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THE WEAKLY SEMI-PRIME
IDEALS OF po-I'-SEMIGROUPS

*Young IN KwoON AND **SANG KEUN LEE

ABSTRACT. We introduce the concepts of weakly prime and weakly
semi-prime ideals in po-I'-semigroup and give some characteriza-
tions of weakly prime and weakly semi-prime ideals of po-I"-semigroups|ij
analogous to the characterizations of weakly prime and weakly semi-
prime ideals of po-semigroups considered by N. Kehayopulu.

M. K. Sen([2]) have introduced I'-semigroups in 1981. M. K. Sen
and N. K. Saha([3]) have introduced I'-semigroups different from the
first definition of I'-semigroups in the sense of Sen(1981). From Sen([2])
we recall the following definition of I'-semigroup.

Let M and I" be any two non-empty sets. M is called a I'-semigroup
if

(1) MTM C M,TMT CT.

(2) (azxb)yc = a(xby)c = ax(byc)
for all a,b,c € M and x,y € T.

In 1996, authors([5]) have introduced po-I'-semigroups(: partially
ordered I'-semigroups).

A po-T'-semigroup is an ordered set M at the same time a I'-semi-
group such that:

a <b=—= ayr < byxr and xpa < xub

VYa,b,x € M and Vv, €T
In 1990, Kehayopulu([1]) obtained the four equivalent conditions to
be weakly semiprime for an ideal T of a po-semigroup S.
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THEOREM. An ideal T of a po-semigroup S is weakly semiprime if
and only if one of the following four equivalent conditions hold in S:

(1) For every a € S such that (aSa] C T, we have a € T.

(2) For every a € S such that (I(a))*> C T, we have a € T.

(3) For every right ideal A of S such that A2 C T, we have A C T.

(4) For every left ideal B of S such that B> C T, we have B C T.

In this paper we obtain the similar results in po-I'-semigroup and
give the characterization of weakly prime ideals in po-I'-semigroups.
Now we recall the definitions and notations.

NOTATION 1. For subsets A, B of M, let

AT'B = {aybla € A,b€ B and v €TI'}.

DEFINITION 1. Let M be a po-I'-semigroup and A a nonempty sub-
set of M. A is called a right(resp. left) ideal of M if

(1) ATM C A(resp. MT'A C A).

(2)ac A,b<aforbe M = bec A.

A subset A of M is called an ideal of M if it is a right and left ideal
of M.

See to [4] for the definitions of the left(right) ideals and ideals in
I'-semigroups.

NoraTION 2[1]. For H C M, we denote
(H={a€ M :a<h for some h e H}.

We write (a] instead of ({a}](a € M). We denote by I(a)(resp. R(a),
L(a)) the ideal(resp. right ideal, left ideal) of M generated by a(a €
M), respectively.

We can easily prove that:
I(a) = (aUMTaUal'M U MTal'M],

R(a) = (aUal'M], L(a) = (aU MTa]
for all @ € M.
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DEFINITION 2. Let M be a po-I'-semigroup and 7' a nonempty sub-
set of M. T is called weakly prime if for all ideals A, B of M such that
ATB C T, then A CT or B CT.T is called a weakly prime ideal if
T is an ideal which is weakly prime.

We can easily prove the following lemma.

LEMMA 1. Let M be a po-I'-semigroup. Then we have

(1) A C (A] for any A C M.

) (A] C(B] for AC BC M.

) (AJI'(B] C (A'B] for all A, B C M.

) ((A]] C (A] for all A C M.

) For every left (right, two-sided) ideal T of M, (T] =1T.

) If A and B are ideals of M, then (AI'B] and AU B are also
tdeals of M.

(7) For every a € M, (MT'aI'M] is an ideal of M.

(2

(3
(4
(5
(6

In [5; Theorem 5], we gave characterizations of weakly prime ideal
elements of poe-I'-semigroups (po-I'-semigroup with the greatest ele-
ment e.

Now we give characterizations of weakly prime ideals of po-I'-semi-
groups(not necessarily having the greatest element e).

THEOREM 1. Let M be a po-I"-semigroup and T an ideal of M.
Then T is prime if and only if for a left ideal A and a right ideal B of
M such that A'B C T, we have ACT or BCT.

Proof. =>: 1t is obvious.
<=: Let A be a left ideal and B be a right ideal of M. Then by
hypothesis, al'b C T for any a € A and for any b € B. Then

L(a)TR(b) = (aU MTa]T'(bU bI' M|

(
(aTb U albT' M U MTal'b U MTal'bI' M|
(TUTTM UMTT UMTTTM]

= (T =

C
-

By hypothesis, a € L(a) CT orbe R(b) CT,andso AC T or BCT.
Therefore T is weakly-prime. U O
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DEFINITION 3. Let M be a po-I'-semigroup and T a subset of M.
Then T is called weakly semi-prime if every ideal A of M such that
ATAC T, we have A C T.

THEOREM 2. Let M be a po-I'-semigroup and T an ideal of M.
Then the following are equivalent:

(1) T is weakly semi-prime.

(2) For every a € M such that (aI'MT'a] C T, we have a € T.

(3) For every a € M such that I(a)I'I(a) C T, we have a € T.

(4) For every right ideal A of M such that AI'A C T, we have A C T.

(5) For every left ideal A of M such that AUA C T, we have A C T.

Proof. (1) = (2). Let a € M and (aI'MTa] C T. Then we have

(MTal M]T(MTal' M) € (MTal MTMTal M]
(MT (aI'MTa]T"M]
(MFTFM]

(

-
C
-
C (T =

Since (MT'aI'M] is an ideal of M and T is weakly semiprime, we have
(MTal'M] C T. Then we get

(I(a)LI(a)]T(I(a)T(a)] € (T] =T
Since T' is weakly semiprime and (I(a)['I(a)] is an ideal of M, we
have (I(a)T'I(a)] € T, and so I(a)T'I(a) C T. And since T is weakly
semiprime and [(a) is an ideal of M, we have I(a) C T, and so a € T.
(2) = (3). Let a € M and let I(a)l'I(a) C T. Now

(a]I'(MTa)

AN

and so
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Since (aI'MTa] C ((a]I'(MTa]] € ((al'MTa]] C (aI'MTa], we have
(aT'MTa] = ((a]T'(MTa)]. Therefore (aI'MTa] C T. By (2), we get
acT.

(3) = (4). Let A be a right ideal of M such that AT'A C T and a
any element of A. Then we have

I(a) = (aUMTaUal'M U MT'aI'M]
C(AUMTAUATM UMT AT M]
= (AU MTA].

Thus we get

I(a)TI(a) € (AUMTAT(AU MT A

(AUMTAI(AUMTA)]

C (
C (
= (ATAUATMT AU MTATAU MT AT MT A]
C (
= (

TUMFT]
T) =

y (3), a is contained in T. Therefore A C T.
(3) (5). The proof is similar to the one of (3) = (4).
(4), (5) = (1). They are obvious. O O
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