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REAL HYPERSURFACES SATISFYING
S(f)= ©S IN A COMPLEX SPACE FORM

Jong Joo Kim

0. Introduction

An n-dimensional complex space form Mn(c) is a Kaehlenan man
ifold of constant holomorphic sectional curvature c As is well known, 
complete and simply connected complex space forms are isometric to 
a complex projective space PnC^ a complex Euclidean space Cn or a 
complex hyperbolic space HnC according as c > 0, c = 0 or c < 0

Let M be a real hypersurface of Mn(c). Then M has an almost 
contact metric structure (0, & 77, g) induced from the Kaehlerian metric 
and complex structure J of Afn(c). The structure vector field f is said 
to be principal if where A is the shape operator m the
direction of the unit normal C and a = We denote respectively 
by S and h the Ricci tensor of type (1.1) on M and by trA. It is known 
that if £ is principal curvature vector, then a is constant, and 사& = 0 
[4], [9]. Takagi [10] classified all homogeneous real hypersurfaces of PnC 
as six model spaces which are said to be (Ai), (A2), (D) and
(E) and Cecil-Ryan [2] and Kimura [5] proved that they are realized 
as the tubes of constant radius over Kaehlerian submanifold if g is 
principal curvature vector. Namely, he [10] proved the following:

Theorem A. Let M be a homogeneous real hypersurface of PnC. 
Then M is a tube of radius r over one of the following Kaehlerian 
submanifolds.

(Al) a hyperplane PnC, where 0 < r < %/2 ,
(厶2)a totally geodesic PkC(l < fc < n — 2); where 0 < r < tt/2,
(B) a complex quadric Qn-i? where 0 < r < tt/4;
(C) P\C x P(n_])/2G ^here Q <r < tt/4 and n(> 5) is odd,
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(D) a complex Grassmann G%* where Q < r < 찌4 dnd n = 9,
(E) a Hermitian symmetric space SO(1Q)/U(5)} where 0 < r < 

%/4 and n = 15.

Also Berndt [1] showed that all real hypersurfaces with constant 
principal curvatures of HnC are realized as the tubes of constant radius 
over certain submanifolds when the structure vector field g is principal, 
which are said to be of type (Ao),(厶i),(厶2)and (B).

On the other hand, Kimura [6] and Ki-Suh [4] proved respectively 
the followings:

Theorem B. Let M be a real hypersurface in PnC, n > 3 on 
which is a. principal curvature vector and the mean curvature of 
M is constant. If S</> = </)S, then M is locally congruent to one of 
(处),(&), (&), (B), (C), (£>) and (E).

Theorem C. Let M be a real hypersurface in HnC} n > 3 on 
which & is a principal curvature vector. If S(f> =(f)S7 then M is locally 
congruent to one of (Aq), (Ai),(厶2) and (B).

Remark. In the proofs of Theorem A and Theorem B, they really 
used the condition that is a principal curvature vector.

From these points of view, we prove in the present paper the follow
ing:

Theorem. Let M be a real hypersurface of Mn(c), c = 0 satisfying 
S(f> = <f)S . If dh(g) = 0, then g is a principal curvature vector provided 
that a = 77Q頌 is constant.

All manifolds in this paper are assumed to be connected and of class 
c°° and the real hypersurface are supposed to be orientabte.

1. Structure equations of a real hypersurface

In this section, fundamental properties of a real hypersurface in a 
complex space form are recalled.

Let Mn(c) be a real 2n-dimensional complex space form with parallel 
almost complex structure J and Reimannian metric tensor G which is 
J-Hermitian, and covered by a system of coordinate neighborhoods 
{V-,XA}.
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Let M be a real (2n-l)-dimensional hypersurface of Afn(c) covered 
by a system of coordinate neighborhoods {V\yh} and immersed iso
metrically in Mn(c) by the immersion z • M Mn(c). Throughout 
this paper the following convention on the range of indices are used :

A,B, - ■■ = 1,2,■ ■ - ,2n ; i,j,■■- = 1,2,■•- ,2n - 1.

This summation convention will be used with respect to 나lose system 
of indices. We represent the immersion % locally by xA = xA{yh} and 
B3 = (B：) are (2n — l)-linearly independent local tangent vectors of 
M)where B3A = d3xA, d3 — d/dyz. A unit no호mal C to M may be 
chosen.

Since the immersion is isometric, the induced Riemannian metric 
tensor g with components g詐 is given by

= GbaB3b BtA.

For the tangent vectors B* and a unit normal C to A幻 we can put

JBZ = ^Bh + &C, JC =

in each coordinate neighborhood, where we have put (j)3i =
and & = C), 皆 being components of a vector field g asso
ciated with & and (j项，= ©Jg” We notice he호e that q當 is_ skew- 
symmetric. By the properties of the almost complex structure J, it is 
seen that

S'挪/•= 一时1 *&铲, =0, &电r=(), =],

namely, the aggregate ((缶 g,f) defined an almost contact metric struc
ture.

Denoting by Vj the operator of van der Waerdern-Bortolotti co
variant differentiation with respect to g” equations of the Gauss and 
Weingarten for M are respectively obtained:

NR = A3.C, V3C =

where A = (A*), which is related by A3% = A3rgtr is the shape oper
ator derived from C.
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By means of above equations, the covariant derivatives of the struc
ture tensors are yielded :

(1.1) V时=+ ▽応=一妃.

Since the ambient space is a complex space form, equations of the 
Gauss and Codazzi for M are respectively given by

c
I Rkjzh = ^(g사沮?2 ~ 勿九曜_+《사血令:卩 —屁 — 2。危龙成)
(1.2) 4

+사z/ljz — 4?"4屈：

c
(1.3) ▽人:4" — V?』.屁=*(&0JZ — &3如旅，—

where Rk3th a호e components of the Riemannian curvature tensor of M.
To write our formulas in convention forms, we denote in the sequal 

by 心2 = &”4宀 h = trA =如0七 a = 4濟and (3 =电Jggz
If we put U3 = then U is orthogonal to & Hence it is, using

(1.1),  clear that

(1.4) 姊矿=厶北《一吃，

which shows that g(U)U) = 0 — a2. From the second equation of (1.1) 
we easily see that

(1.5) U7& = Ajr2C 一

Differentiating (1.4) covariantly along M and using (1.1), we find

(1.6) ^(AkrUr + ak) + ^rVkUr = ^kA3r-A3rAks^s+aAkr<t>3r,

which enable us to obtain
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(L7) (vfcArS)res = ^Akrur+臥，

where 0% =如加
Transforming (1.6) by(肝 and making use of (1.1) and (1.5), we 

have

(1.8) + ^Akr2C + <(▽妇dr)。： = (▽*#)(▽思)+ aAkz.

Thus, it follows that

(1.9) ^rU3 = ~3UsArs(/)Jr + aA3rC — - 饥qL
where we have used (1.1) and (1.7).

We can put

(1.10) A3r^ = a^3+pW3,
where W is a unit vector fi이d orthogonal to g. Then from this and (1.4) 
we see that U =—网)W and /12 = /3 — q2. Thus W is also orthogonal 
to U.

By (1.2) the Ricci tensor S with component S* of M is given by

(1-11) S3i = —{(2n + l)g整—明&} + —厶建.

Since g and W are mutually orthogonal, it is, using (1.1), (1.4) 
and (1.10), seen that

^r^3Wr = AjrUr,taglA2
Remark. Let M be a real hypersurface of Mn(c), c 0. If the 

structure vector field & 코s principal, then a is constant [4], [이. Further
more, it is, using (1.4), (1.6), seen that dh(£) = 0, where dh is the 
exterior differential of h. But the converse problem as above is not 
yet proved

In the following, we assume that 户尹 0 on 虬 that is, £ is not 
principal curvature vector field and we put Cl = {p E M|/z(p) + 0} 
Then Q is an open subset of and from now on we discuss our 
argument on Q.
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2. Real hypersurfaces satisfying S(f> = ©S

Let M be a real hypersurface of a complex space form A/n(c),c + 0 
satisfying S© =(j)S. Then we have by (1.11)

(2.1) {hA^r — 4仃 + (如4“ — AqPVbJ = 0.

Because of properties of the almost contact metric structure induced 
on My it follows that

(2.2) 財*小

where we have put a = which together with (1.11) implies
that

(2-3) Ajr2C = hAjrC + W - M)&,

where we have defined

(2.4) /3 ~ ha = ^(n — 1) — a.
厶

From (1.10) and (2.3), we have

(2.5) A3rWr =诚：)+ (/i- a)%.

because /z 7^ 0 on Q, and hence

(2.6) Ajr2Wr = hAyrC + (j3- ha)Wy.

Differentiating (2.5) covariantly along Q, we obtain

(2 7) (臨烦)俨+心H叮

=卩 k& + + (hk — Olk)W3 + 0 — Q)▽吊卩;.
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Transvecting W3 and taking account of (1.12) and (2.5) yields

(2.8) (ykArs)WrWs = -2AkrUr + hk-ak.

If we transvect also 母 to (2.7) and use (1.10), then we have

(2.9) iJ,(ykArs^rWs = 0 — 2a)AkrUr +言庆 一 aak,
厶

where we have used the fact that /z2 ~ — a2.
On the other hand, taking the inner product (2.1) with and 

making use of (1.4), (2.5) and (2 6), we obtain

(2.10) A3r2Ur = hA3rUr + (月—ha)U3.

Now, differentiating (2.3) covariantly along Q and using (1.1) an
(2.1), we find

+A/(VUrS)r - h(ykAjr)c
(2.11) = h^Ajr^ + (/3 —醯)化& + (/如:厂 3 — hA］罗、)(虻

which together with (1.7) gives

(2.12) (VMts)e^rSe = hAkrUr +
厶

If we take the inner product (2.11) with 砂 and make use of (1.3), (1.7),
(2.10) and (2.12), then we obtain

c 1
,o 1M hA3rUr + ⑵3 - 2ha — -)U3 + + 脾-ha3
(Z.LS) 4 厶

= 사输板顼+邮-相)(&&,
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where 사i(f) = h，苗 and d(/3 — *)(£) = /暧 - hat^ — aht^.
By the way, it is, using (1.3), (1.10), (2.8), (2.9) and (2.12), seen 

that

(▽妇侦)(&%「)(& W)+进(瞞％)興，甘貞

c 3
= (九으 + 2/id _ 2/3 _ —)+ {h，(j3 — hen) _ —

+ ot(3j — 0% + —Ajr(3r + (/3 — o3)九j. 
厶

Thus, by transvecting to (2.11), we can get

c 3 c
(2/M — 2/3 — 5)厶・丁」尹 + 안匕(6 — 龙 a) — —co； + —h}Uj 

厶 1노 厶

(2.14) +(2。— — 0% + A”伊 + (/3 — o?)h3
厶 £t

=dh(A^)A3r^r + d(/3 - ha){A^3,

where we have used (1.3) and (2.12).
If we take the inner product with As3^s and W3 to (2.14), and make 

use of (1 10), (2.3) and (2.5)： 난len we obtain respectively

(2.15) :网3(W)-丄弗(& +伽碓)=(月—cP)泓⑹
厶 Z

(2.16) 打0(W) + 皿&& - ada(W)=卩dh，(&). 
厶

From the last two equations, it follows that

(2.17) 物3(g) = ada(& + fida(W).
厶
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3. Main result

First of all we prove the following :

Lemma 1. Let M be a real hypersurface of Mn(c)y c 尹 0 satisfying 
=(j)S. Suppose that 泓(g) = 0 and a = const. Then we have 

如(&X) = 0 for any vector field X on Q? where u(X) = g(U, X) and 
d is denoted by the operator of exterior derivative.

Proof. Because of (2.16) and (2.17), we have dfi(W)=此(& = 0 
by virtue of dh(幻 =0 jind a = const. Thus (2.13) and (2.14) are 
reduced respectively to

c 1
(3.1) hAjrUr + (2/3 - 2ha 一 + = 0,

T： 厶

c 3 c
(2力，q — 2/3 — —)AjrC7r + {h(^/3 — /心)一—ecu + —

(3-2) 1 2 4 2
+ 5(2。，— h)/33 + ~Ajr(3r + (/? — o&hj = 0,

where we have used (1.10) Using (2 10) and (3.1), we get

] c~A3rf3r + (/i2 + 2/3 - 2ha 一 ^)AjrUr + h시3 一 ha)U3 = 0.

Combining with the last three equations, it follows that

(3.3) fUj + (ha — 2/3 — —+ h(/3 — = 0T
o

where we have put

(3.4) f = (2ha-^/3~')(2(3-2ha-^+2h(2a-h)^-ha)-^h(h-a).

Differentiating (3.3) covariantly along Q, we find
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fkU3 + f^kUj + (ha — 2/3 — —)Vfc^ + h<(3 一 o?)▽对勺 
o

+ 打나峋 — 2/3人:)/& + (/3 — oP^h^hk + 邱卩勺 = 0,

from which, taking the skew-symmetric part,

fkU3 一 f,Uk + f(ykUj 一 VNQ + (h-a)(成为 一 g = o.

Thus, it is clear that

(3.5) 曾(▽印，-▽双)=0,

because we have used (3.4) and the fact that 必3(g) = 0 and dh(幻=0.
Now, let Qo be a set of points in Q such that dzz(&X)寸二 0 for any 

vector field X on Q and suppose that Qo be not empty Then we have 
/ = 0 on Qq with the aid of (3.5), and hence

(8/iq 一 8(3 — h? + —)/3^

4- {6a/? — 6/ia2 + 2a砂 + 2(0 — ha) (a — A) — j九 + :妇=0.

Furthermore, by (3 3) we obtain

(ha 一 2/3 — —+ /i(/3 — = 0
8

on Qo- From the last two equations we easily verify that f3 and h are 
both constant. Thus, from (3.1) we can see that AjrUr = XU» where 
we have defined the function X by

' hA + 2/3 — 2 Act — — 0
， 4

on Qq Because of (2.10) and (3.2), we also obtain respectively

人2 =九入+月一 ha,

c 3 c
X(2ha — 2/3 — —) + h(/3 — ha) — -ca + —h = 0 

厶 4 Z
on Qo- By means of the last three equations we can verify that A = h—a 
and hence 6 —= 0, which is a contradiction. Hence Qo is empty. 
This completes the proof of Lemma 1.
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Proof of Theorem. Since a is constant, (1.9) is reduced to

(3.6) NkS = —3UM"物r + aAjrC - 8& .

On the other hand, using (1.5) and (2.3) we have

= (a — h)Ajr^ + (ha -阳

because g and U are -mutually orthogonal. Thus, substituting this 
and (3.6) into 一 VfcLTj) = 0, we find

3UsAsr 0/ = h( AjrC — ),

where we have used the result of Lemma 1, which implies

(3.7) 3AjrUr = hUJ.

Therefore (2.10) gives

2
(3.8) j3-ha=--h2.

From this we -can get

4
(3.9) -h)h3.

y -

Because of (3.7) and (3 8), 나le equation (3.1) turns out to be

2 c

(3.10) 缶—(萨2 +
y 厶

which together with (3.9) yields

(3.11) (a -砂)炳=
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which enable us to obtain

(3.12) (a -抑"=(証2 + £)(ha -誕-a2).

Using (3.7) and (3.10), we also have from (3.2)

侦”(/3 — ha) — -ca + ~h + (-/i2 + -)(2a —談‘)}% + 侬一以'、卩勺=0. 
o q 3 y 4 o

From this and (3.8), it follows that

(3.13) 如 L广=—h-3 — -ah2, + -a —甘龙.

Substituting this into (3.12), we see that h is constant because h is a 
root of the algebraic equation with 호espect to h with constant roeffi- 
cient. Thus 0 is also constant since we have (3.9). Accordingly (3 10) 
and (3.13) will produce a contradiction. Therefore Q is a empty set, 
that is, the structure vector field g is principal. This completes the 
proof.
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