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DEGREE OF THE GAUSS MAP ON
AN ODD DIMENSIONAL MANIFOLD

YANGHYUN BYUN

ABsTRACT For a codimension 1 submanifold in a Euclidean 2n-

space, the degree of the gauss map mod 2 is the semi-characteristic
of the manifold 1n Z5 coefficient.

1. Introduction

Let W be a compact smooth (2n + 1)-manifold with boundary M.
Then the Euler number (W) is the same as the half of (M) This
can easily be seen by the long exact sequence for the pair (W, M)
together with the Poincaré duality: H*(W, M) = Hop_o41{W). Ths
1s one of the essential reasons why the degree of the Gauss map for
a codimension 1 embedding, M — R*™t! is £x(M) regardless of the
specific embedding(see 5.2 below).

However, when W is of even dimension, the corresponding relation
does mot hold in general between the Euler number of W and that of
its boundary Restricting to the parallelizable case, we will prove 1.1
below.

Let x 1 (M) denote the semi-characteristic in Zs-coefficient, which 1s
defined as )

n—1

Z rank H,(M;Z3), mod 2
=0

for any closed (2n — 1)-manifold M.
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THEOREM 1.1. If W is a compact parallelizable manifold of even
dimension with boundary M, then we have:

X(W) = x3 (M) mod 2.

This together with 5.2 below proves the following:

THEOREM 1.2. Let M be a closed smooth (2n — 1)-manifold with
an embedding into R?". Then the degree of the associated Gauss map
is the same as x) (M) mod 2.

That is, for an odd dimensional manifold which admits a codimen-
sion 1 embedding into a Euclidean space, the parity of the degree of
the Gauss map does not depend on the choice of a codimension 1 em-
bedding.

The proof of 1.1 would have been much simpler if we restricted
ourselves to the case when the dimension of M is other than 1,3,7
and if we exploited some statements by Dupont (5.2, .4, [5]). In this
paper, we do not use his results even if our use of Wu-cospectrum of
spheres is inspired by his work. Also we are helped by the idea of
‘symmetric lifting’ due to Sutherland([8]), which however appears in a
quite different form(see §3, 4 below). As a whole, the technique of the
paper is motivated by the works of Dupont({5,6]), Sutherland([8]) in
* the forms slightly refined by the author ([3,4]).

2. Browder’s quadratic function

What follows in this section is a special case of W. Browder’s work([1]).
We will concentrate on the case when the Wu-cospectrum is that of
spheres. For more details one must refer to Browder’s work itself.

Let S! denote the standard l-sphere, ¥ X, the k-fold reduced sus-
pension for any pointed space X. For any space Y, let Y, denote Y
together with an additional point + which acts as the base point. Let
T(£) denote the Thom space for any vector bundle £. Write X, to
denote an n-th Eilenberg-Mac lane space K{Z3,n).

Assume N is a stably parallelizable closed 2n-manifold, which is not
necessarily connected. Let & > 2n+ 1 and ¢ : N — S§2»t¥ be 3 smooth
embedding. Let v, denote the normal bundle, which is understood as
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the pull-back of a subbundle of the tangent vector bundle of S2n+k,

Also choose a trivialization, 8 : v, — €*. Let ¢ : $2"+* — T(»,) denote

the collapse map given by choosing a normal neighborhood of N.
Then there is a map f : $*** — £*N, which is the composite:

. 7(9)
Stk 51y = T(F) = BEN, .

We may regard f as a part of a Wu-orientation of N understanding
Sk a5 a part of a Wu-(n+1)-cospectrum in the language of Browder.
Then f defines a quadratic function:

’!,():Hn(N;Zz)HZz .

In fact, ¥ is defined as follows: Let v € H™(N;Z;). Then v de-
termines a homotopy class of maps, N — K,,, which we denote by v
again. Write ¢ for the composite:

k
Stk I, gk, Brekpe

Then 1(v) is defined as $™%t(E%a) € H2+h(S2nt5, 7,) ¢ 7y where
a € H"(Kn; Zy) is the generator and Sg";t' means the functional Steen-
rod square.

Note that 3 is quadratic in the sense:

V(o +w) = P(v) + (w) + v w

for any v, w € H"(N; Z2), where v - w means the intersection number.
As E. H. Brown has shown(1.2, [2]), the group of homotopy classes
of maps, {§?"+k T* K], is isomorphic to Z. In addition, there are

examples in which (v) # 0 {for example, see §3 below). Therefore,
we have:

(2.1) & above is null homotopic if and only if Y(v) = 0.

Let Oy denote the group of orthogonal matrices of rank k. We
observe the following two obvious facts, which we prepare for future
uses (see (4.1) below and Proof of 1.1 in §5):

(2.2) Let §' : v — € be another trivialization and o : €& — €* be the
isomorphism such that & = afl. Let ¢’ denote the quadratic function
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obtained by replacing 6 with &, Let & : N — Oy denote the map defined
by . Then, if & is homotopic to a constant map when restricted to
each component of N, then we have that ¢’ = 1.

(2.3) Let N1 be a component of N and let 1) : Ny — S?"** v and
6:v1— e’fvl be the restrictions. If iy denotes the associated quadratic
Junction, H"(Ny; Z3) — Zs, then we have that Y = | e (v, 22) -

3. Evaluation at the diagonal class

If M is a closed n-manifold with fundamental class [M], then the
product M x M is a closed 2n-manifold with fundamental class [M] x
[M]. The diagonal (cohomology) class, v € H"(M X M; Z3), 1s defined
as the unique cohomology class satisfying:

Au[M] = ([M] x [M])Nu

where A : M — M x M means the diagonal map.

Assume n is odd. Let ¢t : M x M — M x M denote the map
transposing the factors. Then we have: u = a + t*a for some a €
H™(M x M;Z5) such that a - t*a = x1 (M) (cf. the proof of 6.1, [3]).

Furthermore, assume M is a stably parallelizable closed submanifold
of "1k k> n+1. Let vps denote the normal vector bundle of M and
Oa : var — €k, denote a trivialization.

Now we may regard M x M as a submamfold of $2"+25+1 which is,
up to a diffeomorphism, identified with S?1* x prtkt+ly prtk+l o
gtk = g(Dntk+l x prtktly Here, DMHEHL x DR+ g understood
as a smooth manifold up to rounding off the corner.

Since M x M € §ntF x §ntk C g(Drtk+l x Dntktl) we have
UMxM = Um X vp + €', Here ¢! is understood as the restriction to
M x M of the normal vector bundle of §7t* x §ntk in g(DmHe+1 %
DR+ yp 0 a fixed isomorphism. Then there is the trivialization:

9MXBM-i-l:I/MXVM-i-el——)éﬁ,IXCﬁ,_{%—El
which we call the product trivialization and denote by 4.
Now let f : §2n42k+1 _, 532k+1 015 A, be the Wu-(n+1)-orientation
determined by 6 and the natural collapse map, SZ**+26+1 s T(vpryar).
In the following diagram, let { denote the maps transposing the factors.
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g2n+2k+1l _ T s2ktipr M,

tl m?k-l-ltJv

gent2k+l _d | y2k+ipg M,

This diagram commutes, where  denotes the map, for any space X
with a base point,

SHX = ((SEA S A S A X SLDAL (58 A SKYASI) A X = B2RHLY

in which r means a reflection.

Considering (2.1), if we use @ above to construct the Wu-(n + 1)-
orientation and, subsequently, the quadratic function ¢ on H™(M X
M; Zs), we have ¥(v) = (t*v) for any v € H*(M x M; Z;). Therefore,
for the diagonal class u, we have:

(3.1) P(u) = x5 (M)
which can be seen easily by the equalities:
Y(w) = Pla+t"a) = Y(a) + P(t'a) +a- t"a = a-t"a = x; (M)

4. Dupont-Sutherland invariant

Let M be a stably parallelizable closed manifold of odd dimension
n. Let £ be a vector bundle over M of rank n which is stably trivial
and 8 : e®* — £ + € be a bundle isomorphism, k > n + 1. Note that
there is a degree one map, say, f : S2"+* — T(e"**). Let U denote

the Thom class of £. Then, we consider the following composite which
we call 4:

gtk I prenaky IO pee by sy U sk

Write b(¢) = Sgt'a € Z,, which is just the Dupont-Sutherland
invariant for £(cf. {5,8]). In general, b(¢) depends on the choice of f
and & unless there are two isomorphism classes of stably trivial vector
bundles of rank n over M (cf.[5,6]).

In a similar spirit to (2.2}, we have:
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(4.1} Let & : e**% — ¢ + € be another isomorphism and b(€') be
obtained by replacing @ with 8’ in the above. If there is an isomorphism,
o & — ¢, such that @ o + 1)8 : % o "t induces @ map
M — Onyr which is homotopic to a constant map when restricted to
each component of M. Then we have: b(&") = b(£).

Let 7v denote the tangent vector bundle for any smooth manifold
N

Assume M = AM C M x M C §?***, In the previous section, we
have observed that there is a trivialization 8 : v¥;, s — €%/, s Which,
together with the natural collapse map ¢ : 2% — T(v%,, /), result
in a quadratic function, ¢ : H™(M x M; Z;3) — Z,, satisfying ¢ = ¥t*.

We may identify 754 with the normal bundle of AM in M x M.
Thus, we have a vector bundle isomorphism o which is the composite:

y 148 k
VM =T +V —— Ta+e€

where vy denotes the normal bundle of M = AM in $*+¥ and o'
is the restriction of vpyrxpr at M = AM and & is the restriction of
9. Together with the natural collapse map ¢’ : $?*tF — T(v,"), by
applying (3.1) we have that:

(42) b(rar) = ¥(u) = x; (M)

Here u means the diagonal class. To be more precise, (4.2) follows
from the following two facts.

First of all, the composite,

stk = T(ag) = Tlra + ) T80 Tiryg + ely) = ST(rar)
is homotopic to the composite,

s T(arrr) — 2 T(ehng) = BFM x My 25y SFT(ry

g2ntk
where ¢” : M x My — T(rp) means the collapse map.

Secondly, the pull-back of the Thom class U € H™(T(7ar); Z2) by
¢” is the diagonal class u € H*(M x M; Z2). (cf. [5,6] or (8]).
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5. Proofs of main theorems

For any non-vanishing section s of a vector bundle 7 over a space
X, let ¢; denote the rank 1 subbundle of 1 determined by s. If s
is another such section for a vector bundle ' over X, then we will,
slightly abusing the notation, let 1 : ¢, — ¢, denote the bundle map
which maps s(z) to s'(z) for each z € X.

The following is a key lemma to prove 1.1.

LEMMA 5.1. Let W be a parallelizable compact n-manifold with
boundary M where n is even. Let u denote a non-vanishing vector
field of Tw {ps pointing outward. Assume that there is a non-vanishing
tangent vector field s of Ty such that, if £ denotes a subbundle of
Tw satisfying £ + €, = Tw, there is an isomorphism a : £ {p— Ta.
Furthermore, let the map a +1 : M — O, be the one determined by
the composite,

1
Tw M=E M +es ~ Tar b, =Tw (M

together with a trivialization Tw |pr— €. Then, if o + 1 is homotopic
to a constant map when restricted to each component of M, we have:
xy (M) =0.

Proof. Consider the following diagram:

50n+2k—1 N Esz(Tw |M) PR, E%T(TM-E-@) N E?k+1Kn_1

| rew) |

S2n+2k—1 ; EQkT(Tw IM) EQkT((f +€s) iM) EQk-HKn_l

! l l ll

D2n+2k 22kT(TW) EQkT(é + 53) E2k+1 Kﬁn——l

|

where z is either the identity or a reflection of the suspension part
when restricted to each component of M (see (4.1)) and the vertical
arrows without labels are inclusions. Note that we have S*T(n-+¢;) =
»2%+17T(n) for any vector bundle 7. Furthermore, the map D**+2k _,
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$25T(1w) and its restriction §2*+% -1 _ 52¥T'(ry, |pr) are given as
follows: Consider an embedding ¢ : W — D™t* such that ¢ restricted
to some collar neighborhoods, M x [0,1] C W and S™+¢~1 x [0,1] C
D™t* s a product embedding, say, ¢; x 1. Then, t x ¢ : W x W —
Dtk x pntk o p2nt2k i 5 smooth embedding up to rounding off the
corners using the collar neighborhoods. Note that 7y is isomorphic to
a normal bundle of the diagonal embedding W — W x W. We choose
a trivialization v, — ¢* and use the product trivialization(see §3):

VthzuthL_}kaekZE%fer -
Using these data we define D?"+2% — $.257(1y;,) as the composite:
D% o T(ux) — Telpxw) = ZHF(W x W) — ¥ T(ny) .

Then the map SZ"+2k~1 — N2XT(ryy |ar) is just the restriction. The

arrows into £2*+1K, | represent the suspensions of the Thom classes.
Then the rectangles commute except for the upper second one which

commutes up to homotopy for a proper choice of z(see (4.1}).

As observed by (4.2), x4 (M) = b(7ar) where b(7ps) is given by the
first row of the above diagram. Furthermore, commutativity of the
above diagram means: b(tar) = b(€ |p) and b(€ |pr) = 0 € Za(see
{2.1)). This completes the proof.

U

We keep the notations of 5.1 above. Consider W with a framing
F :r1w — R". Then F together with u defines a Gauss map g: M —
S 1 by g(z) = Fus)/ | F(pz) ||. Assume F respects the orientations
and M is oriented so that the orientation of M followed by p, is the
orientation of W at each z € M and §”~! C D" is oriented similarly
when D™ C R™ is given the standard orientation. Recall that

deg g=/ [l O
M

where {),,_; is the volume form of $”~! divided by the volume of S*L.

LEMMA 5.2. degg = x(W)



Degree of the Gauss map on an odd dimensional manifold 277

Proof. Choose a Morse function & : W —» [0, 1] for the triad (W; 8, M)
and a gradient-like vector field s for A (cf. p.20, [7]) so that

i) s(f) > 0 throughout the complement of the set of all critical points
of h and

ii) given any critical point p, there is an oriented coordinate system

(z’y) = (.'.51," *HTx YL, :yn—)\)

on a neighborhood U of p so that h(g) = f(p)— | z(g) | + | y(q) |?
and s(g) has the coordinate (—z(q),y(q)) for all g € U.
Furthermore we may assume s [y= p.

Choose, for each critical point p, a small € > 0 and write Dy ={qe

Ull =(q) I> + { y(q) I*< €%} so that D2 is diffeomorphic to the closed
e-ball centered at O € R™, by the restrzctlon of the coordinate system.

Let W be the manifold obtained by deleting from W the interior of
Dg for each critical point p.

Then we have a map g : Wy — S™! defined by §(q) = F(s(g)})/ |
F(s{g)) ||, which extends g : M — S*~1,
By Stoke’s theorem we have:

f §* s = [ dg* 0 = f 5 (@) =0 .
8Wy Wo Wo

Write 7~ = @D}, for each critical point p of h and orient 5771 i
the standa.rd way usmg the orientation of Dy C W. Then we have

OWo =M U (Up — ngl)

where p runs through all the critical points of h.
Thus we have:

degg = /Mﬁ‘ﬂn—l = E/n_l 31 = Zdegg ]S;.-n )
p 7O P

Now it is straightforward to see that deg 7 | s = (—1)*» where
Ap is the index of the critical point p of h.
Therefore, we conclude deg g = Y= 1}*» = y(W), as desired.
&
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Proof of 1.1. First of all we show that the compact manifold Wy
and the gradient like vector field s on Wy, which are constructed as in
the proof of 5.2 satisfies all the conditions of 5.1.

The restriction of s at M is just u |as. Therefore, we may choose £
so that & |pr=7ar.

Let p be a critical point of index A for the Morse function on W
and (x,y) = (1, , T, ¥1,-* ,Yn—a) be the coordinate system for a
neighborhood of p. Then (z,y) defines a framing for Tw, | sp=1 SO that

S(Q) = (“xl(Q)"" ,—.’B);(Q), yl(Q)s" * :yn—A(Q))Q )

for any ¢ € Sp~!. Furthermore, we have u(q) = (—z(q), —4(q))q and
the tangent vectors to S7}~! at g are the vectors (v,w), such that
z-v+y-w =0. We may choose the subbundle £ so that &, consists of
the vectors (v, —w), where (v, w), is a tangent vector to S?~!. Then
we define a : 7ga-1 — & [gn—1 by a{(v,w)g) = (v, —w), and the same
formula maps u(g) onto s(¢). Thus @+ 1 : 7w — 7w is the bundle
map that maps (v, w), to (v, ~w)4 for any (v, w)q € (Tw)q.

Now apply 5.1 to conclude that X3 (0Wp) = 0. Also we have that
OWp = M U (UpSy~1) and X3 (82~} =1 € Z; for any critical point p.
Therefore, considering (2.3}, we conclude:

x;(M) =) x3(Sp)=> 1€2,.
P b4

Finally, the proof of 1.1 is complete by observing:

Y 1= (1) =x(W) mod 2.

0

Proof of 1.2. Consider the closure W of the bounded component
of R — M. Then x(W) = x3 (M) mod 2 by 1.1. The degree of the
Gauss map associated to the natural framing of W C R*" and the
outward unit normal on M is x(W) by 5.2, which completes the proof.

{1
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