
East Asian Math J. 14 (1998), No 2, pp 299-309

NONLINEAR FUNCTIONAL DIFFERENTIAL 
EQUATIONS WITH SUBDIFFERENTIAL OPERATOR

Doo-Hoan Jeong and Jin-Mun Jeong

1. Introduction

Let H and V be two real Hilbert spaces such that the the corre
sponding injections V C H C V* are densely continuous. Here V* 
stands for the dual space of V. Let the operator A be given a sin
gle valued operator, which is hemicontmuous and coercive from V to 
V*. Let © :，一> (—oo, +oo] be a lower semicontinuous, proper con
vex function Then the sub@i任e호ential operator g : V — V* of © is 
defined by

伽)(⑦)=(x* e < ©(g) + y eV}

where (•, •) denotes the duality pairing between V* and V. We are 
interested in the following nonlinear functional differential equation on 
H

—』)+ Ax(t) + 0©3(Z)) 9 f (t, x(t)) + h(t), 。V t M

⑦(0) —

where the nonlinear term is given by

f身)=/ k(t-s)g(s,x(s))ds

(1-1)
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Here, the nonlinear mapping g is a Lipschitz continuous from TZx V 
into H. If A is a linear continuous symmetric operator from V into V* 
and satisfies the coercive condition, then the equation (1.1), which is 
called the linear parabolic variational inequality, was widely developed 
as seen in section 4.3.2 of Barbu [5]. Using more general hypotheses 
for nonlinear term we intend to investigate the existence and 
the norm estimate of a solution, of the above nonlinear equation on 
乙2(0二厂；V)QW1i2(Q1T] V*), which is also applicable to optimal control 
problem.

2. Perturbation of subdifferential operator

A norm on V(resp. H) will be denoted by 11■ 11 (resp. |-|) respectively. 
The duality pairing between the element of V* and the element 枷 
of V is denoted by (处,如)，which is the ordinary inner product in H 
if Vi 外2 C H. For the sake of simplicity, we may consider

II 이 < I씨 C II씨 I*, uev

where || • ||* is the norm of the element of V*.

Remark 1. If an operator Aq is bounded linear from V to V* and 
generates an analytic semigroup, then it is easily seen that

H = {x e V* : / \\AoetA°x\^dt < oo}, 
Jo

for the time T > 0. Therefore, in terms of the intermediate theory we 
can see that

where (V, V*)i 2 denotes the 호eal interpolation space between V and 
v*. 2，

We note that a nonlinear operator A is said to be hemicontinuous 
on V if

w — lim A(x + ty) = Ax
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for every y E V where ,5w — limn indicates the weak convergence 
on V, Let A : V V* be given a single valued and hemicontinuous 
operator from V to V* such that

(Al) A(0) = 0,
(Au — Av.u — v) > — *u||2 — 々씨“ — 이%

(A2) 10니I* < ®3(||이I + 1)

for every u^v E V where 曲 e R and u»i, 33 are some positive con
stants. Here, we note that if 0 尹 4(0) we need the following assumption

(Au, U~) > 31||이|2 - 3시씨2

for every u E V. It is also known that A + is maximal monotone 
and R{A +(陌)=V* where R(A + 心乂)is the range of A + 曲丄 and 
I is the identity operator.

First, let us concern with the following perturbation of subdifferen
tial operator:

(2 ]) f J)+ Ax(t) + 3©(rr(t)) m h(t), Q <t <T,

[2(0)=瓦

To prove the regularity for nonlinear equation (1.1) without nonhnear 
term we apply the method of the section 4.3.2 in [5].

Theorem 2.1. Let h e L2(0,T; V*) and xQ e V satisfying that 
(p(xo) < 00. 모hen the equation (2.1) has a unique solution

xeL2(0,T; V)CC([0,7];H),

which satisfies

(2.2) II끼Iefj < Ci(l + H^oll + ||^||l2(o,t；v*))-

where C\ is a constant and L2 DC = L2(0, T; V) A C([0? T]; H).
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Proof. Substituting 幻(t) = e^x(t) we can rewrite the equation 
(2.1) as follows:

f 警 + (厶 + 32/)u(t) + Zgg) m 厂3旳心),

(23) S Q<t<T,
〔幻(0) = *景瓦.

Then the regular problem for the equation (2.1) is equivalent to that 
for (2.3). Consider the operator L : D(L) G H H

Lv = {Av + "“a勺©S)+ 3戏} D 71, \fv G £)(£)
£)0) = {vEV] {Av + 財伽顿)+ 32町 n H N 0}・

Since A + 1殮 is a monotone, hemicontinuous and bounded operator 
from V into V* and e~^2td(/)is a maximal monotone, we infer by 
Corollary 1.1 of Chapter 2 m [4] that L is maximal monotone. Then 
by Theorem 1.4 in [5](also see Theorem 2.3 and Corollary 2.1 in [4]), for 
every xq € £>(L) and h € W1【([001； H) 나}e Cauchy problem (2.3) has 
a unique solution v E ^1,00([0,7]; H). Let us assume that x()€ Z?(L) 
and h G W1,2(0,T; H). Multiplying (2.1) by ⑦一如 and using (Al) 
and the maximal monotonicity of d(/) it holds

(24) - Zo|2 + 31加氾)- Toll2 < 32|z(t) - Zo| 
厶CLL

+ (h，(t) - As0 — d(/)(xo), x(t) — xq).

Since

(/i(t) 一 Ax0 一 d^>(x0),x(t) 一 如)

< I仇(t) - Axq 一 伽>3o)||*||z(t) - z())||

，須l”(') 一 如0 - 为(ZO)|N + 치|z(t) - Zo||2

for every real number c, so using GronwalFs Lemma, inequality (2.4) 
implies that

ja:(t) - s0|2 + [ ||a：(s) -x0\\2ds <0^( |仇($)||汕 + ]|旬||2+ 1) 
Jo Jo
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for some positive constant Ci, that is,

(2.5) ||끼乙2(0,「卩)2([0皿日) W C*l(l + IW시I + II씨I乙2(ogy*))・

Hence we have proved (2.2). Let xq eV satisfying d(/)(XQ)< oo and h E 
L2(0,T; V*). Then there exist sequences {xQn} C Z)(L) and {hn} U 
W1,2(0,T; H) such that x()n xq m V and hn h m L2(0,T; V*) 
as n —> oo. Let xn C Vy1,oo(0,T; JI) be 나le solution of (2.1) with 나le 
initial value x()n and with hn instead of h. Since d(f> is monotone, we 
have

[—
5 茶 - Cm(圳2 +31 H編(〃 一 9林(圳 I? 
厶(JjL

—(九2(*) — 〉：%,(£)— + ^2 |^n (^) — (^) |
I r2

X~2 ll^n(i) — + 钥扇0)-砲(圳|2
厶C 厶

+ w2|xn(t) - Tm(i)|2, a.e ,t G (0,T),

for every real number c. Therefore, if we choose c so that — c2/2 > 0 
then by integrating over [0, T] and using GronwalFs inequality it follows 
that

c2
\xn(t) — Zm(圳 + 2(^1 r~)| |^n(^) ~。氣,(圳|£2(0工卩)

厶

—2 1 (l^-On — ^0m| +。I卩當一^7ti||l2(0,T,V*))i

and hence, we have that liriin-.oo xn(t) = x(t) exists in H. Further
more, by using the maximal monotonicity of A^+ g + 3也 辻 is easily 
seen that x satisfies (2.1).

3. Nonlinear integrodifEerential equation

Let g : [0,T] x V —H be a nonlinear mapping satisfying the fol
lowing:

(gl)
(g2)

|g(m) - 9(枫)| < 기|z - 训 

g(t,o)= o
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for a positive constant L
For x G L2(0,T; V) we set

/(<,司= k(t 一 s)g(邑 x(s))ds
Jo

where k belongs to L2(0,T).

Remark 2. If g : [0,7] x H t H is a nonlinear mapping satisfying

for a positive constant L, then as is seen in [1], our results can be 
obtained directly.

Lemma 3.L Let x g L2(0, T； V)7 T > 0. Then f (-,x) € L2(0,T; H) 
and

||・f(")||乙2(0,幻H) < 이I씨|乙2(0,7)\/7[|：피心(0,幻u)・

Moreover if Xi, X2 € L2(0,T; V), then

f (勺 叼)lk，2(o,「H) < 페시I、/幻而 — ^2||l2(OjT,V)-

Proof. From (gl), (g2) and using the Holder inequality it is easily 
seen that

11/(•，时ll&(0,T;H) V 匕 \ L 机t — s)g(s*(s))ds|2dt

< II씨l& [ f 이|z(s)||%sdt 
Jo Jq

M 씨l&ll圳；2(00；卩)・

The proof of the second paragraph is similar.
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Theorem 3.1. Let (Al), (A2), (gl) and (g2) be satisfied. Then 
(1.1) has a unique solution

x e l2(q,t；v)qc^t]-hy

Furthermore, there exists a constant C2 such that

(3-1) II끼kwQ < C*2(l + ||g시I + II비|"(()w).

If (x0,/i) € Vx 乙 2(00； v*), then x € 乙 2(q,z；v)CQ(Q7]；H) and 
the mappings

v x l2(o, t； v*) 9 (瓦,h)^xe 乙 2(o, r- v) n c([o,幻;h)

is ccmtiDiio니s.

Proof. Let y G L2(0,T; V). Then /(-,?/(•)) e L2(0,7,21) from 
Lemma 3.1. Thus, m virtue of Proposition 2.1 we know that the prob
lem

U% + Ax(t) + 3©(c(t)) 3 f(t, y(t)) + h(t), Q <t<T,

^>(0)=吹)

has a unique solution xy e L2(0, T; V) Cl C([0, T], H) corresponding To 
y-

let us choose a constant c > 0 such that

31 —(8/2〉0 “

and let us fix 2})> 0 so that

(3.3) (2扌必 一 서)一七叫对。기]시I行o V 1

Let xz^ i = 1, 2, be solutions of (3.2) corresponding to yz. Then, by 
the monotonicity of 90, it follows that

(ii(i) 一 ㊁2(£)) + (如«) - &2(f 1(£) - 顼£))

< (六£引加一 jW；20)),：庭⑴-22(切，

(3.2)
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and lienee, using the assumption （Al）, we have that

I 希 1中（t） 一处（圳 2 + 31 |岡（t）—旺（t） 11? 
厶Cbb

（3・4） w 吋如⑺ 一 C2（t）|2

+ - f（t,g2（Z）川*11 中（t） 一 顽圳.

Since

II•将,；iO） — 册,洗（"）||*||中（*） 一叼（圳 I
1 r2

< 5닐If （如/I（*）） ~ /（罹2（圳||? + 5脸«） — ^2（OU2 
ZC 厶

for every c > 0 and by integrating on （3.4） over （0,7b） we have

产o
ki（Tb） 一 ^2（Ib）|2 + （2s — c2） / — X2（t）\^dt

Jo
<一 了（*32）IIl그（0,处V*） 수 232 L 商（Z） - ⑦2（t）細

and by Gronwairs inequality,

11中一”시1务（（）,丁以）< （2决31-°4）-七232刊/（抑］）_/（抑2）|施（（価成*）.

Thus, from （gl） it follows that

g f 시心 < （2（Mi 一 部）-七2（"）이시*爲gi - ?시成（顷成）.

Hence we have proved that y x is strictly contraction from L2（0, Tq； V） 
to itself if the condition （3.3） is satisfied. It gives the equation （1.1） 
has a unique solution in ［0,7（）］-

Let y be the solution of

（ 씌） + Ay（t） + 岫（、印 9 0, 0<t<To, 

［仇o）=如.
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Then, since

茶(끼Z)-g(t))+(如(t)-刼Z))+伽(如)-3S(g(t))) 3 /(t, rr(t))+/i(t), 

by multiplying by x(t) — y(t) and using the monotonicity of 3軌 we 
obtain.

• : 茶廁)一 仇圳2 +a시|叫) — g(t)||2 
厶Gib

< 32|c(t) - 仇圳2 + + /z(t)||*||z(t) — g(t)||.

Therefore, putting

N = (2c2u；i — c4)-1e2a；27°,

from (gl) it follows

l|c - y\\L2(O,To,V) < 】V||/(■，游 + 씨|z，2(o,ToV*)
< 】VZ||씨I、厅o||끼|z，2(o,To,v)+ Ml씨乙2(0饱 v*)

and hence

||끼|乙2(0饱；卩)

- 1—ML|| 씨 Iv歹0也%(5”
(3.5) °

- Mgi씨 I而 q+"피+也心 函*))

M。2(1 + II⑦。|| + II이|乙2(0,丁以*))

for some positive constant C)Since the condition (3.3) is independent 
of initial values, the solution of (1.1) can be extended the internal 
[O,n7o] for natural number n, i.e., for the initial x(nTo) m the interval 
[nTo, (n + l)7b]7 as analogous estimate (3.5) holds for the solution in 
[0, (n + l)7o]. Furthermore, by the similar way as (2.4) and (2.5) in 
section 2, the estimate (3.1) is easily obtained.

Now we prove the last paragraph. If (xo, h) G V x L2(0,T; V*) 
then x belongs to L2(0, T; V) Let (吹歸 /扁)£ V x L2(0,T; V*) and 
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be the solution of (1.1) with (⑦血，/扁)in place of for z = 1, 2.
Multiplying on (1.1) by xi(i)—旺(£), we have
(3-6)

:니一 *2(圳2 +u>i||a；i(t) 一 处(圳2
厶 Culr

公4시中佔)一22(圳2 + ||/(1,以(圳一了。,切(力)||*||9：1但一旺(圳|

+ I仇1但-九2(圳|*||中(t) 一旺(圳I

If 3] — c2/2 > 0 then we can choose a constant ci > 0 so that

31 — c2/2 — Cj/2 > 0

and
1

I仇i(t) - 九2(匕))||*|岡(t) - 的圳 部니卩成) - 九2。)化

+ ylklW —顼圳伫
厶

Let 71 < T be such that

2s ~c2-cl~ 厂七232乃이I시h/导] > 0.

Integrating on (3.6) over [0,7i] where T\ <T and as is seen in the first 
part of proof, it follows

(231 - 서 - c¥)||ci - X2\\l2(0>To.v)

w e2tU2Tv{||x0i -瓦2〔| + 2/i) -/仏 02)||&(o,To；u*)

+ 니仇 1 - "|£2(0,7預*)}
C1

色 e2u，2T1{|koi — ^0211 + §•게시I、/為咼 - a시|&(0,北,材)

+ ~2ll^l -，시 1乙2(0,幻1八)}.
C1

Putting that

M = 2勿 -(? -4 - c"e232Ti이씨n号 1
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we have

(3.7)
决32幻. ]

11^1 — x2\\l2 < - ------------- ---3^02II + 桓 ~ 九Ml).

Suppose (xon,hn) 一> (xo, h) in H x Z2(0,T; 7*), and let xn and x 
be the solutions (1.1) with (XQnihn) and (xo, /i), respectively. Then, 
by virtue of (3.7) and (3.6), we see that xn x in L2(0,Ti, V) n 
C([0,7i]; H). This implies that ⑦n(7?) —)x(Ti) in V. Therefore the 
same argument shows that xn x in

£2(71, min{2Ti, V) n。([写,min{2R, 7}], H).

Repeating this process, we conclude 난lat xn —^xin Z-2(0, T; V) A 
C([0,T],7J).
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