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JACOBI FIELDS AND CONJUGATE
POINTS ON HEISENBERG GROUP

KEUN PARK

ABSTRACT. Let N be the 3-dimensional Heisenberg group equipped
with a left-invariant metric on N. We characterize the Jacobi fields
and the conjugate points along a geodesic on N, which points out
that Theorem 4 of [1] is not correct.

1. Introduction

Let A be a 2-step nilpotent Lie algebra with an inner product (, } and
N be its unique simply connected 2-step nilpotent Lie group with the
left invariant metric induced by (,) on /. The center of A is denoted by
Z. Then N can be expressed as the direct sum of Z and its orthogonal
complement Z-+.

For Z € Z, a skew symmetric linear transformation j(Z) : Z+ — Z+
is defined by j(Z)X = (adX)*Z for X € Z+. Or, equivalently,

(j(Z)X7Y> = <{X’YLZ>

for X,Y € Z1. A 2-step nilpotent Lie group N is said to be of Heisen-
berg type if 5(Z)2 = —|Z|?id for all Z € Z. The classical Heisenberg
groups are examples of Heisenberg type. That is, let n > 1 be any
integer and let {X1,...,X,,Y1,...,Y,} be any basis of R?" = V. Let
Z be an 1-dimensional vector space spanned by {Z}. Define [X;,Y;] =
—1Y;, Xi] = Z for any i = 1,2,... ,n with all other brackets are zero.
The Lie algebra N’ =V & Z is called the (2n + 1)-dimensional Heisen-
berg algebra, and its unique simply connected Lie group is called the
(2n + 1)-dimensional Heisenberg group.
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In {1], Berndt, Tricerri and Vanhecke got a result about conjugate
points along a geodesic on the group of Heisenberg type as follows;

THEOREM 4 OF [1]. Let N be a group of Heisenberg type with
a left invariant metric and N its Lie algebra. Let (t) be an unit
speed geodesic in N with v(0) = e(the identity element of N) and
v'(0) = Xo + Zog where Xg € 2+ and Z; € Z.

(1) If Zyp = 0, then there are no conjugate points along ~.

(2) If Xo = 0, then the conjugate points along v are at t € 2nZ*.

(3) If Xo # 0 # Zo, then the conjugate points along v are at t €

[ Z" where Z* = {+1,+2,...}.

In this paper, we will characterize the Jacobi fields and the conjugate
points along a geodesic on 3-dimensional Heisenberg group with a left
invariant metric, which point out that case (3) of the above theorem is
not correct.

2. Preliminaries

Let (t) be a curve in N such that v(0) = e (identity element in N)
and ¥'(0) = X+ Zo where Xg € Z+ and Zy € Z. Since exp: N — N is
a diffeomorphism, the curve 4(t) can be expressed uniquely by v(¢) =
exp (X (t) + Z(t)) with

Xt ezZt, X'(0)=Xo, X(0)=0
Zt) e 2, Z'0)=2Zy, Z(0)=0.

A. Kaplan (3, 4] shows that the curve (t) is a geodesic in N if and
only if

X"(t) = j(Zo)X'(t),
Z(t) + %[X'(t),X(t)] = 7.

LEMMA 2.1 [2]. Let N be a simply connected 2-step nilpotent Lie
group with a left invariant metric, and let v(t) be a geodesic of N with
v(0) = e and ¥'(0) = Xo + Zo where Xg € Z+ and Zy € Z. Then

V() = dly@)(X'(t) + Zo),t € R
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where X'(t) = €%(%0) X and lyt) is the left translation by ~y(t).

Throughout this paper, different tangent spaces will be identified
with A/ via left translation. So, in above lemma, we can consider '(t)
as

F(t) = X'(t) + Zo = 9% Xy + Zg.

Let V be unique Riemannian connection detremined by the left in-
variant metric on N.

LEMMA 2.2 [2]. For a 2-step nilpotent Lie group N with a left in-
variant metric, the followings hold.

(1) VxY = 3[X,Y] for X,Y € 2+
(2) VxZ=VzX=-3j(Z)X for X € 2+ and Z € Z
(3) VzZ*=0for Z,Z2" € Z.

The curvature tensor R on N is defined by

R(£1,62)83 = =V, 683 + Ve, (Ve,83) — Ve, (Ve €3)

for all €1a€27£3 eN.
And recall that the Jacobi operator along a geodesic +y is defined by

Ry () = R~ () (1)

Using Lemma 2.2, it is easy to show that
LeEMMA 2.3 [1]. If N is of Heisenberg type, then the Jacobi operator
Ry is given by

Rﬁyl(t)(X + Z)

XX DX ) + S5 Z0) X () + 517, Z0) X' (1)

+ 212X = S0, (20X (0] + X D7 + (X, X () o

where X € Z+ and Z € Z.
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3. Main results

In this section, we will characterize the Jacobi fields and the con-
jugate points of 3-dimensional Heisenberg group with a left invariant
metric.

Throughout this section, we denote A the 3-dimensional Heisen-
berg algebra with an inner product (,) and N its simply connected
3-dimensional Heisenberg group with the left invariant metric induced
by (). '

And also, let ¥(t) be an unit speed geodesic in N with (0) = ¢
and 7'(0) = Xo + Zo where Xo € Z+ and Z; € Z. Assume that
Xo # 0 # Zp(see Remark 3.4(3) for other cases). Then, we have that

LEMMA 3.1. Leteo(t) =7'(t) = X' (t)+Zo = 9?0 Xo+ Zy, ) (t) =
X'(t) — ||)Z(§|| Zo and ez(t) = j(Zo)X'(t). Then, {eo(t),e1(t),ea(t)} is an
orthogonal frame along (t) on N.

Proof. Straightforward. 0

Recall that a vector field J(¢) along ~(¢) satisfying the Jacobi equa-
tion

(V?Yl(t) + Rn”(t))t](t) - 0

is called a Jacobi field.

Let J(t) = ao(t)eo(t) + 1 (t)er () + az(t)ex(t) be a Jacobi field along
~(t) with J(0) = 0 in N. First, we calculate Vg,(t).](t) using Lemma
2.2.

V,Yl(t)el (t)

:vv’(t)('yl(t)
1

T e

9702’

1
= _eo(t).
707 2

1

_ 1z
| Zo|? 0)

Y20

(Zo)X'(t)
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Note that €9(20) = cos(| Zp|t)id+ =2UZ0Y) 5( 7)) since N is of Heisenberg

1Zo]
type.
Since
| Xol* . 1.
VarwXo = =gz sin(1Zoft) Zo = 5(Z0) Xo
and
Vy0)3(Zo) Xo !X0|2C05(!ZO\75)ZO —IZOPXO,

we have that

Vyyea(t)
=V, e %) (Z5) Xo
sin(|Zo|t)
| Zo
=V 1)(cos(| Zo[t)j(Zo) Xo — | Zo| sin(| Zo|t) Xo)
(120lt)3(Z0) Xo + cos(|Zo|t)V (1) 7(Z0) Xo
— | Zo|? cos(| Zolt) Xo — | Zo| sin(| Zo|t)V v (nXo

=V (1y(cos(|Zo|t) j(Zo) Xo + 3(26)2X0)

- - 31zPeos(Zoltyid + I j(20) Xo + 5 1X0P 2
__ %|Zo;2e1(t).

So,

=ap(t)eo(t) + e1(t)er(t) + ar(t) Vo ner(t)
+ ap(t)ea(t) + aa(t) Vo yyea
(

0+ (04(6) ~ S| Zoax(B)er (1)

1
+ *2|70|§(Y1 (t))CQ(t).
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Similar calculations give that
1
=ag (t)eo(t) + (o] (t) — |Zo|*a(t) — et

1 1
+ (a3 (t) + Wai(t) - Zaz(t))@(t)-
By using Lemma 2.3, it is easy to show that

1
RA,/(t)el(t) = ZEI(t)
1
Rywea(t) = (1= 4XoP)es(t)
Hence, we have that
0 :(vzl(t) + Rfyl(t)).](t)
=ag(t)eo(t) + (o (t) — | Zo[*e3(t))es (t)
1 \
+ (a3 (t) + Wdi(t) — [ XoPaz(t))ea(2),
which gives the following differential equations:
ag(t) =0
o (t) = ZoPep(t) = 0
ay(t) +

2 _
W‘li(t) — | Xolfaz(t) =0

with ap(0) = a1(t) = a2(0) = 0.
Solving this differential equations, we obtain the following.

PROPOSITION 3.2. Let y(t) be an unit speed geodesic in 3-dimensional
Heisenberg group N with v(0) = e and '(0) = X+ Zo where Xog € £+
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and Zg € Z. Assume that Xo # 0 # Zy. If J(t) is a Jacobi field along
v in N with J(0) = 0, then

J(t) =coteo(t)
+(c1<sinuzo|t) = (1= |2Z0*)| Zolt) + c2(1 — cos(| Zo|t)))ex (2)
+(r (cos(| Zolt) — 1) + —2 sin(| Zo[t) Jea (t)

IZI 1Zo]

where ci,k = 0,1,2 are arbitrary constants and ex(t),k = 0,1,2 are
given in Lemma 3.1.

As a corollary, we characterize the conjugate points in 3-dimensional
Heisenberg group.

COROLLARY 3.3. Let «(t) is an unit speed geodesic in 3-dimensional
Heisenberg group N with v(0) = e and '(0) = Xo+ Zo where X € Z+
and Zp € 2.

If Xo # 0 # Zy, then the conjugate points along v are at t € !%—le*U
A where Z* = {£1,£2,...} and A = {t € R— {0}|(1 — | Zo[?) 2Lt
tan @}

2

Proof. ~(t) is a conjugate point at ¢t # 0 if and only if there exists
(co,c1,c2) # (0,0,0) such that J(¢) = 0. Or, equivalently, at ¢ the
determinant of G,

t 0 0
G= |0 sin(|Z|t) — (1 —|Z0[*)|Zo[t 1 --cos(|Zot)
0 zy(cos(|Zolt) — 1) z;7 sin(1 Zolt)

must be zero by Proposition 3.2. Since

2ot . |Zolt |Zolt ;[ 2olt
d Zy
et(G) = \Z0|tsm 5 (sin 5 —(1—1Z/%) 5 ),
we see that the conjugate points along ~y are at ¢ & \22w| Z* U A. [l
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REMARK 3.4.

(1) Corollary 3.3 shows that Theorem 4 of [1] is not correct.
(2) In Corollary 3.3, let A = {£t1,%ts,... }with0 <t <ta < ....

Then it is easy to show that |2;:1 <ty < Q(?Z%)" for n =

1,2,... . So, the first conjugate point is at t = I%_ZI

(3) We assumed that Xo # 0 # Zp in Lemma 3.1, Proposition 3.2
and Corollary 3.3. Other cases are similar. In case of Zy = 0,
choose one Z(# 0) € Z. And letting eg(t) == v/ (¢t) = Xo,e1(t) =
J(Z)Xp and e2(t) = Z, we see that there are no conjugate points.
In case of Xy = 0, letting ep(t) = v'(t) = Zp,e1(t) = X1(£0) €
Z+ and ex(t) = j(Zp) X1, we see that the conjugate points are
at t € 2w 2>,
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