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Abstract. We establish a version of Fernique lemma for Gaussian 

processes which plays an important role in studying their moduli of 

continuity properties and related limit theorems

1. Introduction and results

When one studies sample path continuity properties of Gaussian 

processes and sub-Gaussian processes, the Fernique lemma plays an 

impartantrrole (cf. e.g. Fernique ([4], [5]), Jain and Marcus [기) Eer- 

nique type inequalities for not necessarily Gaussian processes have been 

also established by Csaki and Csorgo ([1], [2]) and Csaki et al. [3], etc.

For the sake of quoting one of them from Fernique ([4], [5]), let X(t) 

be a separable centered Gaussian process on [0,1] with E{X(t)}2 < 

r2, T > 0 and

E{X(t) - X(s)}2 < 疗(|t —s|),

where p is assumed to be continuous and nondecreasing on [0,1], and 

also such that ^(e-x2) dx < oo. Then we have the following

PROPOSITION. (Fernique lemma) Let (X(t), 0 < t < 1} be as the 

above statements. Then for x >2 we have

广8 广8
P{ sup |X(t)| > x(r + 4 / 也(广蛤)旳)} <c e~y /2 dy,

o<t<i Ji Jx

where C is a positive constant.

Our aim here is to obtain a version of Proposition A for a Gauss

ian process {X(切广..,id) ： z = 1, • • • having sev

eral time parameters 圮… ,Towards this end, let D = {t : t =
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(ii,• - - ,ta))di <ti < 城=1,•…，d} be a real d-dimensional time 

parameter space with the usual Euclidean norm ||-||. Let {X(t), t € 0} 

be a real-valued separable Gaussian process with EX(t) = 0. Suppose 

that

(i.i) o< r2 ：=suPE(x(t))2 < oo, r>o,

teu

and

(1-2) E{X(t) —X(s)}% 妒이t — s||),

where g》(・) is a nondecreasing continuous function, such that 

f°° _ 2
I 9(厂。)dy < oo.

Jo

Then we have the following theorem:

Theorem 1. Let {X(t), t 6 D} be a centered Gaussian process 

satisfying conditions (1.1) and (1.2). Then, for A > 0, x > 1 and 

A > y/2d log 2, we have

p|supX(t) > #{「+ (2、/分 + 2)/4/ <p(VdA2~2/2)dy}| 

<(2*)( 匸(宇\/1))仃/2,

where a V fe = max{a,b} and

oo

B = £exp{—2卜고 (/42 — 2d log 2)} < oo.

n=l

Theorem 1 is used as an essential lemma to obtain limit theorems on 

the increments of multi-parameter Gaussian processes. For instance, 

let us introduce moduli of continuity for the increments of a multi

parameter Gaussian process whose proof is based on Theorem 1. We 

define:

0 = (0厂…,0) and 1 = (1, • • - ,1) in [0, l]d;

t < s iff ti < st for all integers 1 < i < d;

h =(加…,K) E (0, l)d.
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Theorem 2. [6] (moduli of continuity) Let (X(t), t € [0, l\d} be 

an almost surely continuous, centered d-parameter Gaussian process 

with X(0) = 0 and stationary increments

E{X(t) - X(s)F = a\\\t - s|[), t^sG[0, l]d,

where is a nondecreasing continuous, regularly varying function 

on (0,1) with exponent 7 for some 0 < 7 < 1 at zero. Assume also 

that there exist positive constants C± and C2 such that, for x > Q,

do%) c「2(z) c&W) 0%)
— -- s Ci----- ana —— %—5~•

dx x dxz %

Then we have

lim mf sup ---亍三-- 7===== = 1 aa,
左一o<t<i-h a(yd h) v log(l/h)

lim sup sup ---〒二-- 1 == = 1 a.s.
m o<s<h o<t<i-s a(Vdh)-^/2dlog (1/h)

2. Proof of Theorem 1

For each n — 0,1,2, • • ■, set en = A2~2n, A > 0. For k = (fci,…，kd)> 

where kr ~ 0,1, * * * , kzn := [(饥 一 아)/巴危], / = 1? * *'  ? define — 

(装，…，灿也©, where

t'j = Q*  + — lj , , ■)cL

Let
Sn = {t^\ k = 0, • ■ • ,kn := (klnj - - - , fcdn)})

which contains Nn := [[匕/膈 points, Nn < 2지""[[匕盘饥 — 어)/人. 
Then 나ie set U^L0Sn is dense in D and Sn C £세 For x > 1 and 

A > \/2dlog2, denote

Xjn — X Atp(VdSrn-l)^^2, m>l.
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For m > 1, let 8m = 2(mT)/2. Then

2m^2 =2(s/2 + l)(6m-6m^).

oo oo

£ xm = xA £(p(VdX2~2m ')2"”2

771=1 771=1

(2.1)

OO

=:以 £ 9(v云2一&了)(2据 + 2)泌m - 

m=l

Therefore, by (2.1) we have

(2.2)

p|supX(t) > a:(r+ (2>/2 + 2)A j 人혀) dg)}

oo

< p{supx(t)> xr+ 52 琮}
山 爲 J

8
=p|nmx sup X(t) > a：r + E J

n~° teSn m=l

n

< lim f{ sup X(t) > a?r 4- E :臥}.
n"*°°  teSn m=l

For n > 0, let

An = I sup X(t) >xP + 

lt€Sn

n

〉:} • 
m=l
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By induction we have

P(&) = P(4& n An_i) + P(An n /玲 _i)

<P(A n—2)+ P(-*4n —1丿玲一2)+ 尸(4^厶：—1)

" 〜p(&)彥再 t)

71=1

8
<P(Bo)+£F(BnnB^_1), 

n=l

where

n
Bq— I SUp x(女)2a),岛=(snp-X^t)_> 史成 17 허L 一N — -

I心。 J 命品 為 '

Now for n > 1, we have

<
(2-4)

<

<

P(BnnB-_1) 

n n—1

•叫{sup X(t) 2 "棚} Q { sup X(s) <

1 拓% 窩 心… 느二' J
n n—1

p{U(^(t)>E^m}n Pl {X(s)< £rrm})

七 CSn. m=l sCSn_i m=l

尸{ U U {X(t)-X(s)>xn}}

—Sn — i 용
]]七-매小/払-1

E £ P{X(t)—X(s)Xg}.

t^Sn S&Sn-^i
||t—sll^-v/dcn—1

But by the assumption (1.2), we get

(2.5) E{X(t) - X(s)F < 妒(||t - s||) < 妒('庇—l), n>l.
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Hence, noting A > y2dlog2, x >1 and the fact that there is only one 

point s in the set (s G Sn-i : ||t—s|| < yfden-y} for any t E Sn — 

it follows from (2.5) that (2.4) implies

gf省综叩E心
|代一매《*豆£前一 丄

2=1
< z> 一m으——}

9（、/0瞞_1）」
Xn
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흐二으，2"d log 2-2n-1>l2+l/2 -x2/2
一广)

d ,
= 厂2"(3/2)-dlog2)([[(으二쓰 v 1))广乡2,

t=l

where Z denotes the standard normal random variable. In particular, 

if “4 > 0 is such that
丄2

—-- dlog2 > 0,厶
then

8 d l
(2-6) (岛 %二置3(11(느으 Vl))eT/2,

n=l t—1

where
oo

B =，*xp{ —2”一1(逐—log2)} < oo,

n=l

<-
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On the other hand,

(2-7)

P(Bq) = p|sup X(t) >

孕d 血느쓰 vi))f{ze

z=고

孕“(I으[(늑쓰

l—l

—X

From (2.3), (2.6) and (2.7) we obtain, for any n > 0,

(2.8)

d ,
P(An) < 仞 + 的 ([[(늑쓰 V 1))"*2

1=1

Thus by (2.8) the inequality (2.2) gives to

sup X(t) > a;(r + (2\/2 + 2)X/ 应入2一站)dy)}

d ,
个2%3)([[(브亍으\/1))厂2/2.

z=]

This completes the proof of Theorem 1. □

References

[1] E. Csaki and M. Csorgo, Femtque type inequalities for not necessarily Gaussian 

processes, C. R. Math. Rep. Acad. Sci Canada 12 (1990), 149-154

[2] E. Csaki and M Csorgo, Inequalities for increments of stochastic processes and 

moduli of contznmty, Ann. Probab. 20 (1992), 1031-1052.

[3] E. Csaki and M Csorgo and Q. M Shao, Moduli of continuity for lp-valued 

Gaussian processes^ In Tech. Rep. Ser. Lab. Res Stat. Probab. 160 (1991), 

Carleton University-University of Ottawa

[4] X. Fernique, Contmutte des processus and Gausszens^ C R Acad Sci. Paris 

258 (1964), 6058-6060

[5] X. Fernique, Regulante des tra^ectozres des fonctions aleatoires Gausszennes, 

Lecture Notes in Mathematics 480 (1975), 1-96)Springer—Verlag, Berlin.



106 Y. K. Choi and Zheng-Yan Lin

[6] K. S. Hwang, Y. K. Choi and J. S Kwon, Moduli of continuity for the incre

ments of a multz-parameter Gaussian process, Submitted to J. Korean Math. 

Soc. 1998.

[7] N. C. Jain and M. B. Marcus, Continuity of subgausstan processes^ In: Proba

bility on Banach spaces (ed. J Kuelbs), Advances in Probability and Related 

Topics (series ed. P. Ney) 4 (1978), 81—196.

Department of Mathematics

College of Natural Science

Gyeongsang National University

Chinju 660-701, Korea

Department of Mathematics

Hangzhou University

Hangzhou 310028, People's Republic of China


