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CHARACTERIZATION OF HOLOMORPHY
BY GLOBAL GENERATION

X1A0-DoONG L1

1. Introduction

For an analytic coherent sheaf F over a Stein space X of finite di-
mension, the celebrated theorem of Cartan[4,5]-Oka[15]-Serre{17] states

Theorem A Global sections T'(X, F) generate the stalks F, at each
point € X.

Theorem B. HP(X, F) = 0 for any positive integer p.

Concerning the converse of the latter, by a theorem of Cartan[2] and
Benhke-Stein{1], a Cousin-I domain in C? is a domain of holomorphy.
Let L be a complex Lie group We denote by Ay, the sheaf of ger-
mes of holomorphic mappings into L. We denote by £§° the sheaf of
germes of C°° mappings into L. Kajiwara-Kazama[8| generahzed the
above Cartan-Behnke-Stein’s theorem, by proving that, a domamm D
in a two dimensional Stein manifold 1s Stein 1f there exists a positive
dimensional complex Lie group L with H'(D, A7) = 0 and Kajiwara-
Nishihara{10] too, by characterizing the Steinness of D by the existence
of L such that Oka’s principle holds i the sense of the quasi-injectivity
of the canonical mapping H}(D, Ay) — HY(D,&°).

In case that the dimension 1s larger than 2, the domain D .= C3 —
{{(0,0,0)} 15 not a domam of holomorphy but satisfies H!(D,0) = 0
by Cartan(3], where O is the sheaf of germs of holomorphic functions.
So, the vamshing of a cohomology of degree 1 1s not sufficient to let
D be a domain of holomorphy. Seérre[17] characterized a domain D
of holomorphy in C" by the vanishing cohomology H?(D,0) = 0 for
p=1,2,- - ,n—1. In other words, vanishing of a suitable cohomology
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with degree from 1 to n—1 characterizes the Steinness of n dimensional
domains.

In infinite dimensional case, Dineen[6] proved H(Q2, @) = 0 for the
structure sheaf O over a pseudoconvex domain {2 in a C-linear space
E equipped with the finite open topology. So, pseudoconvexity im-
plies the cohomology vanishing similarly to the finite dimensional case.
Raboin[16] solved the equation f = F on a Hilbert space.

Kajiwara-Shon[11] proved, however, for a pseudoconvex domain € in
the C-linear locally convex space F equipped with the finite open topol-
ogy, an analytic subset A of  and any positive integer p < codimA—2,
the cohomology vanishing HP(Q — A, @) = 0. The complement A of
the open set {2 — A with respect to the pseudoconvex domain { has no
interior point and in case codim = oo the cohomology vanishing of all
positive degree does not imply that the domain is a domain of holo-
morphy. Moreover, Ohgai[13] proved, for any positive integers p and
g, for a pseudoconvex domain £ in the C-linear locally convex space E
equipped with the finite open topology, for a g-convex C* function ¢
on Q and for a negative number ¢, H?({z € Q;¢(z) > ¢},0) = 0.
In this case, the complement {z € Q;¢(z) < c} of the open set
{z € Q;p(z) > ¢} with respect to the open set 2 may have interior
points € {z € Q;p(z) < c}.

So, 1n infinite dimensional case, vanishing of cohomology of all pos-
itive degree of the structure sheaf O of the domain {2 does not assure
the pseudoconvexity of the domain (2.

Kajiwara[7] proved that a finite dimensional domain D with real 1
codimensional continuous boundary in a Stein mainfold § is Stein, if
and only 1if there exists a positive dimensional complex Lie group L such
that, for any analytic polycylinder P in S, Oka’s principle holds for the
analytic fiber bundle with D[] P as base space and with L as structure
group in the sense that the canonical mapping :® : HY (D P, AL) —
HY D P,£5°) is quasi-injective.

The author[12] extended the above Kajiwara’s results to the infinite
dimensional case.

Concerning the converse of Theorem A, Wakabayashi[18] proved the
following theorem.
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THEOREM OF WAKABAYASHI. Let X be a finite dimensional con-
nected normal complex space satisfying the following conditions: For
any coherent sheaf of ideals T in the structure sheaf O(X) of X deter-
mined by a zero-dimensional analytic set in X. T(X,T) generates I,
as O(X), module at each point of z € X. Then X is K-complete and
identical with its K-hull. If, in addition, T'(X,Z) is isomorphic as a
C-albegra to T( X', O(X")) of a reduced Stein space (X', O(X')}, then
X is a Stein space.

In the study of coherence of analytic sheaves over infinite dimen-
sional domains, coordinates are infinite and, so, the generators may be
infinite. Moreover, intersections of infinite number of open sets have
not necessarily non empty open kernels,

In this way, as a Korean-Japanese joint work in Kyushu University,
Kajiwara-Kim-Kim[9] gave a theorem, which takes a middle position
between Theorems A and B of dimension infinite. The author suc-

cesses this joint work and continues studies on a global generators of
dimension nfinite.

The main purpose of the present paper is to characterize Riemann
domain of holomorphy by a global generation given in Kajiwara-Kim-
Kim[9] 1n schlicht case, extending 1t to non schlicht case.

2. Main theorem

For any integers m and n with m < n, we regard the complex m-
space C™ as a subspace

C" ={z=(21,20," - ,2n) €EC" 241 = Zmy2 =+ = 2n =0}

of the superspace C". Let iy, , : C™ — C™ be the canomical injection.

We put
E = ZC = U c"
n>1

and denote by ¢n, : C* — E and m, : E — C™ the canonical mnclusion
and projection We induce the strongest topology in E so as each
injection ¢, 1s continious. Then E is the infinite dimensional locally
convex space equipped with the finite open topology.
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Let (£2,) be a domain over the space E, i.e., ¢ be a local home-
omorphism of a Hausdorff space {1 in the space E. {1 is naturally
equipped with the structure of a complex manifold modelled with the
space E and we can speak of holomorphic functions e.t.c. on open sub-
sets of 2. The domain Q is said to be holomorphically separable if, for
any pair of two different point x and ¥ of €2, there exits a holomorphic
function f on § with f(z) # f(y).

THEOREM. Let E be the infinite dimensional locally convex space
equipped with the finite open topology and (2, ¢) be a holomorphically
separable domain over E. Then, ({1, @) is a domain of holomorphy over
E if and only if the following conditions are satisfied:

Let 2@ .= (z{o),zéo), e ,31(10), -+-} be a point of E, g be a holomor-
phic function on ) and f be a holomorphic function on Q such that,
for any point x € (2, there exists an open neighborhood U, of z, a holo-
morphic function h, on U; and a sequence (hy1,he 2, hgpn, ) Of
holomorphic functions h , on U, satisfying

(1) f=ghs + Z(z, 0@ — zz(o))hg:,,z on U,.

1=1

Then, there exists a holomorphic function h on Q and a sequence
(hi,hg, - ,hn, -+ ) of holomorphic functions on §} satisfying

f=gh+2(z,0<p—zf°))hvt on .

=1

Proof of only if part. This is a special case of Kajiwara-Kim-Kim[9]
treated only the schlicht case. So, the theorem of only if part of the
present paper is also a generalization in the special case. There exists
a positive integer n such that z(9) € C", i.e., the v’s coordinate z£0) of
the point z(® is zero when v > n. Moreover, without loss of generality,
we may assume that the point z(® is the origin in E.

By induction with respect to v > n, we prove the following Propo-
sition P,



Characterization of holomorphy by global generation 253

P,. There exists a holomorphic function A} on ¢~}(C¥) and a
sequence
R . hz(”), ---) of holomorphic functions on ¢~!(C¥) sat-
isfying
f=ght+ Z 20 (phi”) on ¢ HC¥).
=]

and that, for any m =n,n+1,--- ,v—1 each K" is an extension of
R to ~H(C™*Y) fori=1,2,--- ,m.

VALIDITY OF P,.

We consider the open covering
U™ = {U, N~ (C™);z € O}

of the n-dimensional Stein manifold ¢~1(C") and the sheaf R{™ of
relations of n + 1 holomorphic functions g,z o p, 200, ,zn 0 of
holomorphic functions on ¢ ~1(C"). Under the assumption (1), for any
r and y with U, NU, N~ YC") # ¢, {(hy — hz,hy1 — hz1,hy2 —
hz2, - yhyn—hen);z,y € 1} is a 1-cocycle of the covering UM with
coefficients i the sheaf R(*}. The canonical mapping H! (U™, R(M)) ==
ZL U™ RO /BH UM, RM) — HY{(p~}(C"),R™) is injective and
H!(¢~1(C™),R(™} = 0 by Oka{14], i.e. by Theorem B. Hence, the
1-cocycle {(hy — hg byt — hz 1, hyo — Rz o, Ayn — hon)iz,y € Q)
1s a coboundary of I-cochain (kin),kﬁg,kgg, - ,k,(ff%);:v € 0} of the

covering (™) with coefficients in the sheaf R(™). We put
AW = M — g™ B =gt gD on U npTlCM)

for any z € Q. Then, h(“),hg"),h(ln), ™ are well-defined holo-
morphic functions on ¢ ~!(C™) satisfying

f= gh(n) + Z z, 0 @hgn) on tp_l(Cn),

1=1

what completes the proof of the validity of 2.
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VALIDITY OF P, = P, 4.

We extend, respectively, the holomorphic functions A ),hgv), hé”),
.-+, h¥ on the analytic subset ¢~ (C¥) of the Stein manifold ¢—1(C¥*1)
to functions

peAD B A p D) R4 holomorphic on the ambiant Stein
manifold ¢~1(C¥*!). Since the holomorphic function fl,-1(cet1) —
glo-1(cryh ) =37 (2,0 oY on =1(C¥+1) vanishes on the
submanifold ¢~ 1(C¥), i.e., when 2,1 o ¢ = 0, the meromorphic func-
tion

N v+1 _
ptny . Flemr ey = glomriorenyh® Y — TV (0 A
Zy41 @

on ¢~ (C¥+1) has points of 2,430 = 0 as removable singularities and
is holomorphically continued to a holomorphic function on = 1(C¥+1),
denoted by the same symbol A(**+1), Thus, we have

v+1
f=gh® 13 grl*t)  on O,

1=1

what completes the proof of P, — P, ;.

Proof of the of part. Assume that (§2, ) were not a domain of holo-
morphy over E. There would exist an ideal boundary point z(® of
(9, ), an non empty open subset U of 2, an open neighborhood W
in E of the base point z(® = (20,29 ... 29 ...} := o(29) and
an open proper subset V of W such that ¢ maps U biholomorphically
onto V, that for every holomorphic function f on £, the holomorphic
function f o (p|y)~! on (U) = V ¢ W would be continued holomot-
phically to W 3 ¢(z9).

There exists a positive integer n such that z(®) € C». Hence the
stalk ¢~ 1(z(®) is at most countable. We count points of ¢~ 1(z(?)
as {:n(");v = 1,2,3,---}. Since  is holomorphically separable, the
points z(® and z(*) are separated by a holomorphic function on £,
there exists a holomorphic function f,(x) on € such that f,(z(®) =
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0 and f,(z)) # 0 for any v > 1. Let {K,;v = 1,2,3,---} be a
sequence of compact subsets K, of Q such that K, C ¢ 1(C¥) and
that K, is contained in the interior of K, 1 in ¢ }{C¥*1). Let a :=
(a1,ag, - ,a@y,-+-) be an element of the Hilbert space £° of square
summable sequences. We put

L o= 1 aufu(x) o
(2) ga(fl') = ;:1 71 T 7l n Q.

Then ga|,—1(cv) converges uniformly on any compact subset of ~*(C*)
and g, is a holomorphic function on . Since the set S, of a’s with
ga(z)) = 0 is a nowhere dense closed subset of the Hilbert space ¢2
by the theorem of Riesz, the complement of their union U2 5, has an
exterior point a in #2 by the therem of Baire For this a, we denote g,
simply by g. Then the holomorphic function g on {2 separates the point
2(9) and other points in the stalk ¢ ~1(2(®)) simultaneously, i.e., we have
g(z®) = 0 and g(z™) # 0 for v = 1,2,3,---. Let = be a point of 2.
Then, two cases may occur. Firstly, w := (w§°’,w§°), .- ,wﬁ?’, cee )=
o(z) # 2. There exits a positive integer m such that wy # 2.
Since the coordinate function z,, o — zf,?) is contimuous, there exits
an open neighborhood W{z) of the pomnt = such that z,, o — z,ﬁ? ) #0
i W(z) Then, for the holomorphic function hy, , on W defined by

1
hm,::: = e
Zm O P — zf(,?)
we have
1= (zmop— 2 hm on W(z).

In the second case that p(z) = 2(%, the point z belongs to the said
{1 =1,2,3,---} = o7 1(2®) — (O, the holomorphic function g
constructed by (2) satisfies g(z) # 0 = g(z?). There exits an open
neighborhood W {z) of the point z such that g(y) # 0 for y € W(z).
Then, for the holomorphic function k, on W{z) defined by

1
hn: = m (y € W(I))a
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we have
1=gh, on W(z).

Thus the assumption (1) is satisfied. Then, there would exist a holo-
morphic function k on {2 and a sequence {h,;i = 1,2,--- ,n,---} of
holomorphic functions on {2 such that we would have

o0
1=gh+ Z(zm o —zMh,

=1

for the constant function 1 on Q2. By the assumption of the reduction
to absurd, the holomorphic functions g o (¢]y) ™1, ko (¢|y) ™! and h, o
(ply)~! are holomorphically continued to holomorphic functions on
W 5 2{9, which are denoted by the same symbols. We substitute
z = 2z in the equation

1=go(ply) o (plu) ™ + D (2m — 2@ 0 (0lv)

=1

and get the equation 1 = 0, what 1s a contradiction.
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