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DENSITY OF SEMIMARTINGALE
DERIVEN BY CANONICAL STOCHASTIC
DIFFERENTIAL EQUATION

JAE-PILL OH

ABSTRACT. The existence and the smoothness of density of random
variables which are solutions of the canonical stochastic differen-
tial equation can be proved by simpler conditions in the Malliavin-
Bismut method

0. Introduction

In this paper, we study the existence and the smoothness of densi-
ties for semimartingales which are defined by the solutions of canon-
ical stochastic differential equation(canonical SDE) by, so called, the
Malliavin-Bismut method.

Since P.Malliavin announced about the stochastic calculus in 1976,
many Mathematicians; S.Watanabe, S.Kusuoka, and D.Stroock etc,
studied the applications of Malliavin calculus to stochastic differential
equations(SDE) for the continuous - type processes mainly. But, since
J.M.Bismut studied it for the jump - type processes in 1983 and an-
nounced study for the calculus of boundary processes in 1984, there
are not many persons who announced study for the jump - type model
without R.Leandre [4](c.f. [1]). A little fortunately, we can meet a
book[1] which is dealt with the existence and the regularity of density
for the jump - type Markov processes. Therefore, we want to study the
density for solution of canonical SDE.

The canonical SDE is, in general, defined by using the vector fields.
Thus, in the study of densities of the solutions of canonical SDE, we
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think that the R.Léandre’s method[4] is more good even though he
used a special type Levy measure. But, in this study, will think only
that how can be simplified the conditions of Malliavin-Bismut method
[1] in the canonical SDE.

Let us think the SDE;

b@) =+ [ @@y + [ L @)

t
+// Col,2)Ny(ds, dz),
0o JE,

where vy, va, - -+ , v, are C®-vector fields, W, = (W2, W2 ...  W™m)is
a Brownian motion, N, is a compensated Poisson point process and £
is a generator of semigroup of probabilities. Let B(z) and C,/(x, 2) be
the matrices defined by the coefficients of noise part and jump-part,

respectively. If there exist two constants (,6 > 0 such that
’Ca(.fE, Z) + .TB‘ S g(l + ‘x’6)7

for all x € R? and z € E,, and there exists a Borel set I'y, € R¢ x E,
such that for any y € R? and for the z - section I'ao. CLg,

(Uzer, . {y|Cay = 0}) N {y|By = 0} = {0},

then the solution &;(x) of SDE (*) has a density y — p:(z,y) for all
r € Ry and t € (0,T).

Furthermore, for z,y € R, there exist two constants § > 0,0 <
e < 1 and two functions f,(z) and p,(2), which are defined by some
conditions with a constant v, such that

ly|%e

y'Cao(x, 2)ypa(z) > Vfa(z)m

for all z € E,, then & (x) of the above SDE (*) has a smooth density
y = pi(z,y).

Section I is the preliminaries part. In this section, we define the
canonical SDE. In section II, we introduce the results of [1] to simplify
the proofs of our results. In section III, we will deal with the existence
and the regularity of density of process deriven by the canonical SDE.
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I. Preliminaries

For a non-negative integer m, we denote by C™ = C™(R%;R?) the
set of all maps from R? into itself which are m-times continuously
differentiable. In case m = 0, we denote it C = C(R% R?) which is
the space of continuous maps from R? into itself equipped with the
compact uniform topology.

Let 0 < § < 1. We denote by C"™° = C" (R4 R?) the set
of all v € C" such that derivatives D“v are bounded and uniformly
§— Holder continuous for any o with |a| < m. Let C = C(R¢xR%;S,),
where S, is the space of d x d - matrices. We define the subspace
CP o = O (R x R%: S, ) of C similarly. For details, see [3].

Let (Q,F, P) be a probability space where the filtration F;;t €
[0,00) of sub - o - field of F is defined. Let X (x,t),t = 0 be a family of
R? - valued stochastic process with spatial parameter z € R? defined on
(Q,F, P). If X(x,t) is continuous in z for each t a.s., we can regard it as
a C-valued process. We denote it sometimes by X (¢) = X (z,t),t > 0.

Let X (z,t) be a cadlag semimartingale with values in C'. We define
the point process N(t, E) over [0,00) x C associated with X (¢) by

(1) N((s:8], )= Y Ap(AX(r),AX(s) = X(s) — X(s—),

s<r<t

where F is a Borel subset of C excluding 0. Then there exists a unique
predictable process N (t, E') which is called the compensator such that

N(t,E) = N(t,E) — N(t, E)
is a localmartingale. For a bounded Borel subset U of C, consider a C
- valued semimartingale X (x,¢) which is represented as;
(I-2)
X(a,1) = Xe(, ) + Xala,1)

= M°(z,t) + B°(x,t) -l-/
U

v(x)N(t,dv)—i—/ v(x)N(t,dv),

c

where M€(x,t) is a continuous localmartingale for any =, B¢(x,t) is a
continuous predictable process of bounded variation for any z, and the
integral form

/U ()N (t, dv)
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is a discontinuous localmartingale part of X (z,t) for any z.

Let A;,t € [0,00) be a continuous increasing process adapted to
the filtration F; such that Ay = 0 a.s. Then there exist predictable
processes a'/(x,y,t) and (°(z,t), and for the compensator N(t,E),
there exists a predictable measure-valued process v;(E) satisfying

t
(MO (2, £), M (3, ) = / o (2, y, 8)d A,
0

¢
Bc’i(x,t):/o B (x,s)dAs,

and

N(t,E) = /Ot ve(E)dAs,.

The system («, 3,v) is called the characteristic of semimartingale
X (z,t) with respect to As.

Let X(z,t),t > 0 be a C' -valued semimartingale equipped with the
characteristic («, 3,v). We introduce a condition;

CONDITION (A). For a positive predictable process K;,t > 0 satis-
fying

T
/ KidA; < o a.s. for any T > 0,
0
(i) a(z,y,t) is a continuous C;} ™ - valued process satisfying
la(®)][141 < K¢ as.

(ii) B(z,t) is a continuous Cy*' - valued process satisfying

18()]|o+1 < K as.

(iii) The measure 14(-) is supported by C}*'. Further, there exists
a Borel set U C O} ' such that for some constant ¢ > 0, ||v|j141 < ¢
for all v € U, and

W(U%) < K., / oI, y(dv) < K.
U
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Let &,t > 0 be an R - valued cadlag process satisfying Condition

(A) adapted to (F:). Then we can define the Ito integrals and the
Stratonovich integrals, respectively;

/:X(ﬁradr),/:X({T,odr).

Let v(z) be a Lipschitz continuous vector field. Then by Condition
(A)-(iii), the possible infinite sum

D [e2¥O(2) — 2 — AX(z,5)]

s<t

is absolutely convergent a.s.. Therefore, we can define the canonical
integral of a cadlag semimartingale & based on the vector field - valued
semimartingale X (t) as following;

/X(&T,odr):/ Xc(gr,odr)—l—/ Xa(&r—,dr)
+ ) [eAXO(E D) — 6 — AX (&, 7)),

s<r<t

(13)

where the first part and the second part of the right hand side are
Stratonovich integral and Ito integral, respectively.

Let X(x,t),t >0 be a C - valued semimartingale whose character-
istic satisfy Condition (A). Consider a canonical SDE which is repre-
sented by

(1-4) bfa) =2+ / X(€,(x), ods),

where 0 < s < ¢. It is known that the equation (I-4) has a unique
solution & (x),t > 0 for any s < t,x € R%.
If we represent the canonical SDE by using the C'* - vector field
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v(z), then (I-4) can be represented as following;

& () =m+/0 X, (&(), ods)
i /0 /U[ev(ﬁs—(x)) — &, (2)]N(ds, dv)
+/0 /U[ev(gs—@))_gs—(l’)—v(fs_)]ys(dv)ds
+/0 /c[ev(fs_(x)) — &s—(x)]N(ds, dv).

I1I. Malliavin calculus for process with jumps

In this section, we introduce the results which are in [1], because in
section III, we use this method to prove our results.
Let (Q,F, P),t € [0,T] be a filtered probability space endowed with;

(i) a standard m-dimensional Brownian motion W = (W*);<,,;
(ii) for 1 < o < A, a Poisson random measure

N, = Ny (w;dt,dz) on [0,T] x E,,

where F, is an open subset of R%® with infinite Lebesgue measure.
The compensator N, of N, is of the form;

A

N, (dt,dz) = G, (dz)dt,

where G, denotes Lebesgue measure on F,. The compensated Poisson
measure N, is given by

No(dt, dz) = Nu(dt, dz) — Ga(dz)dt;
(iii) the random elements (W?, N,,) are independent.

For each = € R%, consider a SDE of the form;

§i(z) =x + /Ot a(é,_(x))ds + /Ot b(Es— (2))dW,
+§/Ot /E ca(&s—(2),2) Ny (ds, dz)

(11-1)



Deunsity in SDE 97

with the coefficients of the following;
a=(a")1<i<a:R* — R
b= (BY)1<i<ai<j<m : RY = RY x R™,
Ca = (¢))1<ica : R x E — RY
We make two assumptions as following;

ASSUMPTION (A-r). (i) a and b are r-times differentiable with
bounded derivatives of all order between 1 and 7.
(ii) cq is r-times differentiable on R? x E, and

ca(0,+) € No<pecoc L’ (En, Go)
sup |D2co(x, )| € Ne<pcoclP (En, Gy) for 1 <n <.

x

sup | Do cq(,2)| < oo for 1 <n+q <rand ¢ > 1.

We put as following
B(x) = b(z)b(z)"
(I + Dyca) ™ (Daca)(D:ca) (I + Dyca) ™),
Colz,2) = if I + D,c, is invertible,
0, otherwise.
Here, I is the d x d - identity matrix. We also set;
N, = kernel of B(z) in R,
N = kernel of Cy(x, 2) in R%.
AssumpTION (B). For each o = 1,2,--- | A, there is a Borel subset
I', of R? x E, such that, if I'y » is the z-section of Iy, in E,, and if
e — { Uzer, . Ny,  if Ga(Tae) = o0,
R4, if Go(Ta,z) < 00,

then
(NaWE) NN, = {0} for all z € RY.
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PRrOPOSITION II-1. Under (A-3) and (B), the variables &(x) of (II-
1) have a density y +— p;(x,y) for all x € R, t € (0,T).

To get the regularity of density, we define two functions;

DEFINITION II-1. A measurable function f, : E, — [0, 00) is called
(¢, 0)-broad, where ¢ and 6 are two positive numbers, if the following
integral is finite;

(11-2) / 34_1exp[—9/ (1—e */®)dz]ds < .
0 E

[e%

DEFINITION II-2. For each «, we define a function p : E, — [0, 00)
having the following properties;

(i) p € C5e,

(i) pa(z) — 0 as z — JO(E,) (boundary of E,, ),

(iii) | D%, po| € LY (Eqy, Gy) for all r € N.

AssuMPTION (SB). There exist two constants € > 0,5 > 0, and
for all « = 1,2,--- , A, a (¢, 0)-broad function f,(z) and the function
pa(2) meeting in Definition II-2, such that for all z,y € R,

€
1+ fzf®

. a\R
yqﬂ@y+§:wﬁmu@m%%5ﬁaxadyzhﬁ

AssumMPTION (SC). There is a constant ¢ > 0 such that
|det(I + Dyca(,2))| = ¢,

identically.
Then we get the smoothness of density.

ProrosITION II-2. Let r > 3 be the number of differentiation
which is of (A-r). Assume (SC) and either

(i). (A-(r+d+3)) and (SB) with 6 < t, and [t/0]( > 2d(r +d + 1),
or

(ii). (A-(r+3)) and (SB) with 6 < t, and [t/0]¢ > 2d*(r + 1).

Then, the density y — p(x,y) of the random variable &;(x) of (1I-1)
exists and is of class C".
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II1. Density in canonical stochastic differential equation
Consider a canonical SDE of the form;
m

(IT1-1) déi(x) =) vj(&()) 0 dZ]

Jj=1

deriven by a vector field - valued semimartingale

(I11-2) Xi(x) =) v(x)Z],

j=1
where Z, = (Z},Z2,---,Z™) is an R™ - valued semimartingale and
v1,V2, - ,Vm are the smooth complete vector fields on R?. By the

solution of (III-1), we define a cadlag semimartingale & (x);t > 0 which
values in R% adapted to F; = 0(Z,; s < t) satisfying ;
(I1L-3)

) = + Z/O 0 (€a(z)) 0 dZ]

-t | vte@noazit) + Y [ vt @nizie)

Jj=1

+ ) [ewp(z AZJv;) (€ () = & () = Y AZIvj(s—(2)))-

0<s<t j=1

If we use the Markov semimartingale Z; = (Z}, Z2,--- , Z™) of the
form ;

zZl =w) +bjt-|—/ ZNL((0,1],dz),j =1,2,--- ,m,

Eq

where W; = (W, W2, ... W/™) is a Brownian motion, and the com-
pensator N, ((0,t],dz) is of the form

A~

Ny (ds,dz) = Gy (dz)ds,
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where G, (dz) is a Lebesgue measure. Then the solution of canonical
SDE (III-3) can be represented as;
(I11-4)

&(z) =z + Z/o v;(&s(x))dW] +/0 L&, (z))ds
-I—/O /Ea [eﬂﬁp(; 205)(Es— () — &s—(x)|No(ds, dz),
where

m

[ (3 (@) — o = 3 oy @)Gald),

Az) = (1/2) Zv?(m) + vo ().

Jj=1

Form the equation (III-4), we put as
ca(z,2) = exp() | 2v;)(x) — =,
j=1

and
Co(z,2) =colz, 2) + 2.

Then we know that D,¢,(x, z) is invertible.

ProrosiTiON III-1. Let us consider a matrix linear differential
equation;

d
(111_5) EXt - A(t)Xt7

Xo=1.

Then there exists a solution X; of (I11I-5) and det(X;) # 0.
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Proof. If we put
th(xa t) = éa(aj(t% Z)?

we get that

d, o 0 ,d

71 (5 Pt(1,2)) = 55 (oe(2,2))

‘Pt
d
3 e, ) ek,

ra
N

where Tgof(w, z) is an d x d - matrix. Therefore, if we think an
wl

equation

o) 4 D.&u(alt).2) = V(O DsEa (2(t). ).

D,¢.(z(0),2) =1,

where V() is an d xd - matrix, then (III-6) is a matrix linear differential
equation. O |

Thus from the Proposition III-1, we see that D,cC,(x, ) is invertible.
On the other hand, if we put

(I11-7) B(z) = (a**(x))dxd,

where

and
) @) o)
Gaxm(z) = | 1) W@ e wn@)
vi(z) v§(z) vd () ) g

then we see that

B(¢u(7,2)) = (D.co(z,2))(D.co(r, 2))t.
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Thus we put as following;
(II1-8)  Co(x,2) = (DyCa(w,2)) 'B(€a(z, 2))[(Daalz, 2) 1"
We make two assumptions;
ASSUMPTION (A). There exists two constants ¢, 6 > 0 such that
[Cal(2,2)] < C(1+[2]%)
for all z € R% and z € E,,.

AssuMPTION (B). There is a Borel subset I'y, = {(z,2)} C R x
E, such that for any y € R? and for the z -section Iy C Ty, if
Ga(ra,x) = 00,

(Uzer. . {y|Cal(z, 2)y = 0}) N {y[B(2)y = 0} = {0},

if Go(Ta0) < 00,

RN {y[B(x)y = 0} = {0}.
Then we get the existence theorem of density.

THEOREM III-1. Under (A) and (B), the solution & (x) of (I1I-4)
has a density y + p;(x,y) for all x € R? and t € (0,T].

Proof. To prove by showing that Assumptions (A) and (B) imply
Assumptions (A) and (B) of Section II, we put the coefficients of (II-1)
into the coefficients of (I11-4) as following;

a(z) = L(z),
(111-9) b(x) = (vj(z))1<i<d1<j<m;

ca(x,2) = co(x, 2),
Then because the component functions U;- (x) of the vector fields v; are
C*° - functions with bounded variations for all order > 1, the com-

ponents ’U;(l’) are of linear growth of all order > 1. Further, because
co(x, 2) is an exponential function with respect to z,

0 0

=T

= (vl(éa)v T 7vm(ca))7

D.co(x,2) = ( Col(z,2))
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whose all components are vector fields. Thus, form the Assumption
(A), we can choose (', 60" > 0 such that

|DEco(z, 2)] < C'(1 4 |2|7) for k> 1.
Thus, we can choose a function 1 € Na2<p<oo L’ (Eq, Go) such that
|Dtnca(w, )| < "1+ [2)”) 0 2 1,
for ¢"”,6” > 0. Thus we can get,
D™ co(z,2)] < C(L+[2%),n+k>1,k> 1.

Therefore we see that the coefficients (a,b,c,) of (III-9) satisfy the
conditions (i) and (ii) of Assumption (A-3) for SDE (II-1).

On the other hand, it is easy to see that Assumption (B) implies
Assumption (B) for SDE (II-1). O O

REMARK. This theorem is general a little in some sense. Therefore,
let us think the subcases. If Rank(B(x)) = d, then we can get the same
result. See Corollary. Even though Rank(B(x)) < d,&(z) of (III-4)
can have the density. We will explain this case by Example - (ii),
which is dealt the case d = 2, i.e., in R2. To get the density, it must
be Rank(B(x))(orRank(Cy(x,2))) = d/2, because of Rank(B(x)) =
Rank(Cy(z, 2)).

COROLLARY. If Rank(B(z)) = d or Rank(Cy(x,2)) = d, then the
solution &;(x) of (III-4) has a density y — p¢(z,y) for all z € R? and
t € (0,7.

Proof. If Rank(B(x)) = d, then we see that, for any y € R¢,

{y[B(z)y = 0} = {0}.

Therefore, from the setting (III-7), we see that Assumption (B) is sat-
isfied. Similarly, when Rank(C,(z,z)) = d, we can get the same re-
sult. U O
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EXAMPLE. In R? = {x = (z!,2?)}, let Z, = (Z},Z}?) be a Levy
process;

Zi =w) +/ ZNL((0,4],d2),j = 1,2,
E.

where W, = (W}, W?) is a Brownian motion. Then the deriving pro-
cess X¢(x) is a Levy process of the form;

X (%) = v1(x)Z} + va(x) Z2.

Thus if we think the canonical SDE;
2 .
déi(x) =Y vi(&(x) 0 dZf,
j=1
we get the solution &;(x) satisfying;

§t(X) :X—l—Z/O (gs(X))thJ _|_/O ﬁ(fs—(X))ds
(I11-10) o
n /0 / (3 056 ()~ 6 (0o (d5,),

7j=1
Let us check the conditions of existence of density for &;(x) of (III-

10).
(i). If Rank(B(z)) = 2, then for all y = (y', y?) € R?,

{y[B(z)y = 0} = {(0,0)}.

Thus from the Condition (B), & (z) has a density.
(ii). If Rank(B(z)) = 1, then Rank(C,(z,z)) = 1 also, and we get

{y[B(z)y = 0} = {(0,42)} or {(y1,0)}.

Therefore, to get the density, it must be held that for all z € I'y, 4,

{y|Ca(z, 2)y = 0} = {(y1,0)} or {(0,y2)},
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respectively. [

To get the smoothness of density, we make an assumption which
implies Assumption (SB) of Section II, for the functions f, and p,
which are defined by Definition II-1 and Definition II-2, respectively.

AssSuMPTION (SB). There exist € > 0,6 > 0,((,#)-broad function
fa(z) and the function p,(2) such that for all 2,y € R?,
Pa(2)

(II-11)  y'B(x)y + infz;fa(z)>of—(z>ytca(90, 2)y > |yl

Then now, we get the following smoothness result;

€
1+ |zo

THEOREM III-2. Assume that (A). If for z,y € R?, there exist two
constants § > 0,0 < € < 1, and two functions f,(z) € L' (E,,G4)
which is satisfying

(I1-12) 0< fo(2) <1 and / fal2)dz =y < e
Eq
and p,,(z) which is of Definition II-2 such that
2
(IH13)  fCaliDypa(s) 2 2ale) 25 forall = € o,

then & (x) of (I1I-4) has a smooth (C*) density y — pi(x,y).

Proof. From the setting (III-7) and (III-8), we see that C,(z,2)
and B(z) are d x d - symmetric nonnegative matrices, and that we can
choose ¢’ > 0 such that

¢yl
1+ |z|°
for all x,y € R% Thus from (III-13) and (I1I-14), if we take again
e < (1/2)min(e, €), we see that (SB), which imply (SB) of Section II,
is satisfied.

On the other hand, since D,C,(z,z) is invertible, there exists a
constant ¢ > 0 such that

|det(DyCo(z,2))] > ¢

identically. Thus we see that (SC) of Section II is satisfied also. There-
fore, we can get the same result as Proposition I1-2. O O

(IT1-14) y'B(z)y > |y|*e’ >
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