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Complete Convergence in a Banach Space
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tet {X,;,1<i<un,n=1} be an aray of rowwise independent B-valued random variatles which is

uniformly  bounded by a random variable X satisfying E]X]zﬂ (oo for some

p=1.

Let

{a@,;,1<i<n,n=1} be an array of constants. Under some auxiliary conditions on {a,}, it is shown

that 20 #iX w0 in probability if and only if i}a 12X i converges completely to 0.
t= 1=
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uniformly bounded by a random variable

for all n and : and each >0,

I IntrOdUCtion P(”X,,,‘ 1> H<PX1> 8.

Recently, Sung[2] obtained
convergence theorems for arrays of rcwwise

Let (B, Il 1) be 'a real separable Banach independent B-valued randorn variables.
space. Let {X,, 1<i<zn=1} be an array of main theorem of Sung is as follows.
rowwise independent B-valued random variables
and let {a,,1<i<n,n=>1} be an array of Theorem 1.1. Let {X ,;, 1<i<n, %=1} be an

constants. An array {X,) is said to be array of rowwise independent B-valued random

some complete
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variables which is uniformly bounded by a

EX]”(‘)O for
some p=1. Let {a,;,1<i<n,n=1} be an array

of real numbers satisfying

max lSiSnla nd O(l/?’l l/p) 1)

random variable X satisfying

for some p=1,and

gazn,: o(1/logn). 2

Assume that

210 2iX >0 in probability.
=

Then ﬁ @ ;X , converges completely to 0.
. =1

Note that the above theorem generalized and
improved that of Wang et all3).

In this paper, we prove Theorem 1.1 under
some weaker condition than (2).

II. Main Result

To prove our main result, we will need the
following lemmas. Lemma 2.1 and Lemma 2.2
come from Sung(2] and de Acostalll], respec-
tively.

Lemma 2.1. Let X, -+, X, be independent

B-valued random variables such that

X N<b; for 1<i<m, and let
S,= ﬁlX,-. Then for any t>0,
=

Elexp(t IS, ID]<

exp (¢EIS, I+ 26 3 e BIX)I).

Lemma 2.2. Let X,,:--,X, be independent

B-valued variables with

HIX; ||"¢0 for i=1,"-,n and 1<7<2,

random

Then B (1,11 BISIl I'<C, 2 EIXI",

where S,= f:lX,-, and C, is a positive
=

constant depending only on r; if r=2 then it is
possible to take C,=4,

Now we state and prove our main theorem.

Theorem 2.3. Let {X,, 1<i<n,n=l} be
an array of rowwise independent B-valued
random variables which is uniformly bounded
by a random variable X satisfying E X<
for some p=1. Let {a,,1<i<n,n=21} be an

array of real numbers satisfying (1) and

& t
— o) :
Zl exp ( A, )< 3)
for each 0, where A,- 21512",-.

Assume that

ﬁla X 20 in probability. (4)
b=

Then i:]a =X converges completely to 0.
&

Proof. The proof is based on certain ideas of
Sungl2]. Without loss of generality, we may

max ]Sz‘Snla m" < l / n e and

EX1#=1. Let &0 be given. For p<q<2p
and N, define

assume that

X’ m:'XmI(“X m“gn l/q),
X” "= XmI(HX m“>€n 1/i>/N>’
X =X Xl <en ' IN),



Sung : Complete Convergence in a Banach Space 59

o= 200X 0 T 2a,X
-

n= Zlam'X“' nie

To prove the theorem, it is enough to show
that

2 PIT > )<eo, ®
2 PUIT 1> €)<oo, (©)
and

2 PUIT )1 e)<eo, )
since

2P 2., 1>30<

ST I +PUT e +
KT I,

We establish (5) only, since the proofs of (6)
and (7) are the same as the proof of Sung[2].
From Markov’'s inequality and Lemma 2.1, we
have for t>0

PAIT l>e)

<e "“Elexp(t I T D]
(8)
<exp{—te+tE|T )l +

e

, 20 ,
2e " 3 Hlla X %),
; € ip"L
Let #=min { 4e2An'n “}.

Now we calculate the power of exp in the

last expression of (8).

1.1 )
If e/de’A,<n? 9, ie., t=¢e/de’A,, then

the power is dominated by

& sEITnHJr
46A, 4%A,,
3 2 2 B
A e’ B Fla X
¢ e T
T 4PA, 4%A,,
__E& 2 2
+2( 492An) e An
- 62 + GE”Tn”
862An 4e2An ’

since Zlﬂla nin m“SA ne

1 o1
a

1
If e/dfAon’ ¢, ie., t=n’

the power is dominated by

, then

2L -1 2
+2n a e_f_.l"
4e*n * ¢
W
==t AT,
1_ 1
since AnS€/4egn boa
Hence we have that
PUIT lI>e)<
9 .
€ eE\|T |l
exp(— + : +
p(=ga, T A,
1
q 1_ 1

+n? TEIT ).

exp(_w%m

NG RN
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On the other hand, we have by Lemma 2.2
and (3) that

28 ZjlameH—EH ,ZameH E

<4 Z%Eﬂa WX P <AB XA,
<4A,—0.

Combining this result and (4) gives

Bl 2@ X ll0.

Thus, it follows that

AIT I
= Bl 23X = XX 1 7 )
<El 30Xl +

i 2B X 1> )

< Bl 2@, X ol + Mty BXIXD 0 )

(),

since

A1 2p=1 41 1y, 20
st g l(p q)+(q 1)>0.

Hence ENT lI<e/4 for n sufficiently large.
Thus, we have by (9) that

S PUIT o)

eEl T
4A,

< 21[exp(— e’ )+

8c°A,

1.1
en’ %
exp (— 5 +n BT D]
<C 3 lexp(——=5—)+
T TP 1eea,
11

b q
exp(~ﬂ7—)]<00

for some constant C>0. The last inequality
follows from (3) and the fact that 1/p—1/¢>0.
Thus (5) is proved.

Remark. Since the condition (2) implies the
condition (3), Theorem 2.3 is an extension of
Theorem 1.1.
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