Journal of Natural Science
Pai Chai University, Korea
Vol. 9, No. 1: 61~68, 1996

Notes on the Sequential Yeh-Feynman Integral
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We shall extend the concept of the sequential Feynman integral over the Yeh-Winner space.
We shall show that prove the existence of the sequential Yeh-Feynman integral for all element of Banach
algebras.
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1, .
L Jo0=[  F(A *%)dm,(3)
I . Preliminaries c:

exists for all real A > 0. If there exists a
Let C,=C,(Q) be the Yeh-Wiener space function J*(A) analytic in the half plane Re

( or two vparameter Wiener space) on 150 (Ct={A€C:ReaAd>0}) such

= x[e¢c,d], that is, th f 1 \
Q=la.b]x[c.dl. that is, the space of rea that J#(4) = J(A) for all real A>0, then J*(A)
valued gontinuous functions x(s,® on Q such is defined to be the analytic Yeh-Wiener
that x(s, -)=x(-,0)=0 for all (5,0 €@

And let C §=C 5(Q)=X%-,C,(Q) be the v

-dimensional Yeh-Wiener space.

integral of F over C ;(Q) with parameter

A, and for A € C+, we write

- amyw, -
Definition 1.1 fc L F@dm(0)=T(1)
Let F be a functional on C %(Q) which is !

s-a.e. defined such that the Yeh-Wiener
integral

Definition 1.2

Let q be a non-zero real parameter let F be
a functional whose analytic Yeh-Wiener integral
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exists for A& C+. Then if the following limit
exists, we call it the analytic Yeh-Feynman

integral of F over C ;(Q) with parameter q,

and we write.

[ FGodmy(3)=

C;
lim anyw, N
x> g f _ F(x)dm,(x)
Re A>0 7€

where A approaches —ig through C *

We define a o -algebra @ in Ly{(&) and a

class of complex measures m on Lj (Q). Let

@ be the o-algebra of subsets of Lj(Q)

generated by the class of sets of the form

{75 Ly (Q): fQV {5, D¢ (s, 1) dsdt< 2 ,-}

forj"=1,2,---, v

where ¢ =(@,, -, 9 ,) ranges over all
elements of L 7(Q), and 7=(A1,-~',A )
ranges over R“. The o -algebra a is actually
the Borel class of L 5(Q), that is, the o
-algebra B (L 5(Q)) generated by the norm of
open subsets of L 5 (Q).

And let m=m(L ;(Q)) be the collection of
complex measures of finite variation defined on
L ;(Q) with @ as its o -algebra of measur-
able sets. If pwE€Em, we set I pll =varpy
over L5 (Q). It is clear that m is a linear

space of measures.

Definition 1.3

Let S(v) be the space of functionals F
expressible in the form.

FG=[_exoli 3] [Loks 0ds. D)du (9

for s—a.e. }EC{(Q), wherey Em.

Theorem 1.1

Let z€m(Ly (Q) and let FES(v) be

the stochastic Fourier transformation of gz, that
is

Fx)= fL; exp{ z']g va;(s, Hars, t)}d!l ©)

Then F is analytic Yeh-Feynman integrable
on C,(Q). If q is a non-zero real number,

then
J CW F(X)dm,(%)
- L;{—Z—lé? ;L,(vj(s, f))zdvdt}d,; D

Proof For A we can write

il

_—L—’ -
vaF( A Px)dmy(x)

fc;fL; exp{iz1 fg,u,(s, Na

_-L - ->
(2 Tx)(s D)du (Ddmy(D)

JC)

= fufc;exp{z'/i _%}gfov,v

(s, Dax (s, D)dm,x)du (D)

by the linearity of the PW.Z. integral and
the Fubini theorem.

fRexp{—( azt+ 32)}d2:\/§em(“%)

for ¢>0 and real or imaginary B, we can
have
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1

(A= Vzl-gj;{f:exp{zﬂ Ty

- 2 -
ol g}exp(—-%—)dud/z (v)

3 I o2 -
= fuexp{— 5 ]du(v)

First note that the Yeh-Wiener integral
JCA) exists for Re A>0 (A=0) since the
integrand is bounded by 1 and g€m. And
also note that by the Morera’s theorem, the
Fubini theorem, and the Cauchy integral
theorem, the integral J( A) is analytic in
C'= AEC:ReA>0.

Thus we have for Re A>0.

> 9
il holls

JC; ) F(?c)dmy(}):f[_; exD{— o }dy ()

By the application of the Dominated
Convergence Theorem we have

fLV exp{_ nz_in 2 }d# D

2

fL; exp{@%f,Z;L[”i(S, H1?

dsdfyd i ()

it

anyfy . -
fc . F(x)dm(x)

I

. The Sequential Yeh-Feynman Integral
over C, (Q)

Let a subdivision ¢ of Q be given ;
U;a:SO<51<"‘<S/: b, c= t0<t1<"'<tm=a

A be a vector of real numbers given by

A=(A" A")

where A“={a/,} for a=12,-,v, =],
2,1, k=1, 2, =, m

And let  x,= x,((s,8),A) be a quadratic
function in C4 (@) based on a subdivision o

and the vector of real numbers A, and defined

by

-

%= %, ((5,0,4) = [xL((5.0,A4"),,

x5 ((s,0,A")]
where

x0((s, D,A)

af. T Clja./] p a,-". 1T aﬁ_l ke
(sj—s;—1)(te— te-y)
(S"Sj—-l)(t_ tk-l)

(It S WS

SiT Sj-1 (s=s-)+
al | y—al | e
Ziclk Zim kel e, a

tk—tk-~l (t tk_l)+a1"l.k‘] -(1)
When
(s't)E[sf"l'si]x[tkflxtk]vaic,ln:(l;k=:0
for

e=1,2,,v,j=12.1 andk=1,2,-, m.

Remark

As AZ{afk} ranges over all of v

Im-dimensional real space, the quadratic

funtions ((s,H,A) range over all quadratic
approximations in Cy (@) based on o¢.
Specifically, if T is a particular element of
C,(Q) and if we set a ,=x°(S;, #). then
the function ;:((s, H,A) is the quardratic

approximation of x based on the subdivision
g.

Definition 2.1

Let q be a given non-zero real number and
let F(x) be a functional defined on a subset of
C 7 (@) containing all the quadratic elements of
C,(Q). Llet {0, be a seguence of

subdivisions of Q such that norm Il ¢ ,1 =0,
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and let {A,} be a sequence in

"={AE€C:ReA >0} such that A, —ig.

Then if the integral in the right of (5, 2)
exists for all n and if the following limit exists
and is independent of the choice of sequences

{¢,) and {A,}, we say that the sequential
Yeh-Feynman integral over C3 (@) with

parameter q exists and is given by

| ey lim 70, 4 , [

R»(lm),

exp[ 88 fagt" (5,0, zdsdt}
F(xo n(< i -),A))dA...(z)
Where
* -
" 5(—2‘&‘) [;Izislj1(s’_sf"1)(tk‘fk—-l)]
and A:(A]"“,A»), Aa:(Ala"",A;L)

and A =(a iy, alp

for a=1,,v, k=1, m

We note that /,m depend on ¢ and /m is
the number of subrectiongles in o, We empha

size that the Lebesgue integral on the right of
(2) exists for all n.

sef, s
We  write f F(x)dx in stead of
s&fe -
[ FRdm(3)
Let
W/\( g, A)

A

= n,).exp{~—2—

12 (0, Ay | asa

ulm

- (&) " [H G- b ]
'EXD{ Ji‘;‘j (s;—s;_ 1)0;‘11': "1)

— ";/e 1t 0; 1 k- 1"
(s;~sj- Nte—te-y)

-
2

vim

we mean (VA)'™

— )
aj 1s the vector

PHEFAS

Thus in terms of W, The sequential
Yeh-Feynman integral defined in (2) can be
written

By the notation A
where Re VA0, and

lalep = afdand | @,,0 =

S o
[ FGdx = lim o Wi (00, A)

Fxo (-, ), A)dA

Remark

Since {o, and {4, were chosen

arbitrarily and independently in the definition 1,
the single limit may also be expressed as a
double limit, thus

fe - =
[ F®dx= lim1, ;

o0

where

I, =jRM_wA,,(ak,A)F( .. (-, ), A)dA

Now we introduce the Banach algebra 598
and relationship among some Banach algebras
without proof.

Let Dy=D,(Q) be the class of elements

xC4o(Q) such that x€AC(Q) and
2

255 o1 (@ where Ly=Ly(Q)

hilbert space of Lebesgue measurable, real

valued and square integrable functionals on Q

is a
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and let Dy =Dy (Q)= X;- \Dy(Q).

Definition 2.2
The functional F defined on a subset of
C;(Q) that contains D) (Q) is said to be an

element of S(v)=8(Lj) if there exists a
measure ME& m such that for ZED{(Q)

) = : ) _3 (s, ) -
F(x)= fl‘; exp{z)g fov,(s_ B PRy dsdt}d/x (v)

F(;) = G(_);) for

o
in Cy;(Q) and for every x in

We  note, that if
s—a.e. x
Dy (Q), we write FxG.

We have that vEL,(Q), x€D,(Q) then

fQ o(s, D (s, D) = va(s, t)a—azi%s_‘tll dsdl

Thus if v€L,(Q) and {¢,}, {¢,} are
two C,O.N. sequences of BU(Q), then

(o va(s,t)ax(s, p=¥0 va(s,t)Zix(s, 5

for x& Dg( Q) and hence

ijexp{iw")va(s,t)ax(s, t)}
du( u)fozexp{l'(«’r,»Lv(s,t)ax(s, t)}du(o)

Definition 2.3
Let S°(v)=S"(L;’ be the space of

functionals F expressible in the form

F(;)xfu exp{izl va,»(s, Hax(s, f)}d# ()

where ©Em
Let v€L,(Q) and let ¢ be any subdivision

U:aZSO<Sl<"‘<S[: b, C:f()(t](“‘(tm: b.

We define the averaged function v, (s, ) for

v on ¢ by

B 1
v,(s, 8 = [ (s;— s;-0(te— ta_1)

f :,, f :‘\_ o p, @dpdyg

when (s, D€[s;—y, s;1x[ 41, t4]

for j=1,--,1, k=1,-,m when s=b or I=a
Where there is a sequence for subdivisions

61,09, , then o,lm,s, and ¢t will be

replaced by Oy dpy My, Sy, and L s

respectively.
For any vEL,(Q)

st+h pttk
lim —é—k fs f, u(p, @)dpdg= (s, H

A, k0

for almost everywhere (s, t) in Q.

Theorem 2.1

If FES*(v) and q is a nonzero real number,
then F is sequentially Yeh-Feynman integrable
and its sequential Yeh-Feyrman integral is
equal to its analytic Yeh-Feynman integral, that

sy,
e U _ ..L
f Fx)dx = fL;exp{ 51
2 -
=, [lva (s 0V dsdt)du
Proof
Since FeES’(v), there exists a measur
¢ €M such that

F~ [ exo(i 2, [T (s D, s, D)du (D)

In particular, this equality holds for all
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quadratic functions xg. Let {o, and
{ A,} be sequences of subdivisions of Q, a
sequence in AEC | ReA >0 such that the
norm | o, = 0, Re 4,70 and A ,—ig.

Iz [ Wil A)
F(z, ((-, ), A)dA

[ Wilanm],
exp{z HZ] fQV,(s, Hdxs,
((s, D, A)}du (D)dA.
By the Fubini theorem and the properlies

Paley-Wiener-Zygmand (P, W,Z) integral, we
have

J.= ng f}z"““" W, (o,, A)exp{z'ﬂz1 fQV,,(S, )l

3%x% ((5,0,A)
adsat

dsdt} dAdy ()

Since S"(v) is a Banach algebra

Jn=Ven 4 nsz' me.‘.,
A Iy m

- -
I @ix— @16~ Gt @Gi—1a- |l
(Sn.i—sn./‘Al)(tn.lz—tn‘k—l)

l, m Sui 12993
- exp 2 Elf f
a=15=]k= Spi-1 ¥ tui-1
a a a a
N e W

(5= Sni—1)Eup— tnp—1)
dsdfydAdp (v)

SN N RIS )

a a a
21(afk— a1k~ r1 T ai—l.k—l)
=

(sn.i_ sn.i—l)( by Ly k- l)

u(s, D

=1,zl‘1 g f:l f:‘kl u(s, B

4 =G s e T a1
(Sn.j_. Sn.j— 1)( bor— tn.k—l)

-exp[i

a R

dsdt}dAdu (v)

Let B={b];} where

a __ _a a a a
bir=ajv—aj— . x—aj 1t ai s
Then

(biw)® ]

(sn‘j‘-sn.i—l)(tn.k_tn,k-l)
b M Swi ptas
coli S AE T v
a=17= = ENE) k-1

5 aisa’t}dBdﬂ (v)

j.k
(Sn,i_ Sn.j—l)( bpe— buk-1

l, m,
SRR 3181

ex . A n(b;k)z
P17 2Gom =m0 (tu— b))

* i( f : f :t‘l va(s, t)dsdt)

Uik
(sn.i_ Sn.j— 1)( tn.lt* tn,k— 1)

I m
= 7y, A nfL;]l;Ilﬁll ali[]

[ex [_ A u(b]8)°
2 EXP 205, ;= Snjm 1= tui-1)

+ i( f:f;v(s t)dsdt)

;k a B¢
(snj_- Snj‘l)( tn.k— trLk"l) }dbilk]d’u (v)

Since

}dBd u ()

fex _ A n(b;.!k)2
R p 2(8”,;—5‘”‘;—0(1‘”‘/‘,—tn,kfl)

+ z( f :_\ ftl.: v4(s, t)dsa’t)

.k }
(Spi= Sni- ) (tus— tua-1)

db:k
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1

_ [ 20 (y ;= Snj- D) tye— tun—1) ]7
Ay

{ [ outs, o] |
exp -

24 n(Sn.;" Sn.i- 1)(&.&" fn.k—l)

we have

Ly my
J. = ran-/lnf”,I,—Il;l—:I;aﬂl

1
201 (Spi—Sni- ) tnik = tas=1) 1°
[ m
Sns [ 2
[fs f, va(s,t)a’sdt} .
€XP) 79 oS Snjm D)t p— tua=1) du(v)

v

[lj )fL (Sni= i) (tue— tn,/e'vl)]

lom, A
- [ ;I.l kI—I| 2[7(5,,,,—5,1_,_1;(1"*‘" Luk-1) }
- ;ljjj I:L[ ZH(Sn_;—Sn,,-i;(in,k‘tn.kﬂ) ]

then

Ja= fL‘ eXD[ Z z;zl
L ot o]

w'c

|

Pl

2 A n(sn.i_ Sn,,i*l)(tn.k_ tn.k~1) d# (U)
We set
I/a‘ﬂ(sv t) = 1

(Sni=Smi- 1 (tn = tua=)

f f ,f v, (b, 9)dpdq

where (s, D€ 801 = Sud X[ty s~ tns-1]
for j=1,-,[,R=1,",m
and v, (., 0=v,,(s, - )=0

S o (s, 0)dsdt=
Zifﬁt{vn(s 1) dsd

B Ly Iy 1

B ’;;' (sn.j_sn.ifl)(t,,.k“'f,,'kvl)
{Liﬁfwuﬁ@qz

Ry g

fuexp(- ﬁ

SY/a > >
[ FGyda= limJ,

= [ x5

2

21 fo(v“(s, t))zdsa’tldu )

n a=1

%, J (v (s 0)dsatld s ()

We hold the following theorem by the same
way of theorem 2.1

Theorem 2.2

If FES, and q is nonzero real number,
let

F(x) =

fL; exp{ ) ”21 f(’v,(s, D 8652352{ dsdt}d/z )

where €M, then we have that F is

sequential Yeh-Feynman

C;(Q) and *

integrable over

[ FGdi=

fu exp{qu H}L‘_. f(v (s, t))zdsdt}d;z(v)
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