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FIXED POINTS OF ASYMPTOTICALLY
REGULAR MAPPINGS

SHIN MIN KANG AND LI RONGLU

ABSTRACT In this paper, we prove some common fixed pomnt theo-
rems for compatible mappings by using asymptotically regular map-
pings under the contractive type of G. E Hardy and T D Rogers,
and also give some examples to illustrate our main theorems Our
results extend the results of M D. Guay and K L Singh and others

1. Introduction

The most well-known fixed point theorem 1s so called the Banach’s
fized point theorern which asserts that if a contractive mapping from a
complete metric space into itself exists, then the mapping has a unique
fixed point in a complete metric space. A more generalized contractive
condition was introduced by G. E Hardy and T. D. Rogers [4].

In 1976, G Jungck [5] initially proved a common fixed point theorem
for commuting mappings which generalizes the well-known Banach’s
fixed pont theorem. This result has been generalized, extended and
improved in various ways by many authors {[2], [6}-[12])

On the other hand, S. Sessa [11] introduced a generalization of com-
mutativity, which 1s called weak commutativity, and proved some com-
mon fixed pownt theorems for weakly commuting mappings which gen-
eralize the results of K M. Das and K. V. Naik [2]. Recently, G Jungck
{6] introduced the concept of more generalized commutativity, so caltled
compatiblity, which 1s more general than that of weak commutativity
The utility of compatibility in the context of fixed point theory was
imitially demonstrated in extending a theorem of S Park and J S. Bae
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[10]. By employing compatible mappings in stead of commuting rap-
pings and using four mappings in stead of three mappings, G. Ju- gck
[7] extended the results of M. S. Khan and M. Imdad [9], S. L. Singh
and S. P. Singh [12] and, recently, also obtained an interesting ¢ sult
concerning with his concept in his consecutive paper [8].

In this paper, we prove some commeon fixed point theorems for <om-
patible mappings by using asymptotically regular mappings under the
contractive type of G. E. Hardy and T. D. Rogers (4], and also give
some examples to illustrate our main theorems. Qur results extend the
results of M. D. Guay and K. L. Singh [3] and others.

2. Preliminaries

For some definitions, terminologies and notations 1n this paper, we
refer to [6], [7], and [11].

DEFINITION 2.1. Let A and B be mappings from a metric space
(X,d) into itself. Then A and B are said to be weakly conmuting
mappings on X if d(ABz, BAr) < d(Az,Bz) for all z n X

Clearly, commuting mappings are weakly commuting, but the con-
verse is not necessarily true as in the following example:

EXAMPLE 2.1. Let X = [0,1] with the Euclidean metric d. Define
Aand B: X — X by

1 T
A:z:—~2-a: and B:z:—2+x

for all z in X, respectively. Then A and B are weakly commuting
mappings on X, but they are not commuting at z {#£0) in X.

DEFINITION 2.2. Let A and B be mappings from a metric space
(X,d) into itself. Then A and B are said to be compatiblc mappings
on X if lim d(ABz,, BAz,) =0 when {z,} is a sequence in X such

n—oQ

that lim Az, = lim Bz, =t for some ¢ in X.

n—-—>00 n—o

Obviously, weakly commuting mappings are compatible, but the
converse is not necessarily true as in the following example:
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EXAMPLE 2.2. Let X = (—o00,00) with the Euclidean metric d.
Define A and B: X — X by
Az =23 and Br=2-=z
for all z in X, respectively. Then, since d{(Az,, Bz,} = [z, —
|22 + 2, + 2| — 0if and only if z, — 1,

lim d(BAz,, ABz,) = lim 6|z, -1 =0 asz, — 1.

n—o0

Thus, A and B are compatible on X, but they are not weakly com-
muting mappings at =z (= 0) in X. Thus, commuting mappings are
also compatible, but the converse is not necessarily true.

We need the following lemma for our main theorems:

LEMMA 2 1. Let A and B be compatible mappings from a metric
space (X,d) into itself. Suppose that lim Az, = lim Bz, =t for

n—o n—o00

somet in X. Then hm BAzx, = At if A is continuous.
n—00

3. Fixed point theorems

In this section, we shall prove some fixed point theorems for asymp-
totically regular mappings.

DEFINITION 3.1. Let A and S be mappings from a metric space
{X,d) nto itself Then A 1s said to be asymptotically regular at zy in
X with respect to S if m d(SA"zg, A" 'zg) = 0

n—oo

If S is the identity mapping on X, then the above Defimition 3 1
coincides’ with that of F. E. Browder and W. V. Petryshyn [1].

Drawing inspiration from the contractive condition of G E. Hardy
and T. D. Rogers [4], we present the following theorems.

THEOREM 3 1. Let A, S and T be mappings from a complete metric
space {X,d) into itself satisfying the following condition:

d(Azx, Ay) < ay d(Ax, Sz) + ag d{ Az, Tx) + ez d( Ay, Sy)
+ ag d( Ay, Ty) + as d{ Az, Sy) + ag d( Az, Ty)
+ ar d(Ay, Sz) + ag d(Ay, T'x) + ag d(Sz, Ty)
+ a10d(Sy, Tz)

(3.1)
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for all z,y in X, where a,, i = 1,2, .-, 10, are non-negative real num-
bers with

maX{(az + az + ag + a7 + ag + ayo), (as +ag+ a7+ asg),

3.2
( ) (a5+a6+a7+as+ag+am)}<1,

Suppose that
(3.3) S and T are continuous,
(3.4) the pairs A,S and A,T are compatible,

(3.5) A is asymptotically regular at some point g in X with respect
toS andT.

Then A, S and T have a unique common fixed point in X.

Proof. Let A be asymptotically regular at o in X with respect to
S and T. Consider the sequence {A"zg}. Then by (3.1), we have for
any positive integers n and m,

d(Amzo, A™x0) < ay d(ATxo, SA™ 1xg) + ag d(A w0, TA™ 1)
+ a3 d(A™zo, SA™ 'z0) + ag d(A™wo, TA™ ' z0)
+ as [d(AMzg, A™x0) + d(A™ o, SA™ zp) )
+ ag [d(A"zp, AT zg) + d(A™ 0, TAm"lxo) ]
+ a7 [d(A™zg, A™x0) + d(Azo, SA™ 'x0) ]
+ ag [d(A™zq, A"zo) + d(A"zo, TA™ 7o) ]
+ ag [d(SA™ 1z, AMz0) + d(A o, A" Z0)
+ d(A™zo, TA™ 120)]
+ ao [d(SA™  zg, A xg) + d(A™xp, A" o)
+ d(A" g, TA™" 136)],
where a, > 0,7 =1,2,---,10. Therefore, we obtain
(1~ as —ag~a7 — ag — ag — a10) d(A" o, A™zq)
< (a1 + a7 + ag) d(A™xo, SA™ o)
+ (ag + ag + ap) d(A%zg, TA™ 1130)
+ (az + as + ax) d(A™ o, SA™ 1 zp)
+ (a4 + ag + ag) d{ A" o, TA™ 1xp).



Fixed points of asymptotically regular mappings 347

From (3.2) and (3.5), by taking the limit as m, n — oo, {A"xz¢} is a
Cauchy sequence in X and hence it converges to some point z in X.

d(SA™ g, 2) < d(SA™ xy, A"xo) + d(A"20,2) — O

as n — o0, so SA" 1xy — 2. Similarly, we have TA" lzg — z as
n — oo. By (3 3), we obtain

SA"zg, S2A™'zy and STA" lzy — Sz,

TA"zg, T?A™ 'zp and TSA " '29 — Tz

as n — oo. By (3.4), it follows from Lemma 2.1 that
ASA™ 1zy — Sz and ATA lzg — Tz
as n — oo. From (3.1) wath e, > 0,7 =1,2,--- , 10, we have

d(ASA™ g4, AT A Lxy)
< a1 d(ASA™ 2o, S? A" 1) + ag d(ASA™ targ, TSA™ 1xp)

+az d(ATA 2o, STA" 20) + ag d(ATA™ 2o, T2 A" 1)

+ a5 d(ASA™ ao, STA 'zg) + ag d(ASA™ 'zo, T2 A" ap)

+ a7 d(ATA™ 1ay, S2A" 1ag) + ag d(ATA™ oo, TSA™ 1 zp)

+ag d(S?A™ oo, T2 A" ag) + a0 d(STA™ 2o, TSA™ L)

< ard{ASA™ 1z, S2A™ 1)

+ (ag + a3z + ag + ar + ag + aip) max{d(AS A" zg, TSA™ 1zq),
d(ATA™ zg, STA" ), d(ASA™ g, T* A" L p),
d(AT A 2o, STA Vag), d(S2 A" ag, T2 A" 120),
d(STA" 2o, TSA " 11g)} + as d(AT A™ a2, T? A" o)

+ as d(ASA™ Lz, STA tag) + ag d(ATA™ 'z, TS A™ 1z).

By taking n — o0, we have

d(Sz,Tz) < (as + a3 + ag + a7 + ag + a10) (52, Tz)
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which, by (3.2), implies that Sz = Tz. Again, from (3.1} with a, > 0,
1=1,2,.--,10, we obtain
d(AT A™ 'z, A2)
< a1 d(ATA™ 'z, STA™ o) + ag d( AT A™ zg, T2 A o)
+a3[d(Az,Tz) +d(T'z,Sz)] + as d(A2,T2)
+ as d(ATA™ txq,82) + ag d(ATA™ 'z, T2)
+ard(Az, STA" 'xy) + ag d(Az, T2 A" 1z)
+ ag d(STA™ Yo, T2) + a0 d(Sz, T A" 1xzp)
< a1 d(AT A Y2, STA™ 1ug) + ag d(AT A™ Lag, T2 A™ 1)
+ (a3 + 04 + a7 + og) max{d(Az,Tz),d( Az, STA" 1 2),
d(Az, T?*A™ z0)} + a5 d(ATA" 1z0,T2)
+ ag A(AT A 'xg,52) + ag d(STA™ l2g, Sz)
+ a10d(T'z, TQA"'“’Q:O).

By taking n — oo, we have
d(Tz,Az) <{ag + aq + a7 + ag) d(T'z, Az)

which imples that Tz = Az From (3.1) with a, > 0,4 =1,2,--- 10,
we obtain
d(A"xg, Az)
< a1 d(A"zo, SA™ 'zg) + az d(A™zo, TA™ z0)
+a3d(Az,Sz) + ag d(Az,T2) + a5 d(A™xg, S2)
+agd(A™z, T2) + a7 d(Az, SA™ 'xg)
+ ag d(Az, TA" 'zg) + ag d(SA™ 'zq,T2)
+ a0 d(Sz, TA™ )
< ay d(A g, SA™ '29) + ag d(A"zo, TA" x0)
+ {as + ag + a7 + ag + ag + ayg) max{d(Az, SA" " 'xq),
d(Az, TA™ 124),d(A"xo, A2)}.
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Thus, by taking n — oo, we have
d(z, Az) < (a5 + es + ay + as + ag + a1g) d(z, Az)

which implies z = Az and hence z is a common fixed point of A, S and
T.

In order to prove the umiqueness of z, let w be another common
fixed points of A, S and T. Then by (3.1), we obtain

d(z,w} = d{Az, Aw)
<ayd(Az,8z)+ ax d(Az,Tz) + a3 d(Aw, Sw)
+ a4 d(Aw, Tw) + a5 d(Az, Sw) + as d(Az, Tw)
+ a7 d(Aw, Sz) + ag d{Aw, Tz) + ag d(Sz, Tw)
+ a9 d(Sw, Tz)
= (a5 + ag + a7 + ag + ag + a10) d(z,w),

where a, > 0,7 =1,2,---,10. Hence z = w by (3.2). This completes
the proof.

In the following example, we show that the continuity of both map-
pings is essential.

EXAMPLE 3.1. Let X =[0,1] with the Euchdean metric d. Define
A, SandT: X — X by

1 1 % if x =0,
Ar=-2, Szr=-z and Tz=
8 2 1 .
—z ifz#0
2
for all z in X. Then we have
i 1 7 1
= —— =— < = =d{A0,70
d(AT0,TA0) = 7 — - = - < 5 = )

and so each of the pairs A, S and A, T is compatible. Furthermore,
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we have
'Ogid(Sy,T:z:) ifz=y=0,
éx= %d(Sy,T:s) if £ >y =0,
d(Az, 4y)=¢ T 1
gv= 7455 Ty) ify>e=0,
Slo-yl=7d(S5Ty)  Hay#0.

Thus, the conditions (3.1) and (3.2) are satisfied with a, = 0, i =
1,2,---,8, and ag = a1p = %. We have

lim d(A"'zg, SA™zp) =0, nlim d(A" Y zy, TAz9) =0

n—oe

at some point zg in X. Thus, all the hypotheses of Theorem 3.1 are
satisfied except the continuity of both S and T'. Here, A4, § and T do
not have a common fixed point in X.

If we put S =7 in Theorem 3.1, then we have the following:

COROLLARY 3.2. Let A and § be mappings from a complete metric
space (X, d) into itself satisfying the following condition:

d(Az, Ay) < by d(Az, S7) + bs d( Ay, Sy)
+ b3 d(Az, Sy) + by d(Ay, Sx) + bs d(Sx, Sy)

forallz,y in X, whereb,, 1 = 1,2,--- , 5, are non-negative real numbers
with
(36) by +by+b3+byg+b5 < L.

Suppose that

(3.7) 8 is continuous,

(3-8) the pair A, S is compatible,

(3.9) A is asymptotically regular at some point xq in X with respect
to S.

Then A and S have a unique fixed point in X.

Now, we give some theorems by using four mappings in stead of
three mappings:
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THEOREM 3.3. Let A, B, S and T be mappings from a complete
metric space (X, d) into itself satisfying the following conditions (3.7),
(3.8) and (3.10):

d(Az, By) < by d(Ax, Sz) + by d(By, Ty)

3.10
(3.10) + b3 d(Ax, Ty) + by d( By, Sz) + b5 d(Sz, Ty}
forallz,y in X, whereb,, i = 1,2, --- 5, are non-negative real numbers
with

(3.11) max{{by + b3), (by + b4), (b3 + bg + 65)} <1

Suppose that

(312) d(z,Tx) < d(z,Sz) for all z in X,

(3.13) A and B are asymptotically regular at some points xg and yp in
X with respect to S and T', respectively.

Then A, B, S and T have a unique common fixed point in X.

Proof. Let A and B be asymptotically regular at xg and yo in X
with respect to S and T, respectively Consider the sequences { A"z}
and {B"y} From (3.10), we have, for any positive integers m and n,

d(A™zg, B™yg) < by d(A™ o, SA™ x0) + ba d(B™ye, TB™ 'yo)
+ b3 [d(A™ 20, B™yo) + d(B™yo, TB™ 'y0) ]
+ by [d(B™yg, A™xg) + d(A™z4, SA™  zp) ]
+ b5 [d(SA™ 3o, Axo) + d(A™ 0, B"y0)
+d(B™y0,TB" o) ],

where b, > 0,2=1,2,---,5, and so

(1 - b3 — b4 — bs) d(Am.‘Bo,Bnyg)
< (by + by + bs) d(A™zg, SA™ xzg)
+ (f)g + b3 + b5) d(Bny(), TBn_lyo).
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Since d(AmIL‘o, An:L'o) < d(Am.’L’o, B“yo) + d(A“xo, Bnyo), we ahitar,

d(Am.’Bo,An:Eo)
by + by + bs
- 1—(b3+b4+b5)
by + by + b
1~ (b5 + b +bg)
( by + b3+ bs by + b5 + by
1—(bg+bs+bs) 1—(b5+b,+0b5)

d(A™zg, SA™zg)

d(An:L‘o, SA™ I:I,‘(})

)d(B"yo, TB™ g0

where b, b, > 0,i=1,2,---,5. From (3.11) and (3.13), by taking }.c

limit as m, n — oo, we deduce that {A™zg} is a Cauchy sequence 1.

and hence it converges to a point z in X. Thus,
d(SA™ Yxg, 2) < d(A™zo, SA™ zp) + d(A"z0,2) — O

as n — oo and so SA" !zg — 2. Similarly, it can be proved that 7 g
and TB® 1yg — 2 as n — o0o. By (3.7), we have

SA"zg, S2A"lzg — Sz asn— .
Since A and S are compatible, Lemma 2.1 implies
ASA™ 1z — Sz asn — oo.
Again, from (3.10) with b, > 0,¢=1,2,.--,5, we obtain

d(ASA™ 12y, B™yp)
< (by + ba) max{d(ASA™ zo, S2A™ 1g), d(B yo, TB™ ‘y0)}
+ (b3 + by + bs) max{d(ASA™ Lz, TB" ly5),
d(B"yo, S* A" '0), d(S? A 20, TB" 'y0)}

By taking the limit as n — 0o, we have

d(Sz,2) < (b3 4+ bs + bs) d(Sz, 2)
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and so Sz = z by (3.11). From (3.10) with b, > 0,¢=1,2,---,5, we
obtain
d(Az, B™yo) < (b1 + bs) max{d(Az, Sz),d(Az, TB™ o)}
+ (b + bg + bs) max{d(B™yo, TB™ 'yp),
d(B™yo, Sz),d(Sz, TB" 'yo)}

By taking n — 00, we have

d{Az,z) < (b1 + b3) max{d(Az, Sz).d(Az, z}}
+ (by + bg + bs) d(z, Sz}
= (bl + b3) d(Az, Z),

which imples Az = z by (3.11). From (3.12), we deduce that
d(z,Tz) < d(z,5z) =0.
Thus, z = Tz. Furthermore, (3.10) unphes that

d(z, Bz) = d(Az, Bz)
< by d(Az,Sz) + bad(B2z,Tz)
+ b3 d(Az,Tz) + by d(Bz,S5z) + b5 d(Sz,Tz)
= (b2 + b4) d(Z, Bz),
where b, > 0,7=1,2,---,5. By (3 11), we have Bz = 2. Therefore, 2

is a common fixed point of A, B, S and 7.
In order to prove the uniqueness of z, let w be another common

fixed point of A and S. Then by (3.10), we obtain
d(w, z) = d(Aw, Bz)
< by d(Aw, Sw) + b d(Bz,T'z)
+ b3 d(Aw, Tz) + by d(Bz, Sw) + b5 d(Sw, Tz)
= (b3 + b4 + bs) d(z,w),

where b, > 0,7 =1,2,---,5. Hence 2z = w. Siunilarly, we prove that z
is a unique common fixed point of B and T. This completes the proof.
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REMARK 3.1. Note that, if we do not assume the conditiur 7" :2),
ie., “d(z,Tz) < d(z,Sz) for all z in X”, in Theorem 3.3, ther this
theorem need no longer be true. In the following example, we can
construct mappings A, B, § and T, where S and T do not sutsfy the
condition mentioned above, such that A and S have only on: ¢ ' 10n
fixed point in X which is not the fixed point of B or T'.

EXAMPLE 3.2. Let X = [0, 1] with the Euclidean metric d. iJefine
A B, SandT: X - X by

ifz =0, 1 ifz =0,

Az =0, Br =
o v x if:l:-/‘50

Sr =z and Ta::{

N

if z #0,

for all z in X, respectively. It is easily seen that A commutes with S
and S is continuous. Since d(0,7°0} = 1 > 0 = d(0, S0), the coudition
(3.12) is not satisfied at the point zero. Furthermore, we have

1

_J 4

d(ACB, By) - 1
4

for all z,y in X. For some zg and 7y in X,

lim d(A™+'zg, SA™20) =0,  lim d(B"'yo, TB yo) = 0.

n=—>0c0

Thus, all the hypotheses of Theorem 3.3 are satisfied with b, = 0,
¢ = 1,3,4,5, and by = 3 except the condition (3.12). Here, the point
0 is the common fixed point of A and & but the point 0 is not a fixed
point of B and T'.

REMARK 3.2. A result which is analogous to Theorem 3.3 can be
reformulated by supposing the continuity of T, “d(z, Sz} < d(z,Tx)
for all £ in X” and requiring the compatiblity of the pair 3, T.

The following Corollary 3.4 follows easily from Theorem 3.3 and
Remark 3.2:
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COROLLARY 3.4. Let A, B, S and T' be mappings from a complete
metric space (X,d) into itself satisfying the conditions (3.3}, (3.13}
and (3 10), where b,, i = 1,2,--- ,5 are non-negative real numbers
with (3.11). Suppose that
(3.13) the pairs A, S and B,T are compatible.

Then A, B, S and T have a unique common fixed point in X.

We show that the condition of asymptotic regularity 1s also necessary
in Theorem 3.1 and Corollary 3.4:

EXAMPLE 3 3. Let X = [1, 00) with the Euclidean metric d. Define
A(=B)and S=T:X - X by

Az =2z and Sz =4z

for all z in X, respectively Then the conditions (3.1} and (3.2) are
satisfied with @, = 0, ¢ = 1,2,--- ,8, and ag = a1 = h, where i <
h < 3. Furhermore, the conditions (3.10) and (3 11) are satisfied
with b, = 0,2 =1,2,3,4 and b5 = k, where 3 < k <1 The other
hypotheses of Theorem 3.1 and Corollary 3.4 are satisfied except the
condition (3.5) and (3.13), respectively. Indeed, for some zg in X,

lim d(A™zg, SA™zg) =0 ff 20=0

n—00

but the point § does not belong to X. Here, none of mappings has a
fixed point in X.

REMARK 3 3. If we replace the condition (3.11) by the condition
(3.6), then the conclusion of Corollary 3.4 is still true.

REMARK 3.4 If we put A = B and S = T in Corollary 3.4, by
Remark 3.3, Corollary 3.4 induces to Corollary 3.2.

REMARK 3 5. If we put § = Ix (: the identity mapping on X) in
Corollary 3 4 with by = by and b3 = b4, then we obtain the results of
M. D Guay and K. L. Singh [3] which generalize the results of several
authors.
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