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EXPERIMENTAL RESULTS OF W-CYCLE
MULTIGRID FOR PLANAR LINEAR ELASTICITY

JAECHIL YOO

ABSTRACT. In [3], Franca and Stenberg developed several Galerkin
least squares methods for the solution of the problem of linear elas-
ticity. That work concerned itself only with the error estimates of
the method. It did not address the related problem of finding effec-
tive methods for the solution of the associated linear systems. In
this work, we present computational experiments of W-cycle multi-
grid method Computational experiments show that the conver-
gence is uniform as the parameter, v, goes to 1/2

1. Introduction

Let §2 be a bounded convex polygonal domain in R? and 99 be the
boundary of . The pure displacement boundary value problem for
planar linear elasticity is given in the form

(1) 2u{V - e(u) + 1_—”2uvv cul 4 =0 inQ,
=20 on 90

Here u = {u1,uz) denotes the displacement, f = (fi, fo) 1s the body
force, v 1s Poisson’s ratio and g is the shear modulus given by p =
E/{2(1+v)} where E is the Young’s modulus. Instead of using Pois-
son’s ratio v and Young’s elasticity modulus £, we can also work with
the Lame constants A and u. These constants are related to each other
by the following equations;
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We restrict Poisson’s ratio to 0 < v < 1/2 where the upper limit
corresponds to an incompressible material.

Throughout this paper, we use mesh parameter by and grid level &
which may vary from occurrence to occurrence

We define various standard differential operators as follows, see [2]:

_ Ouy | Ovg
Vs Ty

V.r= 0711 /0% + 0112 /By Vo = duy /Ox Ov1 /Oy
O7191/0z + 0190 /0y |’ QuafOz OvefBy ]’

2 2
Tinp= Zzngmj, and £(v) = % [Vv + (V)]

=1 3=1

Let H™(Q) denote the usual Sobolev space of functions with L2((2)
derivatives up to order m. H™({1) is equipped with the norm

3
o}l sty = ( /Q S (6% d:vdy) .

la|<m

We use the following convention for the Sobolev seminorms:

I’Ule(Q) = (/{; Z |6°‘v|2 dilfdy) .

la]=m

Let H*(Q) = {v € H™() : v|aq = 0}.

It is well known that for f € L?(f), equation (1) has a unique solu-
tion 4 € H2(Q) N HY(Q), see [4].

There is a great deal of literature dealing with approximation schemes
for the equations of linear elasticity. To avoid the locking phenome-
non in linear elasticity problems, there are several different approaches:
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nonconforming finite element methods, the methods of reduced/selected
integration, first order least squares methods, and Galerkin least squares
methods. For all of these approaches, mixed finite element methods
involving a pair of finite element spaces are commonly used and we
have to solve large linear systems arising from the finite element dis-
cretizations. With the usual mixed finite element methods, the system
is indefinite and hence the problem poses difficulties.

In recent years, modern iterative methods such as multigrid and do-
main decomposition methods have been applied'to mixed finite element
methods. Among those iterative methods, the multigrid method has
been one of the most popular and fastest methods. So we study the
multigrid method to solve the large sparse linear systems derived from
the Galerkin least squares method for the pure displacement boundary
value problem.

It is well-known that one way of driving stabtlized mixed finite el-
ement methods 1s to combine the classical Galerkin formulation with
least-squares forms of the differential equations. (See [3] and references
theremn). An advantage of this method is that the class of finite element
spaces that can be used is considerablely enlarged, hence the methods
are easily incorporated into existing finite element codes. In this pa-
per, we present a scheme of W-cycle multigrid method to solve the
linear system arising from P-1 conforming finite element method for
the mixed formulation of the pure displacement boundary value prob-
lem as in {1], [5} and {6]. We give the computational results of W-cycle
multigrid method with «/4 at the coarse grid and with the constant
«, where « 1s the stabilization parameter in the Galerkin least squares
method. Moreover, we show that the number of iterations for the W-
cycle multigrid methods 1s reduced by a half when we take twice as
many smoothings in the algorithm and also reduced by a half when we
cut the mesh size by a half. S. Brenner [1] reports very similar results
for the pure displacement boundary value problem with the noncon-
forming finite element method.

This paper is organized as follows. We explain the conforming finite
element method in section 2. We discuss the W-cycle multigrid algo-

rithm in section 3. The computational results are presented in section
4.



402 Jaechil Yoo

2. The finite element method

For simplicity, we assume that 2 = 1. Let p = —~%V - 1. where
e = (1— 2v)/v. Then (1) is equivalent to

—V-eg(u)+Vp=f inQ,
(2) ep+V-u=0 in Q,
=0 on JQ.

Hence, we have the following weak formulation:
Find (u,p) € H}{(Q) x L%(Q) such that

fne(u) : e(v) dzdy — /Q(V . v)p dzdy = /ﬂf - v dzdy,
(3) Yu € HY(Q),

e/ pq dzdy +/ (V . u)q dedy =0, Vg€ L3(Q).
Q Q

Let 7% be a family of triangulations of , where 75! is obtained
by connecting the midpoints of the edges of the triangles in 7. Let

hp =diam(T) for each T € T* and hy = %n% hp, then hy = 2hgq;.
€
Now let’s define the conforming finite element spaces for our multigrid

method.

Vi = {v € C%Q) ; v|r is linear for all T € T* and vjsq = 0},
Py :={g € C%Q) ; g|r is linear for all T € T} and

P.:={qe C%Q) ; qlp is linear for all T € T* and / g dz = 0}.
o

Then the discretized problem for (3) is the following:
Find (ug, px) € Vi x P such that

(4) B ((Uk,Pk),(Uk,Qk)) = F{ve, qx) V(vk, gk) € Vie X By
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where

By ((Uk,Pk): (vk:qk))

:/Q e(ug) : vy} dedy — /(V'Uk)fﬂc dzdy—-/g(V"Uk)pk dzdy

-« Z h3. / =V - e(ug) +Vpk) (—V-E('Uk) +qu) dxdy
TeTk

— € / Prar drdy
Q

and

Fvr,gr) = /f vk dedy — o Z h. / V-s(vk)+qu> drdy.

TeTk

Note that the bilinear form By is symmetric and indefinite.

3. Multigird algorithm

In this section, we discuss the W-cycle multigrid algorithm.
In order to define the fine-to-coarse operator I ,':"1, we mtroduce the
following mesh-dependent inner product:

((w,0),(,)), = (w,0)12@) + P, D22y,
Then If ™! : Vi x Pp = Vi) x Py is defined by
(F ' we), ,9), = ((wp),0.0),

for all (u,p} € Vi x P and (v,q) € V1 X Pr_y.
Define By : Vi X P, — Vi x Py by

(Bewp), ,9)), = Bx((w.9), . ),

for all (u,p), (v,q) € Vi X Pg.
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THEOREM 1. (%) Given (u,p) € V¢ X Py,
(u’p) € Vi x Pk Aid ((u)p)v(or 1))k =0.

(’lz) I::_l : Vk X ﬁk — Vk_] X Pk-—l'

Proof. See [1].

THEOREM 2. The subspace Vi x P, is invariant under By
Proof. See f1].

THEOREM 3. The spectral radius of By, is at most Chy*.
Proof. See {1]

Because of the result of Theorem 3 and indefiniteness of the system,
the usual iterative methods are not appropriated to solve our lLineat
system.

The mesh-dependent norms on Vi x Py are defined as follows

()l i 2= \/ ((Bz)s/Z(u,P)’ (u, p))k for all (,p) € Vi x Py

Note that By is nonsingular and symmetric, hence Bk2 is positive defi-
nite with respect to (-, -)x. Therefore, this norm is well-defined for each
s € R. Moreover,

I, 2)llox = \/"““%2(9) + h’%ﬂp’l%ﬁ(ﬂ) for all (u,p) € Vi x Pka

’Bk((uﬂp))(va Q))1 S N(U,P)mz,km(v, Q)HIO,k for all (U’vp)a (U¢Q) € Vk X Pk:

and

[Bk (("’p)’ (v’Q))i for all (u,p) € VixPy.

12, D)2 = sup
(v,9)EVi x P\ {(0,0)} il (v, @)llo.x
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Let

Bi_1((w.p), (v.9))

_ /s; £(u) : £(v) dady - /Q (V- u)q dody - L (V-v)p dady

—% Y h3{(=V-e(u) + Vp,—V - £(v) + V)21

TGT"*I
—6/pq dxdy
Q
and
. _ : 2 2(f _v.
Fiwa) = [ fovdsay-5 3 (17 ct)+Va)

TeTk-1

Note that B} _; and .'F} are different from By._; and F;. The difference
1s in the least squares term. We divide the stabilization parameter o
by 4 to define B;_, and F3.

Define P,f" Vi X B — Vi1 X Pe_q by

Bia (B (), (0,9)) = Be((w, ), (v.9))

for all (u,p) € Vi X P, and (v,q) € Vi1 X Pe_y.
Now we describe the k-th level iteration scheme of the conform-
mg W-cycle multigrid algorithm. The k-th level iteration with mitial

iterate (yo, 20) vields CMG (k, (o, o), (w,r)) as a conforming approx-

imate solution to the following problem.
Find (y, z) € Vi x Pk such that

Bi(y,2) = (w,r), where (w,r) €V x Py.

For k =1, CMG (1,(3;0,2:0), (w,r)) is the solution obtained from a

direct
method. In other words,

MG (1, (0, 20), (w,7)) = (B1) ™ (w,1).



406 Jaechil Yoo

For k > 1, there are two steps. )
Smoothing step : Let (Ym, 2m) € Vi X Py be defined recursively by
the initial iterate (yp, 20) and the equations

1
('y!a z1) = (Yi-1, z1-1) + ———Bk((’w,T‘) — Bk(yl_l,zl_l)), 1< <m,

2
A
where Ay := Ch;? is greater than or equal to the spectral radius of
By, and m is the number of smoothings. :
Correction step : The coarser-grid correction in Vi X Py is obtained
by applying the {k — 1)-th level conforming iteration. More precisely,

(vo,q0) = (0,0) and
(UH ql) = CMG(}C e 1) ('007 QO)7 (?I),f)),i = l: 2

where (0,7) € Vi_; X Pr_; is defined by (w,7) = I,'f‘l((w,r) -
Bk(ymazm))-
Then CMG(k, (¥, 20), (19,7)) = (¥m, 2m) + IE_1 (02, 02).

REMARK 1. In the smoothing step, we use By instead of the restric-
tion of By.. Because the space V), X P; has a natural coordinate system
which consists of the values of piecewise linear functions at mesh points
on the triangles. In view of Theorem 1 and Theorem 2, the resuit of the
smoothing step and the correction step belongs to Vi x Py. Therefore,
in the actual implementation of the multigrid method, we use only the
natural coordinate system of V. x P. Note that By is represented by
a sparse banded matrix and By is not invertible.

4. Experimental results

We apply the W-cycle multigrid algorithm to the pure displacement
boundary value problem (2) studied in {1}. The domain € is the unit
square, and the body force f = (f1, f2} is taken to be as follows :

fi =7r2[2 sin 2wy(—1+ 2cos2mz) — 0.5cosm(z + y) + . j_ 5 sin 7z sin wyl,

f2 =n*[2sin 272(1 — 2 cos 2my) — 0.5 cosw(z +y) + <

sin 7z sin wy|.
€+ 2 y]
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The exact solution v = (uy,up) is

w3 =sin27y(—1 4 cos2nz) + ‘

SN 7T sin Ty,
€+

up =sin2rz(l — cos2my) +

SIN T SIN TY.
€e+2

The programs execute until the discrete L? relative error is less than
5% of the initial error. We use the initial iterates, ©° = (u9,43) = (0,0)
and p® = 0. The computations were done in double-precision arithmetic
for various a's, smoothing steps and Poisson’s ratio v’s. The numbers
in the columns represent the number of iterations to achieve an L2
relative error of less than 5% in the displacement.

We know that the number of iterations for the W-cycle multigrid
is reduced in half when we take twice as many smoothings and cut
in half when we have the mesh size by a half We also obscrve that
our multigrid 1s robust for the moderate «’s in that the convergence 1s
uniform as the parameter, Poisson’s ratio v, goes to 1/2

Also, we give the numerical experiments with the fixed « for all
levels and with /4 at the coarse grid for W-cycle multigrid methods.
A very attractive feature of using the fixed « for all levels in our CMG
algorthm is its inherent simplicity, the bilinear form at the coarse grid
is the same form at the fine grid. In other word, the structure of the
linear system at the coarse grid is same as that of the linear system
at the fine grnid. The numerical experiments show that the number of
iterations of W-cycle multigrid method is nearly same in both cases
with « fixed and o modified.

Note that the size of our linear system 1s 12675 by 12675 for the
case of N = 64 and 3267 by 3267 for the case of N=32.

N =32 N =164

smoo | a=1 a=03 a=01 a=00l}a=1 a=03 a=01 a=001

1066 1084 1081 1080 | 554 552 551 551
248 542 541 540 ) 277 276 276 276
366 362 361 360 | 185 184 184 184
274 271 271 270 1 139 138 138 138

] QO N ==

Table 1: /4 at the coarse grid and v = 0.3
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smoo | a=1 a=03 a=01 o=001]ae=1 o=03 a=01 oa=001
1 1084 1079 1082 1084 | 551 552 552 553
2 542 540 941 542 276 276 276 277
3 362 360 361 362 | 1&4 184 184 185
4 271 270 271 2711 138 138 138 139
Table 2: /4 at the coarse grid and v = 0.45
N =232 N =64
smoo [ o=1 a=03 o=01 a=001]|a=1 a=03 a=01 o::f 01|
1 1091 1102 1113 1119 | 564 068 570 570
2 546 551 557 560 | 282 284 285 285
3 371 368 371 372 | 188 190 191 190
i | 273 276 279 280 141 _ 142 143 43
Table 3: a/4 at the coarse grid and v = 0.495
N =232 N =64 ]
smoo || a=1 a=03 a=01 a=001|a=1 a=03 a=01 o=001]
1 div div 1118 1125 | 566 571 573 574
2 div div 559 563 | 284 286 287 287
3 drwv drv 373 376 | diwv 191 191 192
4 div div 280 282 | div 143 144 144
Table 4: /4 at the coarse grid and v = 0.4995
N=32 N =64
smoo | a=1 a=03 a=01 a=00l{a=1 a=03 a=01 a=001
1 1180 1097 1088 1081 | 609 563 356 552 |
2 590 549 544 541} 305 282 278 276
3 394 366 363 361 | 203 188 186 184
4 295 275 272 271 [ 153 141 138 138

Table 5: Fixed o for all levels and v = 0.3
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N =32 N =064
smoo | a=1 a=03 oa=01 o=001a=1 0=03 =01 oa=0401
1 1177 1101 1092 1084 | 611 568 529 533
2 589 551 546 542 | 306 284 280 277
3 393 367 364 362 | 204 190 187 185
4 295 276 273 271 | 133 142 140 139
Table 6: Fixed « for all levels and v = 0.45
- N=32 N =64
smoo || a=1 a=03 oa=01 a=001|a=1l o=03 =01 a=001
1 1174 1100 1094 1109 | 610 569 561 565
2 587 350 547 555 | 305 285 281 283
3 391 367 365 370 1 204 190 187 189
4 294 275 274 278 | 153 143 143 142
Table 7: Fixed «a for all levelsand v = 0.495
N =32 N =64
smoo || a=1 a=03 a=01 a=00l}{a=1 =03 oa=01 a=001
1 1173 1100 1094 1114 | 610 569 361 568
2 587 550 547 557 | 305 285 281 284
3 391 367 365 372 | 204 190 187 190
4 294 75 274 2791 153 143 141 142

Table 8 Fixed a for all levels and v = 0.4995

References

[1] 8 C Brenner, A nonconforming muzed multigrid method for the pure desplace-
ment problem wn planar lnear elasticity, SIAM J Numer. Anal, 30 (1993),

[2]
[3]

116-135

P. Cialet, The finite element method for elliptic problems, North-Holland, Am-

sterdam, 1978

L P Franca and R Stenberg, Error analysis of some Galerkin least squares
methods for the elasticity equations, SIAM J Numer Anal. 28 (1991), 1680-

1697.

409




410 Jaechil Yoo

{4] P. Grisvard, Singularités en elasticité, Arch Rational Mech Anal. 107 (1989),
157-180.

[8] C.-O. Lee, Multigrid methods for the pure traction problem of linear elasticity:
mazed formulotion, SIAM J Numer. Anal. 35 (1998), 121-145.

(6] 3. Yoo, Multigrd method for the Galerkin least squares method 1n linear elastic-
sty: The pure displacement problem, Proceedings of the 9th Copper Mountain
Conference on iterative methods, Cray Research, Inc. 1996.

Department of Mathematics
Dongeui University
Pusan 614-714, Korea



