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FIXED POINTS OF ASYMPTOTICALLY 
REGULAR MAPPINGS

Shin Min Kang and Li Ronglu

Abstract In this paper, we prove some common fixed point theo

rems for compatible mappings by using asymptotically regular map

pings under the contractive type of G. E Hardy and T D Rogers, 

and also give some examples to illustrate our mam theorems Our 

results extend the results of M D. Guay and K L Singh and others

1. Introduction

The most well-known fixed point theorem is so called the Banach 7s 
fixed point theorem which asserts that if a contractive mapping from a 
complete metric space into itself exists, then the mapping has a unique 
fixed point in a complete metric space. A more generalized contractive 
condition was introduced by G. E Hardy and T. D. Rogers [4].

In 1976, G Jungck [5] initially proved a common fixed point theorem 
for commuting mappings which generalizes the well-known Banach's 
fixed point theorem. This result has been generalized, extended and 
improved in various ways by many authors ([2], [6]-[12])

On the other hand, S. Sessa [11] introduced a generalization of com
mutativity, which is called weak commutativity, and proved some com
mon fixed point theorems for weakly commuting mappings which gen
eralize the results of K M. Das and K. V. Naik [2]. Recently, G Jungck 
[6] introduced the concept of more generalized commutativity, so called 
compatibility, which is more general than that of weak commutativity 
The utility of compatibility in the context of fixed point theory was 
initially demonstrated in extending a theorem of S Park and J S. Bae
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[10]. By employing compatible mappings in stead of commut iiig n*ap- 
pings and using four mappings in stead of three mappings, G. Jir gck 
[7] extended the results of M. S. Khan and M. Imdad [9], S. L. Smgh 
and S. P. Singh [12] and, recently, also obtained an interestiiig < 3ult 
concerning with his concept in his consecutive paper [8].

In this paper, we prove some common fixed point theorems for( om- 
patible mappings by using asymptotically regular mappings un<]ei the 
contractive type of G. E. Hardy and T. D. Rogers [4], and also give 
some examples to illustrate our main theorems. Our results extend the 
results of M. D. Guay and K. L. Singh [3] and others.

2. Preliminaries

For some definitions, terminologies and notations in this paper, we 
refer to [6], [7], and [11].

Definition 2.1. Let A and B be mappings from a metric space 
(X,衫)into itself. Then A and B are said to be weakly commuting 
mappings on X if d(ABx. BAx) < d(Ax, Bx) for all x m X

Clearly, commuting mappings are weakly commuting, but the con
verse is not necessarily true as in the following example:

Example 2.1. Let X = [0,1] with 나le Euclidean metric d. Define 
厶 and B : X — X by

. 1 - _ x
Ax = - x and Bx =--------

2 2 + x

fo호 all x in X, respectively. Then A and B are weakly commuting 
mappings on X,but they are not commuting at x (7^ 0) in X.

Definition 2.2. Let A and B be mappings from a metric space 
(X,d) into itself. Then A and B are said to be compatible mappings 
on X if lim d(ABxny BAxn} = 0 when {xn} is a sequence m X such 

n—>00
that lim Axn = lim Bxn = t for some t in X. 

n一>8 n―>8

Obviously, weakly commuting mappings are compatible, but the 
converse is not necessarily true as in the following example:
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Example 2.2. Let X = (—00,00) with the Eu이idean metric d. 
Define A and B : X —)X by

Ax = x3 and Bx = 2 — z

for all x in X, respectively. Then, since d(Axn)Bxn) — \xn — 1|
I + xn + 2| —> 0 if and only if xn —> 1,

lim d(BAxn^ ABxn) = lim 6 \xn — 1|2 = 0 as xn —1. 
n—>8 n―>oo

Thus, A and B are compatible on X〉but they are not weakly com
muting mappings at x (= 0) in X. Thus, commuting mappings are 
also compatible, but the converse is not necessarily t호ue.

We need the following lemma for our main theorems:

Lemma 2 1. Let A and B be compatible mappings from a metric 
space (X, d) into itself. Suppose that lim Axn = lim Bxn = t for 

n一》8 n—>co
some t in. X, Then lim BAxn = At if A is continuous.M8 n

3. Fixed point theorems

In this section, we shall prove some fixed point theorems for asymp
totically 호egular mappings.

Definition 3.1. Let A and S be mappings from a metric space 
(X, d) into itself Then A is said to be asymptotically regular at tq in 
X with respect to S if lim dfSA^XQ^ An+1a；o) = 0 

n—>00
If S is the identity mapping on X, then the above Definition 3 1 

coincides with that of F. E. Browder and W. V. Petryshyn [1].

Drawing inspiration from the contractive condition of G E. Hardy 
and T. D. Rogers [4], we present the following theorems.

Theorem 3 1. Let A, S and T be mappings from a complete metric 
space (X, d) into itself satisfying the following condition:

d(Ax, Ay) < ai d(Ax, Sx) + 例 d(Ax^Tx) + 电d(Ay^ Sy)

+ d(Ay, Ty) + a5 d(Ax, Sy) + a6 d(Ax,Ty)

+ a7 d(Ay, Sx) + a8 d(Ay, Tx) + a9 d(、Sx, Ty)

+ aiod(Sg,「r)
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for all x, y in X, where z = 1,2, • • • , 10, are non-negative real num
bers with

max{(a2 ++ <祐 + 财 + Q9 + (妇0),(如 + <也 + 伽 + 如)，

(明 + @6 + 伽 + ^8 + 如 + ⑶。)} V 1-

Suppose that
(3.3) S and T are continuous,
(3.4) the pairs A,S and A^T are compatible,
(3.5) A is asymptotically regular at some point xq in X with respect 

to S and T.
Then A, S and T have a unique common fixed point in X.

Proof. Let A be asymptotically regular at xq in X with respect to 
S and T. Consider 난2 sequence Then by (3.1), we have for
any positive integers n and m,

d(Anx0, Amx0) < ax d(Anx0, S^^xo) + a2 d(Anx0, TAn-1x0)

+ a3 d^xo, + a4 d(Amx0, TA^xq)

+ a5 [d(Anx0, Amx0) + d(Amx0, S厶m-y))]

+ a6 [d(Anx0, Amx0) + d(Amx0, TA^xq)]

+ 如[d(AmXQ, Anxq) + d{Anx(), SA11 'z。)]

+ a8 4%o)+ dQ4%0, nTf))]
+ a9 [d(S^xo, Anx0') + d(<Anx0,Amx0)

+ d(Amx0,TAm-^0)]

+ aw [d(SA^xo, Amx0) + c?(Xmx0,，4%o)

+ d(Anx0,TAn-1x0)],

where > 0, z = 1,2, •■- , 10. Therefore, we obtain

(1 —(25 — aQ—a^ — @8 —。9 — ^io) d(4%o, A^xq)

< (fli + Q7 +(19) 如)

+ 02 + @8 + aio) 0, TA11 '知)

+ (fl3 + 05 + aio)SAm~^XQ')

+(Q4 + q，6 + Q9)社(左"旬〉幻4"* %o).
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From (3.2) and (3.5), by taking the limit as m, n —» cxd, (Anxo} is a 
Cauchy sequence in. X and hence it converges to some point z in X.

d(&蒙t瓦,z)玄涉(，象一1如,厶％o)+dQ4%o,z) — 0

as n —» oo, so SA72^1^ —> z. Similarly, we have TAn~1xo —> 2 as 
n —> oo. By (3 3), we obtain

SAnx0, S2An~1x0 and ST^xq - Sz, 

TAnx0, and TS^xq 一》Tz.

as n — 8. By (3.4), it follows from Lemma 2.1 that

ASA^xq — Sz and AT^^xq - Tz

as n t oo. From (3.1) with > 0, i = 1,2, • • - , 10, we have

d(厶&4”、"聲-％o)

< d(ASA^xo, S2An~ x0) + a2 d(AS^^xo, TSA^^xq)1

+ a3 d(ATA^xo, STA^xq) + a4 d(ATAn-xx0, T^A^xq)

+ a5 d(ASA^xo, ST铲—以o) + a6 d(ASA^xo,腊/技—1血)

+ a7 d(ATA^xo,，5七铲一1如)+ a8 diATA^xo^SA^xo)

+ a9 4($2/铲-&；0,7吃整_、0)+ aw d(STA^xo,TSA^xq)

< aid{ASAn- xo,S2An- XQ)1 1

+ (c“2 +(Z3 + 曲 + a，7 + @9 + 如0)max{d(&S，4" ^x(),TSA71 '死)， 

d(AT^-1 s0, ST^-1 如),d(ASA^xo, 7电铲一】z°), 

d(ATA^xo, S2An-1x0),d(S2An-1x0,T2An-1x0), 

d(S 匸蒙一％0,73蒙一％))} + 如以4匸4。&；0,7以"％o)

+ a5 d(ASA^xo, ST^xo) + a8 d^AT^x^ TSA^xq).

By taking n —> oo, we have

d[Sz.Tz) < (a2 +a3 + aQ + a7 + ag + aio)d(Sz.Tz) 
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which, by (3.2), implies that Sz = Tz. Again, from (3.1) with a, > 0, 
i = 1,2, • • • , 10, we obtain

d(血

< ai 旳47頌 STAn^x0) + a2 d(左財”-&対,7脂”]如)

+ as [ d(Az, Tz) + d(Tz, Sz) ] + d(Az, Tz)

+ a5 d(ATA^xo, Sz) + a6 dCATA^xo, Tz)

+ a7 d(Az, STA^xq) + a8 d(Az,脂厶。、())

+ a9 d^STA^xo, Tz) + a10 d(、Sz, T2An-1x0)

< ⑶ d(左斗4"&；0, STA^xq) + a2 d(ATA^xo, 7电铲一1处)

+ (as + a，4 + 吻 + as) max(d(Az,Tz), d(Az, STAn-1a：o)5

d(Az, ^A^xq)} + a5 d(ATA^xo, Tz)

+ a6 d(ATA^xo, Sz) + a9 d(STA^xo, Sz)

+ awd(Tz,T2An-1x0).

By taking n co, we have

d(Tz, Az) < (a3 + ^4 + 啊 + ag) d(Tz, Az)

which implies that Tz = Az From (3.1) with > 0, i = 1,2, ■ • • , 10, 
we obtain

< ⑶ d(Anx0, SAn~xxQ) + a2 d(AnxQ, T^^xq)

+ ct3 d Sz) + a4 d(Azy Tz) + d(Anxo, Sz)

+ d(Anxo, Tz) + 曾 d(Az, 5An-1xo)

+ a8 d(Az, TA^xo) + a9 d(SAn~1x0, Tz)

+ «io d(Sz,TAn~1xo)

< «i d(Anx0, SA^xq) + a2 )

+ 05 + 如 + @7 + ^8 + @9 + flio) max{d(4z, 如)， 

d(Az, 호厶"出), dQ4%o, &)}.
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Thus, by taking n oo, we have

d(z, Az) < (a5 +aQ +a7 + as + a9 + aio) d(z, Az)

which implies z ~ Az and hence z is a common fixed point of A, S and 
T.

In order to prove the uniqueness of z, let w be another common 
fixed points of 4, S and T. Then by (3.1), we obtain

d(z, w) = Aw)

< ai Sz) + a? d(Az)Tz) + d(Aw, Sw)

+ d(Aw, Tw) + a5 d{Az} Sw) + d{Az, Tw)

+ q? d(Aw, Sz) + ag d(Aw)Tz) + aQ d(Sz,Tw)

+ aio d(Sw.Tz)

= ((Z5 + (16 + ^7 + @8 + 任9 + Q고。) d(z> w),

where > 0, i = 1,2, • • • , W- Hence z = w by (3.2). This completes 
the proof.

In the following example, we show that the continuity of both map
pings is essential.

Example 3.1. Let X = [0,1] with the Euclidean metric d. Define
& S and 7 : X t X by 

z
1
 

一
 8

1
-
2
 1
-
2

if a; — 0,

if 工 W 0

for all x in X. Then we have

117 1
d(AT0,TA0) = --^ = -<-= d(40,T0) 

Z 10 丄Q 厶

and so each of the pairs A, S and A, T is compatible. Furthermore,
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T
 

g
 

1
-
4
 

以
 
1
-
4
 1
-
4
 

5

 

1
 -
4
 

-- 

一
- 

- 

o
 

1
 -
8
 1
-
8
 1
-
8

迁⑦=# = 0, 

if ⑦〉g = 0, 

if ;〉£ = 0, 

if:奶 g * 0.

Thus, the conditions (3.1) and (3.2) are satisfied with s = 0, 2 = 
1,2：…,8, and ag =如)=We have

lim d(An+13：o, SAnxo) — 0, lim 涉。4저」如,7L4%o) == 0 
n―>oo n―*8

at some point xq in X. Thus, all the hypotheses of Theorem 3.1 are 
satisfied except the continuity of both S and T. Here, A, S and T do 
not have a common fixed point in X.

If we put S = T in Theorem 3.1, then we have the following:

Corollary 3.2. Let A and S be mappings from a complete metric 
space (X, d) into itself satisfying the following condition:

d(Ax^ Ay) < bi d(Ax^ Sx) + &2 d(Ag)Sy)

+ &3 d(Ax, Sy) + 64 d(Ag> Sx) + &5 d(Sx7 Sy)

for all x, y in X, where bZj i = 1,2, • - • , 5, are non-negative real numbers 
with

(3.6) S + & + 如 + 妇 + 毎 V 1.

Suppose that
(3.7) S is continuous,
(3.8) the pair A, S is compatible,
(3.9) A is asymptotically regular at some point xq in X with respect 

to S.
Then A and S have a unique fixed point in X.

Now, we give some theorems by using four mappings in stead of 
three mappings:
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Theorem 3.3. Let A, B, S and T be mappings from a complete 
metric space (X, d) into itself satisfying the following conditions (3.7), 
(3.8) and (3.10):

d(Ax, By) < 6i d(Ax, Sx) + b2 d(By, Ty)

* + 63 d^Ax.Ty) + 64 d(By〉Sx) + b5 d(Sx, Ty)

for all xy y in X, where = 1,2, • • • ,5； are non-negative real numbers 
with

(3-11) max{(&i + 63), 02 + bj), (63 + S + 如)} < 1

Suppose that
(3 12) Tx) < Sx) for all x in X,
(3.13) A and B are asymptotically regular at some points xq and 的 in 

X with respect to S and T, respectively.
Then A, B, S and T have a unique common fixed point in X.

Proof. Let A and B be asymptotically regular at xq and y° m X 
with respect to S and T, respectively Consider the sequences {A^xq} 
and {B^yo} From (3.10), we have, for any positive integers m and n,

d(Amx0, BF) < bl d(Amx0, S/mT 如)+ &2 d(Bny0, TBfQ 

+ b3 [d(Amx0,Bny0) + d(Bny0, TB^yo)] 

+ b4 [d(Bny0, Amx0) + d(Amr0, SA^xq)] 

+ b5 卩(&炊-1死,4%0)+ d(Amx0, Bny0) 

+ d(Bny0,TBn-ly0)],

where 饥 > 0, z — 1,2, ••- ,5, and so

(1一如一知—

V (bi + 64 + &5)d(Amx(), SAm~^xo) 

+ (b2 + b3 + b5) d(Bny01 TB^yo).



352 Shin Min Kang and Li Ronglu

Since 必/扩旬,」铲旬)< Bnyo) + B"，现), we obt"

d(A%o,4%())

<
Si + ?)4 + &5

1 —泌3 +饥+妬)
d(4%sA"f))

+
b； +岛+恨 d(Anxo,SAn~1xo')

1 — (&3 + &4 + 篮)

+ （】一當霓禹 + 亍뽀"）皿心广顷）
^2 + i>3 + &5

where bz, 6^ > 0, i = 1,2< • • ,5. From (3.11) and (3.13), by taking the 
limit as m, n oo, we deduce that {A^xq} is a Cauchy sequence 須 Y 
and hence it converges to a point z in X. Thus,

d(SAn~lxQ, z) < d(Anx0, S#f)) + d(AnxQ. z) 一 0

as n — 8 and so SA71~1xq z. Similarly, it can be proved that P 如 

and TB”L%jq —> z as n —> oo. By (3.7), we have

SAnx0, S2An~lxo — Sz as n -느 8.

Since A and S are compatible, Lemma 2.1 implies

ASA^^xq —> Sz as n t 8.

Again, from (3.10) with 6^ > 0, i = 1,2, • • - ,5, we obtain

d(/LS領

< (饥 +&)max{d(础4Eo,S2E如),虾％),和"项))}

+ (毎 + 饥 + &5)max{d(」4S」4"y), TBn~1yo),

d(B% $2，铲-1瓦),d(s%4n-%o, TBn-lyQ)}

By taking the limit as n oo, we have

d(Sz, 2)< (63 + 64 + &5)d(Sz, z) 
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and so Sz = z by (3.11). From (3.10) with > 0, i = 1,2, • • • ,5, we 
obtain

d(Az, Bnyo) < (&i + &3)max{d(Az, Sz\d(Az,TBn~1yQ')}

+ 02 + b4 + 65) max{d(Bnyo,TBn~1yo),

By taking n —> <x), we have

d(Az^ z) < (bi + &3)max(d(j4z, Sz).d{Az} z)}

+ (^2 +64 + 65) d(z, Sz)

=(h + b3)d(4z,z),

which implies Az = z by (3.11). From (3.12), we deduce that

d{z,Tz) < d(z, Sz) — 0.

Thus, z = Tz. Furthermore, (3.10) implies that

d(z, Bz) = d(Az, Bz)

< bi d(Az, Sz) + &2 d(BzjTz)

+ 63 d(Az.Tz') + 64 d(Bz)Sz) + 如 d^Sz^Tz)

=(62 +b4)d(z,Bz),

where > 0, x = 1,2, • • • ,5. By (3 11), we have Bz = z. Therefore, z 
is a common fixed point of A, B, S and T.

In order to prove the uniqueness of z, let w be another common 
fixed point of A and S, Then by (3.10), we obtain

d(w, z) — d(Aw, Bz)

< bi d(Aw^ Sw) + 62 d{Bz,Tz)

+ 63 d{Aw^ Tz) + 64 d(Bz〉Siv) + &5 d(Sg Tz)

=(如 + 椭 + 如)d(z,w),

where > 0, i = 1,2, • • • , 5. Hence z — w. Similarly, we prove that z 
is a unique common fixed point of B and T. This completes the proof.
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Remark 3.1. Note that, if we do not assume the conditio所「^2), 
i.e., ^d(x,Tx) < d{x,Sx) for all x in X”，in Theorem 3.3, then this 
theorem need no longer be true. In the following example, wc can 
construct mappings A, B, S and T, where S and T do not satisfy the 
condition mentioned above, such that A and S have only one c 投 ion 
fixed point in X which is not the fixed point of B or T.

Example 3.2. Let X = [0,1] with 난le Euclidean metric d. Define 
4 B, S and 7 : X -스 X by

1
-
4
 1
-
4

的=0, [ 1 i蒔二 0,
Sx = x and Tx = <

for all x in X, respectively. It is easily seen that A commutes with S 
and S is continuous. Since d(0, TO) = 1 > 0 = d(0, SO), the condition 
(3.12) is not satisfied at the point zero. Furthermore, we have

(；=扑㈣的) ifg = O, 
d(如,®) =%

I 7?/ = -^d{By,Ty} if g 尹 0

for all x, y in X. For some 旬 and 现 in X,

lim d(^An+1x0, SAnx0) = 0, lim d(Bn+1y0,TBny0) = 0. 
n―>oo n―>oo

Thus, all the hypotheses of Theorem 3.3 are satisfied with bz = 0, 
z = 1,3,4,5, and & = § except the condition (3.12). Here, the point 
0 is the common fixed point of A and S but the point 0 is not a fixed 
point of B and T.

Remark 3.2. A result which is analogous to Theorem 3.3 can be 
reformulated by supposing the continuity of T, ££d(rr,Sx) < d(x^Tx} 
for all x in X” and requiring the compatiblity of the pair B, T.

The following Corollary 3.4 follows easily from Theorem 3.3 and 
Remark 3.2:
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Corollary 3.4. Let A, B> S and T be mappings from a complete 
metric space (X, d) into itself satisfying the conditions (3.3), (3.13) 
and (3 10), where bt, i = 1,2, ••- , 5 are non-negative real numbers 
with (3.11). Suppose that
(3.13) the pairs S and B.T are compatible.
Then A, B, S and T have a unique common fixed point in X.

We show that the condition of asymptotic 호egularity is also necessa호y 
in Theorem 3.1 and Corollary 3.4:

Example 3 3. Let X — [1, oo) with the Euclidean metric d. Define 
厶(=B) and S = 7 : X — X by

Ax = 2x and Sx = 4w

for all x in X)respectively Then the conditions (3.1) and (3.2) are 
satisfied with ㈤=0, 2 = 1,2, ，8,and 奶—=/i, where § <

< |. Furhermore, the conditions (3.10) and (3 11) are satisfied 
with 饥=0, 3 = 1,2,3,4 and 如=fc, where | < fc < 1 The other 
hypotheses of Theorem 3.1 and Corollary 3.4 are satisfied except the 
condition (3.5) and (3.13), respectively. Indeed, for some xq in X,

lim J(An+1To, SAna?o) =0 iff ⑦o = 0 
n—>oo

but the point 0 does not belong to X. Here, none of mappings has a 
fixed point in X,

Remark 3 3. If we replace the condition (3.11) by the condition 
(3.6), then the conclusion of Corollary 3.4 is still true.

Remark 3.4 If we put A = B and S = T m Corollary 3.4, by 
Remark 3.3, Corollary 3.4 induces to Corollary 3.2.

Remark 3 5. If we put S — lx (: the identity mapping on X) in 
Corollary 3 4 with 机 = &2 아]id 63 — &4, then we obtain the results of 
M. D Guay and K. L. Singh [3] which generalize the results of several 
authors.
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