]
+difoi(t — 8)o(t + 8) + 0:(t + s)o(t — s)]
+Qi0i(t — 8)o ;(t + s) + £t + s)o(t — s) — gis(t - s)i(t + s)
~iapsr(t — 8)pj(t + 8) — oro(t — s)o(t + s)]
= {[m; + m)(t — 8)i;(t + 8) + priju(t — 8)p{t + 3) + hilt — 8)6(t + 5)},
{7 + ) (E + 8)is (¢ — ) + pagp (t + 8)pir(t — 8) + hi(t + 8)6(t — 5}
tolfit — st + 5) + gik(t ~ )it + 8) + L(t — 8)6(t + s)
—o[filt + 8)ti(t — 8) + gjr(t + 8)@uu(t — 8) + Lt + 8)o(t — s)].
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Now, by integrating in (14) on B x [0,t], with the aid of divergence
theorem, it results

/t/ (L4t~ 8Yit(t + 8) + et — )u(t + 8) + h(t ~ $)6(t + 5)
o Jop
—[t:i(t + $)0i(t — 8) + it + 8)u(t — s) = h(t + s)o(t — s)]dAds

(15) / / olfi(t — s)ui(t + s) + g (t — 8)@ju(t + 8) + L(t — s)o{t + s)
—olfilt + 8)ui(t — s) + giu(t + s)pu(t — 8) + L(t + s)o(t — s)]dVds
= /[;{Ci.'i"meij(%)smn(o) + G"mij{sij(%)%nn(o) + Eij(o)'Yvnn(Qt)}

~Fopari3 €65 (28) Xonnr (0) + €55 (0)Xmnr (28)] + BismnYi;(26)¥mn (0)
+Dijinne [%5(28) Xonnr (0) + %i5(0) Xonnr (26)] + Austmnr X (28) Xomr (0)

+ Priwjp (26)ui(0) — Mie[ui(2t) 0 (0) + u55(0)iu (21))]

+Nrik [“J +(28)p1,r (0) + Uj, 1(0)991k,r(2t)]

+ai5(e;;(0)0(2t) + £:5(28)(0)] + bi;[v;;(0)a(2¢) + :;(2t)o (0)]

+eik Xk (0)0(2t) + xije (28)0 (0)] + diga[e; (0)0 x(2¢) + €4;(2)0 1 (0)]
+eux [%5(0) 1 (28) + ¥i5(2)0 1 (O)] + Finisie X (0)0 1 (28) + x50 (2t )0 1 (0)]
+Qi;0,:(0)o ;(2t) + di[e :(0)o (2t) + 0 :(2t)0(0)] + £a(0)a(2t)

=0t (0)2:(2t) — Lir 0 (0)21(2t) — ok (0)5(2¢) }aV

- /I;[Cijnmsij(t)emn(t) + 2G i€ (1) Ymn (8) + 2F0nri; €45 () Xomnr ()

+ Bijoun Yig (Yo (8) + 2 Dijonnr ¥i5 ()] Xomnr (8) + Asjimnr Xt (8) Xonnr ()

+ Puiugr ()i () — 2Mau;5:(8)@n (t) + 2N s (E)@ur (t)
+2a;8;(t)a(t) + e xin (L) (t) + 2byn; (o (t) + 2dijnes;(t)ok(t)
+2€i17% ()0 i (1) + 2 i Xinn ()0 m(t) + Qijor i (1) 5(2) + 2dio 4 (t)s(t)
+E0° () — 0t (8 (8) — Ly e ()pin(t) — omer(2)*]dV.

Relation (15) may be restated, equivalently

1
a [CijmnEijEmn + 2Gmni]’5ij'7mn + ZErznrijEinnmr + Bijnm Yij'Ymn
Jil

2
+2Dijmnr VigXmme + Aigimnr Xigk Xmnr + Prittjettzi — 2Mau; 0
+2N,,kuj,i<pjk, + 2a,]-5ija + 2b,’j’71j0’ + 2Ciijiij
+2d,546450 1 + 2€i537%i50 % + 2 fmiji Xijk@ o + 2di0 ;0 + Eo¥]dV

: .
2 / lottt; + Liydjrjn + or6°|dV
B
‘1
) / b /B olf(t + 8)iu(t = 8) + giu(t + 8)a(t — ) + Lt + )6 (¢ ~ )|V
0
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+%/ [t:(t + s)tlt — 8) + pu(t + )@ (t — s) + h(E + 8)o(t — s)ldA
o

~% /H Olfilt — sYiu(t + 8) + ginlt — 8)@slt + 8) + L{t — s)6(t = 8)]dV

[t:(t — s)ui(t + )+ p(t — $)@u(t + 8) + A{t — 5)o(t + s)|dA}ds
on

1 .
+'2' [}{Cijmnsij(2t)511m(0) + Gnmij [Eij(Zt)'Ymn(O) + <€~1'i([))"/7rn:(2t)l1

+ Fipnri [E1j(2t)anr(0) + €i(0) xmnr (28)] + Bijmni3(26) ¥ (0)

+ D jinne %5 (26) Xmnr (0) + %i5(0) Xonar (28] + Aijronnr Xi it {28) Xssinr (0)

+ Prie; (28)u5:(0) — Mg (26)055(0) + 154 (0)p55(28))]

+Nrik [ (28)06,(0) + 14(0)p .- (2)]

+ai;(8:;(0)0(2t) + £5(28)0(0)] + bij[Vin(0)0(2t) + 7, (28) 0 (0)]
+eigx[Xinn (0)0(2t) + xije(20)0(0); + dijeles; (0)or s (2t) + £45(2t)a 1 (0)]
+ein [ (0)a 1 (28) + 7i5(28)0 1 (0)] = frnisi Xt (0)0 m(2) + X0 (28)0 1 (D)}
+Qi;0.:(0)0 ;(2t) + di[0.(0)o(2t) + 0:(2t)o(0)] + £0(0)o(2t)
—0u:(0)iti(2t) ~ Lrpsr (0} (2t) — kG (0)6(2t)}dV.

Taking into account the notations (8), (9), (10), we arrive at the de-
sired result (11). a

REMARK. If we denote by R(t) the last integral from (11)

(16)

R(t)

1 .
= 5 L{ajrrxrzsij(2t)571¢n(0) + Gijmn [Eij(2t)7nm(0) -+ Exj(o)')/nm(Qt)J

+anri] [5ij(2t)anr(0) + El]( )anr(zt)] + Btjmn'Vij(Qt)'Ymn(O)

+ Diginar [715(28) Xonnr (0) + 75 (0) Xonnr (26)] + Asjannr X154 (28) Xnnr (0)

+ Pt a (20)u3(0) — Mig[ua(28) @5 (0) = 1, (0)isu (2¢)]

+ Nrie ;u],,(2t),om( )+ wii (0 (26)]

+aijei;(0)0(2t) + £i;(20)0(0)] — bij[%;(0)or (2t) + .;(2t)o (0)]
+ciji[xi5x(0)o (2¢) + Xt]k(%) o(0)] + dijr[ei;(0)a 1(2t) + €i;(2t)0 4 (0)]
e 13{0)0 .4 (28) + v (28)0 4 (0)] + frijixije (0)0 2 (28) + xi0 (2)0 1. (0))
+Qi;0.:(0)o ;(2t) + di[0,,(0)a(2t) + o ;(2t)0(0)] + £7(0)o (2t)

— 0% (0)1(2t) — -85 (0) 5 (2t) — 0k (0} (2¢)}dV.

then (11) may be restated, equivalently

AN u) -

l[G(t +5,t—5)— Gt —s,t+ s)|ds + R(2).

K(t) =
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The relations established in the next Theorem, together with the identity
from Theorem 1 will be used for obtain the main result.

Theorem 2. Let P(t) be the function
(18) P(t) = / ,Q[f,’ﬂ, + @ik + LO]dV + / [t,'iti + Bk + hUdA
3 anB

Then we have the following relations
U (t) = U(0) + K(0) + R(¢) — /0 t /B r62dVds +
(19) +% /Ot[G(t +5,t—s8)— G(t —s,t+ s) + 2P(s)]ds,
2K(t) =U(0)+ K(0) — R(t) — /Ot /B 762dVds —
(20) —%/Ot[G(tst,t —5)— G(t — s,t + ) — 2P(s)]ds,
provided that the symmetry relations (5) hold.

Proof. With the aid of the constitutive equations (3) and the symmetry
relations (5), we can write

Tii€ij + M Vis + BagkXage + hio s — go
10
T
(21) '*‘Bijmn%’j’ymn =+ 2Dijmnr7inmnr + Aijkm.'eriijmnr
+ Pritt e — 2Migw; 505 + 2Nyigtt; 1055

Cijmngijgmn + 2Gmnij5ij7mn + 2anrij5inmnr

+2ai]‘€i]‘0 + 2bz’j7ij0' + QCiij,-jkO' + QdijkEijO',k
26550k + 2 fmijk XiikOm + Q0,30 5 -+ 2d;0 40] + §02~

On the other hand, in view of the equations of motion, (1), the balance of
the equilibrated forces, (2) and the geometrical equations (4), it results

Tij€i5 + MijYij + MijkXijh + hio; — go
(22) = [(7ij + mi5); + prijrjr + hi6);
. . . 10, .. . g
+o( fitt; + gjpx + Lo) — 552(9%% + Iy e @i + mez).
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From (22) and (23), by equalizing their right-hand sides, we are led to

(75 + M)ty + pigwin + hi6]s + o( it + giupo + Lo) — 767

10
2 8t [ ijmn€ii€mn + QGnmi‘jEij')/um + QEm rig€ij Xomnr
(23) +sznm'7|]7vnn + 2D|']nmrAILijnr + Aijknmrx'iijvrmr

+ Piupugi — 2Magug 05 + 2Neip 55850,

+2a;56,;0 + 2bi570 + 2 X560 + 2diEi,0 &

+2€455%i50 & + 2 mi XiieOan + Q350405 + 2di0 0]

+£0% — gty — Nwpinpin — OKGD).
By integrating in (24) over B, we conclude, with the aid of the divergence
theorem and the notations (8), (9) and (19), that

(24) K(t)+U(t) = P(t) — / T62dV.

If we integrate (25) from 0 to ¢, t € [0, c0), we obtain

(25)  K(t)+ U(t) = K(0) + U(0) + / ' P(s)ds — / t / r62dVds,
0 0 B

Now, by adding the relations (26) and (18) we establish the relation (20)
and, at last, by subtracting (18) from (26), it follows the relation (21)
and then the proof of Theorem 2 is complete. Theorem 1 and Theorem 2
form the basis of the following theorem which establishes the uniqueness
of solution.

THEOREM 2. Assume that
(i) the symmetry relations (5) are valid;
(ii) o and Kk are strictly positive;
(iii) & is strictly positive (or strictly negative);
(iv) I;; is positive definite.
Then the mixed problem of Elastodynamics of dipolar bodies with voids
has at most one solution.

Proof. Assume to the contrary that there exist two solutions, say

(W, &5 o) a=1,2.
We denote their difference by (v;, ¥, S), such that

2 2 1 .
v = “E -l ik = @ﬁ-k) - <P§k)7 S=0? ol

2 ’
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Because of the linearity of our problem, (v;, Y;k, S) Is also a solution,
but corresponds to null data. Thus, we conclude from (21) that

14
(26) /(Q@i@z' + I + 0k S%)AV +/ / 78%2dVds = 0.
B 0 JB

Based on the assumptions (i)-(iv), (27) implies that

(27) % = 0,9 = 0,5 =0o0n B x [0, 00),
t
(28) / / 78%dVds = 0,(0 < t < co).
0o JB

Because of the fact that v; and t;; vanish initially, from (28) we deduce
(29) "UZ"—'OJp]’k:O on B x [0,00)
Taking into account (29), (30), the relation (20) reduce to

/ £S%dV = 0,

B
so that, since £ > 0 (or £ < 0), we conclude that S = 0 on B x [0, c0)
and and the proof of Theorem 3. is complete. O
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