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1. Introduction

In 1970, Takahashi [4] introduced a notion of convex metric spaces 
and proved a fixed point theorem for nonlinear mappings on convex 
metric spaces.

Dingfl] aJso stuxfed Ishi虹圈嵌요^^^^玲의2] ta_constra^rfeeed 
points of quasi-contractive, generalized quasi-constractive, and quasi- 
nonexpansive mappings in convex metric spaces.

Recently, Kada-Suzuki-Takahashi [4] introduced 난xe concept of w- 
distance on a metric space and obtained a nonconvex minimization 
theorem.

In this paper, using an Ishikawa type iterative process and the con
cept of a p-convex metric space, we obtain a unique common fixed 
point for nonlinear mappings which generalize quasi-contractive map- 
pings [1].

2. Preliminaries

Definition 2.1 [4]. Let (X, d) be a metric space and I — [0,1]. A 
mapping W:XxXxI^X is said to be a convex structure on X if 
for each (z, 饥 시 £ X x X x / and u e X,

< Xd(u,x) + (1 — A)rf(u,y).
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X together with a convex structure W is called a convex metric space. 
A nonempty subset K is said to be convex if W(x,y, A) E K for all 
(x^y^X) E K x K x I.

In what follows, if (X, d) is a metric space and nonempty subset K 
of X is convex, then K is said to be metric d-convex.

Definition 2.2 [3]. Let X be a metric space with metric d. Then a 
function p : X x X [0, oo) is called a 也-distance on X if the following 
are satisfied

(1) 0(c,z) <p(x,y) +p(y,z) for any x,y,z e X;
(2) for any z G X, p(x, •) : X t [0, oo) is lower semicontinuous;
(3) fbr any > 0, there exists 5 > 0 such that p(z, x) <8 and p(z, y)

< 8 imply d{x,y) < 巴

In particular, if d is a metric for any set X, then clearly d is a 
w-distance on X,

Definition 2.3. Let (X, d) be a metric space with a w-distance p 
and I = [0? 1]. A mapping WtXxXxXxIxI^X is said to be a 
p-convex structure on X if for each E X x X x X x I x I
with 0 < A 4-u; < 1 and u E X,

(2.1) 次浦,z,入,3)) < Xp{u. x) +3?(%g)
+ (1 —入一3)但(s z), 

p(W(x,y,z,X,(v),u) < Xp(x,u) +(^p(y,u)
+ (1 — A 一 u).

X together with a p-convex structure W is called a p-convex met
ric space. A nonempty subset K of a p-convex metric space X is 
said to be a p-convex if VF(x,?/, z, A,cj) e K for all (x,?/, z, A,tu) G 
KxKxKxIxI with 0 < A + u; < 1.

Example 2.4. Let X be the set of all real numbers with usual 
metric and let K be the set of all normegative real numbers. Let I be 
closed interval [0,1]. Define a mapping WiXxXxXxIxI—^X 
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by 饥z,人,3) = Ax +u;y + (1 — A — 3)z for every xyy,z E K and 
for every A,u; G Z with 0 < A 4-a; < 1. Let p : X x X t [0, oo) be a 
mapping such that

p(z,") =max{|gr - 3/|}

for all x,y e K. Then it is clear that K together with a p-convex 
structure PK is a p-convex on X but not metric p-convex on X.

Lemma 2.5 [3]. Let X be a metric space with metric d, and let p 
be a w-distance on X. Let {ay} and (?/n} be sequences in X, let {an} 
and {fln} be sequences in [0,oo) converges to 0, and let x.y^z € X. 
Then the Allowing hold:

(1) If p(xn, y) < an and p(xn, z) < (3n for any n e N, then y = z. 
In particular, if y) = 0 and p(x, z) = 0, then y — z;

(으) if?M)_M 수也 一会垣1一爹(：21作1 z) M 五江-이zy TL W二N r *7 초母七-{話q}
converges to z;

(3) ifp(xn,xm) < an for any n^m E N with m > n, then {xn} is a 
Cauchy sequence;

(4) if p(yy xn) < an for any n E N, then (xn} is a Cauchy sequence.

3. Main results

Theorem 3.1. Let K be a nonempty closed p-convex subset of a 
complete metric space X with a w-distance p7 and let S, T : K — K 
are two mappings such that

(3-1) max{p(Sx,Sy),p(Tx,Ty),p(Sx,Ty'),p(Tx,Sy')}
< q - max{p(w,g),p血,s),p(x, Sx),p(x, Sy), 

2(z, Tx),p(x, Ty), p(y, Sz), p(y, Sy), 
P(y, Tx), p(y, Ty), p(Sx, x}, p(Sy, x), 
P(Tx, x),p(Ty, x),p(Sx, y),p(Sy, y), 
P(Tx, y),p(Ty, y、),认 Sx, Sx),p(Tx,Tx), 
p(Sy,Sy),p(Ty,Ty'),p(Sx,TxY 
P(Tx, S찌,风匆, Ty\p(Ty, Sy)}
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for all x.y E K and some q € [0,1) and such that

inf {p(x,y) +p(x,Sx) + p(x, Tx) : x e K} > 0

for every y C K with y Sy or y Ty. Suppose that (xn} is an 
Ishikawa type iterative scheme defined by

(3.2) xQ G K,
•^n+i = , T yn, xn, cx.n, /3n),

Vn 二二 W(Sxn,Txn, Xn, 7n, pn), n = 0丄 2,…,

where {。如}, {S}, {为} 이】d {pn} satisfy that 0 < <
L 0 < an + < 1, 0 < 7n + pn < 1 and + /3n)2 di
verges. Then {xn} converges to a unique common fixed point of S and 
T in K.

Proof. Let M be the set of all nonnegative integers. For n^m E M 
with 0 < n < m, we denote

771
(3.3) = [J {勺, Z/j, S：勺, 7七勺) 끄巧}

j—n

and = sup(p(x,i/) : x^y E Z)n)m} denotes a p-diameter of
Z為，By (3.1), we easily show that for all fc,Z € M with n < k^l < 
m, max(p(Z7a, Vb) : U, V = S e: T and a, 6 = ©q〃皿：or yi} < 
qE(i為,m)・

Now we show that

(3.4) = max(p(xn, xn), p(xn

刀(S勺但(S幼，乌)加(7叼，編)， 

p(Ty3,xn) :n<j <m}.

We consider the following several cases:
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Case 1. Let = max{?(：知 S’％) : n <i,j < m}. In the case,
if d(Z)n,m) = P(Xk+i,Sxi) foxn<k<m and n < I < m, then, by 
(2.1),(3.2) and (3.3), we have

机阵 m) = P(W (Syk,Tyk,xk, afc,/3fc), Sxi)
< aidP(Syk, Sxi) + /3kp(Tyk, Sxt)

+ (1 — an； — Sx。

M CMk - q , + Pk ' Q '
+ (1 — at — fik)p{xk, Sxi)

< 아00)n,m) + 0k 认 Df) + (1 — a% - (3k)p(xk, Sxi)

It follows that 5(Dn,m) =0(z* ”Szz). By induction, we obtain 5(Dn)TO) 
=p(xn,Sxi) and so (3.4) holds.

Case 2. Let ^(Z)n)Tn) = max{p(xt, Sy^) : n <i,j < m},5(£)n)m)= 
max{p(Xi,Tx：l') : n < t,j < m} or 5(Z>n,m) = max(p(x2, T%) . n < 
勾 J V m, }. In these cases, by the method similar to Case 1, (3.4) holds.

Case 3. Let 5(Pn)m) = max{p(S‘叼 ：n <i,j < m}. If 5(£>n,m)
=p(Sxi,Xk+i) forn<k<m and n < I < m, then by (2.1),(3.2) and
(3.3) , we have

= p(SxhW(Syk,Tyk,xk,ak,/3k))
< akp(Sxi, Syk) + /3kp(Sxi,Tyk) + (1 - - (3k)p(Sxi,xk)
< a诲(Z為,m) + 位• q • 6(1為,m) + (1 - afc - &)?(%, xk)
< 아机 1為,m) + 炕0(£)n,m) + (1 - %: - /3k)P(Sxi, Xk).

It follows that 6(DniTn) = p(Sxi,Xk)- By induction, we obtain 5(Dn)m) 
=p(Sxi,xn) and so (3.4) holds.

Case 4. Let 6(Dn>m) = max{p(Sy:),xl) ： n <i,j < 為,m)=
max3(7务，肅:n < i,j < m} or 8(%,m) = max{p(Ty:),xz) : n < 
i,j < m,}. In these cases, by the method similar to Case 3, and so
(3.4) holds.

Case 5. Let 5(Dn)m) = p(阳 Sg” or ^(£>n,m) =p(Sxi,yk) for some 
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k,l with n < k,l < m. In these cases, by (2.1),(3.2) and (3.3) we have

為,m) = P(W (Sxk,Txk,xk,yk,pk),Sxi)
< 1建(Sxk,Sxi) + pkp(Txk, Sxi) + (1 - 7fc - Pk)P(xk, Sxi)
< Ik'Q- 5(Z)n,m) +pk-q- S(S,m) + (1 - 7fc - Pk)p{Xk,钩) 

—"Yk8(、Dn,Tn) + Pfc<5(Z^n,m) + (1 Ik — Pk)P(^ki $说)

or

5(Dn,m) = P(Sxi, W(Sxk,Txk, HkUk,Pk))
< ykP(Sxi,Sxk) + pkp(Sxi,Txk) + (1 - 7fc - Pk)P(Sxi,xk)
< 7k-q- 5(Z)n,m) +pk-q- 5(Dn,m) + Q -，次 一 Pk)P(Sxi, Xk)
—"h@(Dn，」n) + 仞0(Z為,m) + (1 — "Yle 一 Pk、)P(、Sxi、:以：)

and so 5(£)n,m) = p(xk,Sxi) or 6(Dn；Tn) = p(^xi,xk). It follows from 
Case 3 that (3.4) holds.

Case 6. Let 5(Z)n>Tn) = p(yk,Txi) or 5(Pn,m)=试TggQ for some 
k, I with n < k,l < m. Using the same argument as in Case 5, (3.4) 
holds.

Case 7. Let ^(Z)n,m) = P(yk,Syt) or 5(£>n,m) = p{Syt,y^ for some 
k,l with n < k,l <m. In these cases, by (2.1),(3.2) and (3.3), we have

砲為,m) = P(W(Sxk, Txk,xk,yk, Pk), Syi)
< 7fcP(^fc, Syi) + pkp(Txk, Syi) + (1 - 7k - pk)p(xk,Syi)
< 7k-q- 5(-Dn,m) + Pk-q- 5(Dn,m) + (1 - 7fc - pk)p(xk, Syi)
< 7fc^(-0n,m) + + (1 ~ 7fc ~ Pk)P^k,闵)

or

机 £)n,m) =p{Syi,W{Sxk,Txk,xk^k,p^}
< 7kP(Syi, Sxk) + pkp(Syi,Txk) + (1 -，次 一 Pk)P(Syi,xk)
<^k-q-殂為,m) + Pk-q-机［為,m) + (1 - 7fc - Pk)P(Syi,Xk')
< 泌(Dn,m) + Pfc5(Dn)Tn) + (1 - 7/c - pk)p(SyiyXk') 
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and so 6(Dn,m) = P^k.Syi) or 6(Syw하如 It follows from Case 1 and 
Case 3 that (3.4) holds.

(以喝 8. Let 5(£々,m) = P(징"侦) or 5(Dn)rn) =p(［侦 yQ for some 
k」with n < k^l < m. Using the same argument as in Case 7, (3.4) 
holds.

Case 臥 Let <5(Z)n)rn) = max{p(% 勺):n<i,j < m}. If 机 £%m)= 
P(:硃+顼하) or 8(Dnj7n) = for some fc, I with n< k <m and
n <1 <m, then by (2.1),(3.2) and (3.3), we have

6(阵m) = p(W(Sgk,Tgkqc,a"k)M)
< akp(Syk,xi) + /3kp(Tyk,xi) + (1 - ak ~ 任kP。服皿)

or

= P(xi,W(Syk, Tyk, xk, c块,関)

< akp(Ti,Syk) + (3kp(xi,Tyk) + (1 - ％; - /兔加(瓦％).

It follows that ^(£>n)m)=风知,皿)00)5)=汉巩,，物)0(阵m)= 
P(Tgk,a：i),6(Dn,m) = 0(功6(Bn)m) = p(xk,xi) or 為,m)= 
0(瓦％). If $(£)n,m) = 0(SM,：0)00)n,m) = P(XZ, S?/fc), <5(Z>„)rn)= 
P(Tyk,xi) and 5(Z)n,m) = p(工then, by Case 2 and Case 4, 
we have RS,m) = p(Syk,xn), <5(£)"“)= P(xn,Syk), 6(Dn>m)= 
P(Tyk,^n) or 為,m) = P(xn, Ty^). If 5(/為,m) = P(Hk,巩)or S(Z為,m) 
=P^i.Xk), then, by induction, we obtain 6(Dn>m) = p(rrn,xz) and 
死Z為,m) = p(xi,Xn). Again by (2 1), (3.2) and (3 3), and we have

為,m)二二次編)％) <5(-Dn,m) — P(Xn, Syi)^ ='(編二厂?〃),

S(Dn,m) — P(Syi,xn) or 6(Dn)Tn) =p(7机 琮).Thus (3.4) holds.

Case 10. Let 5(Pn)m)=卩(饥乃皿)or 5(1為,m) = P成“yQ for some 
k〉l with n < k.l < m In these cases, it follows from Case 2, Case 3 
and Case 4 that (3.4) holds.

Case 11. Let = p(j服 yi) for some fc,Z with n < k.l < m.
In 난廿s case, using the same arguments as m Case 9, (3.4) holds. Hence
(3.4) is true. Since the remaining cases are impossible, (3.4) is proved.
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By (3.4) , for m € M we have

(3.5) 5(Z)o,m) = ma,x{p(x0,x0),p(<XQ,Sxj),
0(瓦,，夠丿),0(旬,T勺),0(处,幻/了)， 

0($勺,瓦),0(S 防,：ro), p(7禹,：eo), 
p(T 如血)：0 <j < m}.

By simple calculus, we have

方(£)o,m) < (p(rro, Sx0) + p(Sx0, x0)}-
1 -?

By (3.2), (3.4) and simple calculus, we have for any n,m E M with 
0 <n < m

(3.6) d(Dn)Tn) - niajc{pixn,xn),p(xn, Sxj), 
p(xn,Sy3),p(xn,Txj), p(xn ,Tyj), 
p(Sxj,xn),p(Syj,xn),p(Tx3,xn), 
p(Ty3,xn) -.n<j<m}

< [1 — (1 — g)(Q：n-l + Wn-1)2]机Qn—l,m)*

By induction, we have

(3.7)
n—1

M JJ[1 — (1 — q)(% + 禺)2] - $(E)Q,m) 
5=0

< ----------------------------------------
1 — Q

n —1
• [[ [1 - (1 - g)(% + ^j)2]-
j=0

Since 1 — q > 0 and £篇°(% + 缶V diverges, we have [[岩皿一(】一 

q) ' (% +，)2] = 0. Thus limn,m—Hx0(£)n,m) = 0. By Lemma 2.5, 
this implies that {xn} is a Cauchy sequence and linin^oo p(xnyxn)= 
limn一>8 刀SZ、) — limn一¥QO p(^xn^ Syn) = liny—호= 
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limn_+oop(3；n,T?/n)=血1180(的"瀛)=11]%* 。0(跖,9危)=lim 
n-»oo 0(7"初n,Zn) = limn—»oo P(Tyn> -^n) = 0 Let limn一too Xn = Z € K. 
Then, since (xn} converges to z and p(xn, •) is lower semicontinuous, 
by (3.7),

P(xn,z) < lim 0(C"；m)m―>8
< lim Inf 6(Dn,m)m—>oo

] n —1
< j「二一{川0,知)+ p(Sx0, Z。)} JJ [1 - (1 - ?) • (aj + $)2].

q 3=0

Thus we obtain limn-.oop(xn,z) = 0. Assume that z Sz or z Tz. 
Then by hypothesis we have

0 <inf(p(z,z) +p(x,Sx) +p(x^Tx) : x G K}
<inf(p(xn,z) + p(xn, Sxn) + p(xn.Txn) : n e TV} = 0,

where N is the set of all positive integers. This is a contradiction. 
Therefore, we have z = Sz = Tz. We claim that z is the unique 
common fixed point of S and T in K. Let z = Sz = Tz and v — Sv — 
Tv. Then, by (3.1) we have

p(v,z) =p(Sv,Tz)
<9 • max{0(z,u),0(0,z),0(z,z),p(u,°)},

and similarly,

p(z, v) =p(Sz〉Tv)
<q • max{?(z,0),0(u, z),p(z, z),p(v, v))

p(z, z) =P(Sz, Tz) <q- p(z, z)

and
p(y, v) = p(Svy Tv) < q • p(vy

Therefore we have

max{p(z, v~),p(v, z),p(z, z),p(v, v)}
<q • max(p(z, v),p(v, z),p(z, z),?(0, r)}.
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Since 0 < g < 1, we obtain max {p(2, v),p(v, z),p(z, z)^p(y, v)} = 0. 
This implies that p(z, z) = p(v, v) = p{z^ v) = z) = 0. Then, by 
Lemma 2.5, z = 饥 Therefore {xn} converges to the unique common 
fixed point of S and T in K. □

Theorem 3.2. Let K be a nonempty closed p-convex subset of a, 
complete metric space X with a w-distance p, and let S^T : K —> K 
be two mappings satisfying (3.1),

inf(p(x, y) +p(x, Sx) +p(x,Tx) : x G K} > 0

for ally e K with y Sy or y Ty, and

(3.8) max{p(x,x),p(y, y)} < max{p(x,y),p(y,x)}

for allx^y E K. Suppose that {xn} is an Ishikawa type iterative scheme 
defined by

xq EK,
^n+i =W (Syn, Tyn, xn, an, /3n),

Vn =W(Sxn, Ta7n, 7n, pn),n = 0,1,2, • ■ •,

where {%}, {庞}，{为} and {pn} satisfy that 0 < cxn,/3n,yn,pn < 
1, 0 < an + 3n < 1, 0 < 7n + pn < 1 and £淀=()(% + & diverges. 
Then (xn} converges to a unique common Gxed point of S and T in 
K.

Proof. By (3.4) ~ (3.8), we have

5(Do,m) = max{p(s0, S叼),p(x0,Txj),p(x0, S’勿),p(x0,7初)，

p{Sx3,xQ),p{Txj,x0),p(Syj,s0),p(Tyj,x0) ：n<j<m}

<r——{p(^o,Sxo)+p(SxQ,x())}, 
丄—q

and

认阵 m) =max(p(xn,Sxj),p(sn,TxJ),p(sn,S?/J),p(a;n,T?/J),
p(Sx3 ,xn), p(Tx3, xn), p(Sy3, Xn),p(T y3,xn) :n<j <m} 
可 1 — (1 — • (a“-i 4-但一i)] - 6(Dn-itm).
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Continuing this process, we obtain

n—1
S(Z為,m) < [1 — (1 — q) • (a； + /3j)] - 60)o,m).

j=0

Since 1 - g > 0 and £；爲(％ + 陽 diverges, we have [噬志—(1 - 
q)' (a顶 + fij)] = 0. Thus limn,m—8 5(Dn)m) = 0. The remaining proof 
is the same as in the proof of Theorem 3.1. □

Theorem 3.3. Let K be a nonempty closed convex subset of a com
plete convex metric space X and let S^T : K K are two mappings 
such that

max{d(Sw, Sy\ d(Tx,Ty), d(Sx,Ty)d(Tx, Sy)}
Wq - ma허(y.Sx),

d{y.Sy\d{y,T^,d[y,Ty).d{Sx.Tx),d{Sy,Ty)}

for all x^y E K and some q E [0,1). Then for every y E K with y 主 Sy 
ory^ Ty,

inf{d(x,i/) +d(x^Sx) + d(x^Tx) : x G K} > 0.

Proof. Assume that there exists z E X with z Sz or z ^Tz and

inf(d(x,z) + d(x,Sx) + d(xyTx) : x € K} = 0.

Then there exists a sequence {zn} in X such that

lim {d(zn, z) + d(zn, 5zn) + d(zn, 7爲)} = 0. n—>oo

Since d{zn,z) t 05 d(zn, S&) — 0 and d(zn, Tz^) — 0, we have {Szn} 
and {Tzn} converge to z. By hypothesis

d(Sz,Tzn) < q - max{d(z, %), rf(z, Sz、),d(z, Szn), d(z)Tz\
d(z, T2如),d，(zn)Sz), d(^zn^ Sz，n)、d(z”” Tz)〉

d(2M, Tzn'),d(Sz,Tz).d(Szn,Tzn)},
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Letting n —> oo in the above inequality, we have

d(Sz、z) <q - max{d(2, Sz), d(z, Tz\ d(Szy Tz)}

and similarly,

涉(S2*  끄z) * max{d(zn, z), Szn^, d{zn^ Sz), 흐2危)：

d(zn,Tz),d(z. SzQ, d(z, Sz),以2撰2) 
d(z,Tz), 4(&必,7Wn), d(S2,Zz)}.

Hence, we obtain d(z, Tz) < q • max(d(z, Sz), d(z, Tz),d(Sz. Tz)} and 
similarly

d(Sz, Tz) <q - max{d(z, z), d(礼 Sz), d(z, Sz), d(z, Tz), d(z, Tz), 
d(z Sz} 舟 아八 舟 出p 出 Qp，•八 出 J T^W3 l스' , 1 ~ 、ja ■八 AN ~ J、W\ ~ •—亠 4, }、, 一亠 ** y J u« 七«9 2 , 亠- ~ 、J/ V" ~，亠 ~ 丿 J 

—q - max(d(z, Sz),d{z, Tz). d(Sz, Tz)}.

Therefore, we have max(d(z, Sz),d(z, Tz), d(Sz, Tz)} < q-max{d(z, Sz 
),d(z, Tz), d(Sz, Tz)}. This is a contradiction. Therefore, for every 
y^K with y Sy or Ty,

inf{d(j;? y) + d(x, Sx) + d(x, Tx) : x € K} > 0. □

Using Theorem 3.2 and Theorem 3.3, we have 난le following corol
laries.

Corollary 3.4. Let K be a nonempty closed convex subset of 
a complete convex metric space X and S^T : K K be a quasi- 
contraetive mappings, ie, there exists a constant q E [0,1) such that 
for all x,y E Kj

max{涉(6饥 Sg)/(7，J3)M)(S以,7%/),0(7龙,Sg)}
Mq • max{d(x, y\d(x, Sx), d(x, Sy), d(x, 7龙),4(% Ty), d(y, Sx), 

d«h Sy), d(jh Tx), d(g, Ty),d(Sx, Tx),d(Sy. Ty)}.
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Suppose that (xn} is an Ishikawa, type iterative scheme defined by

旬G K,

*^n+l =
Un = VU(*Sx n, Txnj Xn^ 了街 pn), W- — 0, 1, 2, • • ■ ?

where and {pn} satisfy that 0 < an)/3n,7n)pn <
1, 0 < an + < 1, o < 7n + pn < 1 and E辭二。(°牝 + 但)diverges.
Then {xn} converges to the unique common fixed point of S and T in 
K.

Corollary 3.5 [1]. Let K be a nonempty closed convex subset of 
a complete convex metrice space X and let T : K K be a quasi- 
contractive mapping i.e., there exists a constant q E [0, l)such that for 
all x,y E K

산(꼬払끄g) < y).d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)}.

Suppose that {xn} is a sequence defined by

如6 K,
^n+l = (Tym

yn = l卩(Txn^ Xn，/?n), Tl = 0, 1, 2, , , ' ,

where {an} and {/3n} satisfy that 0 < an,/3n < 1 and an di
verges. Then {xn} converges to a unique fixed point ofT in K.

Theorem 3.6. Let K be a nonempty closed p-convex subset of a 
complete p-convex metric space with a w-distancep, and let S,T : K 
K are two mappings. Suppose that there exists a nondecreasing upper 
semi-continuous function 甲:技*  —> R+ (the set of all nonnegative real 
numbers) m such that for all i > 0, <^(2t, £, t, 0,0,2t, 2t, t, t) < t and 
such that for all x.y e K,

(3-9)
max{p(Sx,Sy),p(Tx,Ty),p(Sx,Ty),p(Tx,Sy'), 

p(Sy,Sx),p(Ty,Tx),p(Ty,Sx'),p(Sy,Tx')}
V9(p(：r, y'),p(x,Sx),p(x,Tx),p(x,Sy'), p(x, T y),

P(y, Sy),p(y, Ty),p(y, Sx),p(y, Tx)').
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If (rrn} is the iterative sequence defined by (3.2) and {an}, {%}
and {pn} are bounded away from zero, and ifp{xn^ z) 一스 0,p(z, xn) .t 
0, p(Sxn,Sxn) t Q,p(Txn,Txn) t 0yP(SynjSyn) -> 0,気机) 

一> 0, p(Sxn,Txn) -，0, 却吳小$編) t 0/(夠」厂赢) 一)0, 卩(꼬，少 

Syn) —> 0, then z is the common fixed point of S and T.

Proof. By (2.1) and (3.2), we write

P(Xn,Syn) <p(Tn,Xn+i) +p(xn+l,^n)
=77(0頌，^n+i) + Tyn^ xni Qn> 1 Sy"
<p(xn,xn+1) + anp(Syn, Syn) + /3np(T?/n, Syn)

+ (1 — O(,n — /5n)p(xn, S#n)・

Thus, we obtain

(an + /3n) 'P(xn,Syn) < p(xn,xn+i) +otnp(Syn, Syn)+f3np(Tyn, Syn).

Similarly, we have

(c^n + Pn) P(^m ^n+1) +。危0(&/小 7勺n) +

From p(xnyz) —> 0 and p(z,xn) —> 0, we obtain p(xn,xn+i) —> 0 and 
since {an} and {fin} are bounded away from zero, we have p(xn)Syn) 
t 0 and p(xn)꼬；Q —)0.
By (3.9) we have

niax{p(jS,xn, Sy^p(Txn^ T?/n),p{Sxn, Tyn}^p(Txn^ Syn^
P(S；n, T編),■勺小 S%n), 卩 (S?知꼬氣)}

<^(7?(^n,?/n),P(2：n,^n),P(3；n,rxn)5p(rn,S，?/n)JP(^n,r?/n))
次0n,S0n),P(如，호，n),P(，n,S 知),卩«知7* 危)),
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where

P(^n, Vn) =P^n,W(Sxn,Txn,Xn,yn,pn))
<7nP(^n,跖)+ "(写史、)+ (1 - 7n ~ pn)p(xn, Xn)
—^Xn[P(2-n; Syn') + P^Syn, iS^En)] + Pn[p(^-n, T'Z/n)

+ + (1 — — Pn)P(*̂n,  ^n)
<p{xn, Syn) + p(Syn, Sx„} + p(xn,Tyn)

+ P(TymTgc，n) +0(Zn,2；n),
P(Zn, Sxn) <p(xn, Syn) + p(Syn, Sxn),
p{xni TXn) Mp(a；n,幻/n) + 00Z/n, 7Z：n),
P(yn, Sy^ =p(W(Sxn, Txn, Xn,的,伽),Syr“

<^np(Sxn,Syn) -卜 &p(U,Sy.A
+ (1 - 7n - Pn}p{xn, Syn)

<p(Sxn,Syn) + p(Txn, Syn) + p(xn, Syn),

P(yn,Tyn) <p{Sxn,Tyn) +p(Txn,T?/n) +p(xn,Tyn),
P(yn, Sxn) =p(W(Sxn,Txn,xn, yn, pn), Sxn)

M，yn0(S/：n, SXfij + pnp(TXji, Sxn^
+ (1 - 7n - Pn)P(Xn, Sxn)

M0(Szn, Sxn) + p(Txn, Sxn)
+ p(^n, Syn) + p(Syn, Sxn), 

piyn.Txn) <p(Sxn, Txn) + p(Txn,Txn)
+ p(xn,Tyn) +p(Tyn,Txn).

If max{limsupp(Sxn,Sy^, limsupp(Txn,T?/n), limsu-pp(Sxn,Tyn), 
\imsupp(Txn, Syn), limsupp(Syn, Sxn), limsupp(Tyn,Txn), limsup 
p(Tyn, Sxn),\ims\ipp{Syn,Txn)} = r > 0, then from the above in- 
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equalites and the assumptions of 9, it follows that

t = max(lim sup p(Sxn, Syn), lim sup p(Txn, Tyn), 
lim sup p(Sxn, 7%/n), lim sup p(Txn, Syn), 
lim sup 0(%1,跖),lim sup p(Tyn, Txn), 
limsupp(T?/n, S,xn),limsupp(S,?/n, Txn)}

r, 0,0,2r, 2r, r, r) < r.

This is a contradiction. Hence

max{ lim supp(S,sn, Syn),\im. supp(Txn,Tyn), 
limsup0(Scn, Tyn), limsupp(T;rn, Syn), 
lim supp(Syn '跖),lim sup p(Tyn, Txn), 
limsupp(Ti/n, Sxn), limsupp(S?/n,Ta;n)} —* 0 as n —» cq.

It follows from p(xn,Sxn) < p(xn, Syn) +p(Syn, Sxn) and p(z, Sxn) < 
p(z,xn) + p(xn, Sxn) that p(z, Sxn) —* 0 as n —» 00 . By similar 
methods, we obtain p(z, Txn) ―> 0 as n —» 00. Again from (3.9), we 
have

max{p(Sz, Sxn), p(Tz, Txn),p(Sz, Txn), p(Tz, Sxn), p(Sxn, Sz), 
P(Txn,Tz),p(Txn,Sz),p(Sxn,Tz)}

xn),p(z, Sz),p(z,Tz),p(z, Sxn^p(z, Txn), 
6饥)0(：%, TXnj,p(^Xn, Sz),p(xn, Z%)).

Since

0(z, Sz) <p(z, Xn) + p{xn, Sxn) + p(Sxn, Sz), 
0(z,Tz) <p(z,xn)+p(xn,Txn) +p(Txn,Tz), 

P(xn, Sz) <p(xn, Sxn) + p(Sxn, Sz),

and
p(Xn,Tz) <p(xn,TXn) +p(J'xn,Tz},

if max{limsupp(Sz, Sxn), lim sup p(Tz, Txn), lim sup p(Sz, Txn), lim 
supp(Tz, Sxn), limsupp{Sxn,Sz), limsupp(Txra, Tz), limsupp(To;n 
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,Sz), limsupp(Sxn,Tz]) = r > 0, then from the above inequalities 
and these assumptions of(/?, it follows that

r < (2r, r, r, 0,0,2r, 2r, r, r) < r.

This is a contradiction and so limn_*8 Sxn) = limn—8P(Tz^Txn 
)=lillln―>8Sw；n) = linin―= lilHn一>oo P(^Tzj 
=limn^oo p(Txn,Sz) = limn^ooP(Sxn^Tz) = limn—8 但(Sz,7Zy)= 
0. If follows that p(z, Sz) < p(^, Sxn) + p(SxniSz)——> 0,p(z,Tz) < 
p{z,Txn) +p(Txn,Tz) —> 0, andp(z,z) < p(z,xn)+p(xn,z) 一> 0, as 
n ——► oo. Thus we obtain p{zySz) = 0, p(z,Tz) = 0 and p(z, z) = 0. 
By Lemma 2.5, we have Sz ~ z = Tz. □
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