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A NOTE ON REAL HYPERSURFACES 
OF TYPE A IN A COMPLEX SPACE FORM

Yong-Soo Pyo and Jong-Hoon Kim

1. Introduction

A complex n-dimensional K互hie호 manifold of constant holomorphic 
sectional curvature c is called a complex space form, which is denoted by 
Mn(c) A complete and simply connected complex space form consists 
of a complex projective space PnC^ a complex Euclidean space Cn or 
a complex hyperbolic space 7InC, according as c > 0, c — 0 or c < 0.

In his study of real hypersurfaces of Takagi [1 이 classified all 
homogeneous real hypersurfaces and Cecil and Ryan [3] showed also 
that they are realized as the tubes of constant radius over Kahler sub­
manifolds if the structure vector field is principal. And Berndt [2] also 
classified all homogeneous real hypersurfaces of HnC and showed that 
they a호e realized as the tubes of constant radius over certain subman­
ifolds. According to Takagi's classification 나leorem and Berndfs one, 
the principal curvatures and their multiplicities of homogeneous 호eal 
hypersurfaces of Mn(c) are given

Now, let M be a real hyp er surf ace of Mn(c)yc 申 0. Then M has 
an almost contact metric structure (饥 induced from the Kahler 
metric and the almost complex structure of Mn(c). We denote by A 
the shape operator in the direction of the unit normal and by ▽ the 
Riemannam connection on M. Then Okumura [이 and Montiel and 
Romero [7] proved the following

Theorem A. Let M be a real hypersurface of J^C, n M 2. If it 
satisfies A(f> 一 ©A = 0, then M is locally a tube of radius r over one of 
the following Kahler submanifolds:
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(Ai) a hyperplane Pn^xC, where 0 < r < tt/2,
(A2) a totally geodesic P^C (1 fc n — 2), where 0 < r < 지2.

Theorem B. Let M be a real hypersurface of HnC,n 约 2. If it 
satisGes A(j)—(j)A = 0, then M is locally one of the following hypersur­
faces:

(Aq) a horosphere in HnC, i.e., a Montiel tube,
(Ai) a tube of a totally geodesic hyperplane H”iC,
(A2) a tube of a totally geodesic HkC (1 A: n — 2).

Such real hypersurfaces in Theorems A and B axe said to be of type 
4.

Let To be a distribution defined by the subspace Tq{x) = (tz G 
TXM : g(sf(T)) = 0} of the tangent space TXM of M at any point 
x, which is called the holomorphic distribution. As an example of non- 
homogeneous real hype호surfaces in 供 0, we have ruled real
ones. It is also seen in Kimura [5] and Ahn, Lee and Suh [1] that ruled 
real hypersurfaces are characterized by the holomorphic distribution 
Tq. On 나le other hand, for the Hopf fibration 7r : S2n+1(l) —> 
the projection of a hypersurface with parallel second fundamental form 
in 52n+1(l) becomes a real one in jF^C, which satisfies ▽以=0 and

= 0. Thus it seems to be interesting the property for restricted 
to Tq In his previous paper [9], the first author proved the following 
theorem.

Theorem C Let M be a real hypersurface of Mn(c)yc 7^ 0, n 3. 
If it satisfies ▽以(X) = 0 for any vector Geld X in To and gQ4& & 丰 0, 
then M is of type A.

In this theorem, the condition gQ4■& ^)^0 means that the function 
g(4&g) has no zero points.

There is a gap between the conditions g(/4£M)尹 0 and 丰 0. 
The purpose of this article is to generalize Theorem C slightly and to 
take account of the condition 供 0. We have the following

Theorem. Let M be a real hypersurface of Mn(c)^c 7^ 0, n 3. If
it satisfies

▽以(X) =0, Z虻供0
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for any vector field X in To； then M is of type A.

2. Preliminaries

First of all, we recall fundamental properties of 호eal hypersurfaces 
of a complex space form. Let M be a real hypersurface of a complex 
n-dimensional complex space form Afn(c) of constant holomorphic sec­
tional curvature c, and let C be a unit normal vector field on a neigh­
borhood in M. We denote by J the almost complex structure of Mn(c). 
For a local vector field X on the neighborhood in the images of X 
and C under the linear transformation J can be represented as

JX = ©X + 〃(X)G JC = —&

where(/)defines a skew-symmetric transformation on the tangent bun­
dle TM of M, while 77 and g denote a 1-form and a vector field on the 
neighborhood in M, respectively. Then it is seen that g(& X) =
where g denotes the Riemannian metric tensor on M induced from 
the metric tensor on Mn(c). The set of tensors (饱& is called 
an almost contact metric structure on M. They satisfy the following 
properties .

©2 = -/ + 77 ® & 妓 = 0, T}여)X、) = 0, 77(& = 1

for any vector field X, where I denotes the identity transformation 
Furthermore, the covariant derivatives of the structure tensors are 
given. by

(2.1) = CEX,「Vx" = - g(/x, Y)S

for any vector fields X and Y on A幻 where V is the Riemannian con­
nection. on M and A denotes the shape operator of M in the direction 
ofC.

Since the ambient space is of constant holomorphic sectional curva­
ture c, the equations of Gauss and Codazzi are respectively obtained

氏(X,Y)Z = f{g(Y, Z)X - g(X, Z)Y + g^Y, Z泌X

(2.2) - g@X, Z^Y 一 2gQX, Y渺Z}
+ g(AY,Z)AX-g(AX,Z)AY,
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(2.3) VxA(Y) - VyA(X) = - tj(Y)(/)X - 2g(©X,旳f},

where R denotes the Riemannian curvature tensor of M and 
denotes the covariant derivative of the shape operator A with respect 
to X.

Next, we suppose that the structure vector field g is principal with 
corresponding principal curvature a, namely Then it is seen
in [4] and [6] that a is constant on M and it satisfies

(2.4) 2A(f)A = —(/)+ + %).
厶

3. Proof of theorem

Let Af be a real hypersurface of An(c),c 7^ 0,n 銘 3 and assume 
that

(3.1) ▽”1(X) = 0

for any vector field X in Tq. By the assistance of (2.3), it turns out to 
be

(3.2) VyA(e)= *Y

for any vector field Y in Tq. Differentiating this equation with respect 
to X covariantly and taking account of (2.1), we get

VxVyA(e)+ VVxyA(e)+ *4(04X) = (厶X, - </>VxY}

for any vector fields X and Y in T^. Since the component of the vector 
V%y in the direction of g is given by _g((f)AX、Y) by the first equation 
of (2.1), we have the following orthogonal decomposition

▽xY = &xY)o —9(04X,F)&
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where (▽xY)o denotes the of By (2.3), (3.1) and
the covariant differentiation which is given above and the decomposion, 
we get

(3.3) VxVy>l(e)= g0AX, K)VeA(e)- ▽y，4(04X) + ^AX,

for any vector fields X and Y in To，As is well known, the Ricci formula 
for the shape operator A is given by

VxVyX(Z) - VyVxA(Z) = R(X, Y)(4Z) - A(R(X, Y)Z) 

for any vector fields X, Y and Z. Accordingly, putting Z = g and 
taking X and Y in the distribution 7b, we obtain

VxA(0Ay)- ▽丫厶04X) + g((A(b +(加4)X, Y)VcA(e)

(3 4) = S)X - g(AX, &Y + g("Y, g

' -g(心x,切-2g(©x, - 9(AY, &泌X

+ g(AX, e)A2F + g(A2Y,疝4X - g(泌X, ^AY

by the Gauss quation (2.2) and (3.3).

Now, in order to prove the theorem, we shall suppose that the struc­
ture vector fi이d & is not principal. Then we can put = ag + 8U> 
where U is a unit vector field m the holomorphic distribution To, and 
a and /3 are smooth functions on M. Let Mq be the non-empty open 
subset of M consisting of points x at which j3(x)尹 0. Next, let M\ be 
the open subset of M consisting of points x at which g(4& £)(z) + 0. 
The proof of the theorem is divided two steps. First of all, we asserts

Lemma 3.1. The intersection of the subsets Mq and M\ is empty.

Proof. Suppose the intersection Mq A Mi is not empty. Since the 
subsets Mo and Mi are both open and Theorem (7 is a local property, 
we can apply Theorem C on Mo A Mi and it has the same property 
as that of the real hypersurface M of type A, namely, it satisfies that 
W is principal on A M, which is a contradiction.

It completes the proof.
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The second step is to prove that the subset Mo is empty, namely, 
the structure vector field g is principal.

By Lemma 3.1, the subset Mq is contained in the complement M — 
Mi of Mi in M. So, we see that a — 0 and 0 has no zero points on 
Mq. Namely, we have = (3U. Differentiating = &U with respect 
to X covariantly, we have

VxA(e)+ A<j)AX =岖 X)U + 阳 xU、

and hence it satisfies by (3.2)

(3.5) 0\7xU = A©AX —(U3(、X、)U — %bX

on Mq.

On the other hand, differentiating 二二 0 with respect to X
covariantly and taking account of (2 1) and (3 5), we have g(A(/)U)X)= 
0 for any vector field X in Tq. Since g(，W£) = 0, it turns out to be

(3.6) A©U = 0

on Mq. Differentiating = /3U with respect to g covariantly, we have 
by (2.1) and (3.6)

(3.7) ▽以(& =必任)卩七6▽出

on Mq. Since the vector field is orthogonal to & from (3.7), we 
see = 0 on M(). It implies ▽&4(g) — 0 on A如 from which
together with the assumption (3.1), we obtain

(3.8) = 0

on Mq. Taking X and Y in To, we have

(3-9) 仞质)M)= -洲4X,M),

where we have used (3.2). On the subset A/q, by taking account of 
(3.8) and (3.9), the inner product of (3.4) with g gives us

g(X, U)g(匕 AU) - g(Y, U)gQ頌 AU) = 0,
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namely, we have

(3.10) g(X,U)AU - g(X, AU)U 三 0 (mod. £)

for any vector fields X and Y m Tq. Since g(AU^) = X we can put 
AU = /3g + qU + 5V, where V is a unit vector field orthogonal to £ 
and [/, and 7 and 6 are smooth functions on Mq. From (3.10), we get

6{g(X, U)V _ g(X, V)U}三 0 (mod. &

for any vector field X in Tq. Thus we have S = 0,and hence

厶U = %廷+ yU

on Mq.

Under the above prepe호ations, we can prove the second step.

Lemma 3.2. The structure vector Geld g is principal.

Proof. By (3.7) and (3.8), we have

幻U +阳&U = 0

on Mq. The inner product of the above equation with U implies 知(& = 
0. So, we get ▽展/ = 0 on Mo Hence, differentiating AU =庞 + qU 
with respect to g covaxiantly and taking account of (2.1) and (3.8), we 
have

时 A& + d相U =。,

and hence
伊加 + d"£)U = 0

on Mo, This implies that /? = 0 on Mq, which is a contradiction.
It completes the proof.

Finally, from the assumption 4g 尹 0 of the theorem, we have 
= a 尹 0 on Mq. Accordingly, we complete the proof of the 

theorem by Theorem C.
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Remark. The condition that does not vanish identically on M 
is a weaker one than the condition that the function = a has
no zero points. However, there exists an example of non-homogeneous 
real hypersurface with satisfy the conditions = 0 and 4g vanishes 
identically. So, the condition that ? 0 can not be rejected.

As a direct consequence of Theorem, we find the following

Corollary 3.1. Let M be a real hypersurface of Mn(c),c 7^ 0, n
3. If the structure vector field g is principal and if it satisfies

g("X),Y) = 0,心 0

for any vector fields X and Y in T()} then M is of type A.

Proof. Since g is principal, we see /4g =(低 and a is constant. 
Hence, we have ▽&4(g) = 0 because 7氐=0. From the assump­
tion g(P7&4(X)"Y) — 0 for any vector fields X and Y in 7b5 we get 
▽&4(X) = 0 for any vector field X in Tq.

This completes the proof.

Now, let 捉 be the Lie derivative with respect to g. We define the 
second fundamental form h by 龙(X, Y) = g{AX^ Y) for any vector 
fields X and Y. Because of Z0z(X, Y) = g(<%4(X),Y) for any vector 
fields X and K, we obtain the following corollary by Theorem.

Corollary 3.2. Let M be a real hypersurface of Mn{c)^c 7^ 0,n 
3. If it satisfies

CM(X,Y)=0, AC/0

for any vector field X in Tq and any vector field Y, then M is of type 
A.
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